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I n t r o d u c t i o n  

Th is  manual i s  a  c o l  1  e c t i  on o f  va r i ous  notes,  memoranda and i n s t r u c t  i ons  
on procedures f o r  t h e  e v a l u a t i o n  o f  da ta  i n  t h e  Evaluated Nuclear S t r u c t u r e  
Data F i l e  (ENSDF). They were d i s t r i b u t e d  a t  d i f f e r e n t  t imes  over  t h e  pas t  few 
years  t o  t h e  eva lua to r s  o f  nuc l ea r  s t r u c t u r e  da ta  and some o f  them were n o t  
r e a d i l y  a v a i l a b l e .  Hence, they  have been c o l l e c t e d  i n  t h i s  manual f o r  ease of 
r e fe rence  by t h e  eva lua to r s  o f  t h e  i n t e r n a t i  onal Nuclear S t r u c t u r e  and Decay 
Data (NSDD) network who c o n t r i b u t e  mass-chains t o  t h e  ENSDF. Some new 
a r t i c l e s  were w r i t t e n  s p e c i f i c a l l y  f o r  t h i s  manual and o the rs  a r e  r e v i s i o n s  o f  
e a r l i e r  ve rs ions .  D r a f t  cop ies o f  these a r t i c l e s  were d i s t r i b u t e d  t o  t h e  
network members f o r  rev iew.  I would l i k e  t o  thank t h e  authors  f o r  t h e i r  
prompt response and t h e  network members f o r  t h e i r  h e l p f u l  rev iew and 
comments. Each a r t i c l e  i s  t r e a t e d  as an independent s e c t i o n  w i t h  i t s  own 
p a g i n a t i o n ,  re fe rences  and f i g u r e s .  Th is  manual i s  i ssued  w i t h  a  l oose  l e a f  
b i n d e r  and a r t i c l e s  w i l l  be added i n  t h e  f u t u r e .  I f  you would 1  i ke t o  
c o n t r i b u t e  t o  t h i s  e f f o r t ,  p lease con tac t  me w i t h  d e t a i l s  o f  t h e  proposed 
a r t i c l e s .  

I would l i k e  t o  thank Pro f .  J. Orear o f  C o r n e l l  U n i v e r s i t y  who agreed t o  
t h e  i n c l u s i o n  o f  h i s  a r t i c l e  on s t a t i s t i c s .  My thanks a re  a l s o  due t o  t h e  
North-Hol 1  and Phys ics  Pub1 i s h i  ng f o r  permiss ion t o  reproduce here  t h e  paper by 
E. Rrowne which f i r s t  appeared i n  Nuclear Ins t ruments  and Methods. 

M. R. Rhat 
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NOTES ON STATISTICS FOR PHYSICISTS, REVISED 

Jay Orear 

Original Preface 

These notes are based on a series of lectures given at 

the Radiation Laboratory in the summer of 1958. I wish to 

make clear my lack of familiarity with the mathematical liter- 

ature and the corresponding lack of mathematical rigor in this 

presentation. The primary source for the basic material and 

approach presented here was Enrico Fermi. My first introduction 

to much of the material here was in a series of discussions with 

Enrico Fermi, Frank Solmitz, and George Backus at the University 

of Chicago in the autumn of 1953. I am grateful to Dr. Frank 

Solmitz for many helpful discussions and I have drawn heavily 

from his report "Notes on the Least Squares and Maximum Likeli- 

hood Methods . "' The general presentation will be to study the 
Gausssian distribution, binomial distribution, Poisson distri- 

bution, and least-squares method in that order as applications 

of the maximum-likelihood method. 

August 13, 1958 

Preface to Revised Edition 

Lawrence Radiation Laboratory has granted permission to 

reproduce the original UCRL-8417. This revised version con- 

sists of the original' version with corrections and clarifications 

including some new topics. Three completely new appendices have 

been added. 

Jay Orear 

July 1982 





NOTES ON STATISTICS FOR PHYSICISTS, REVISED 

Jay Orear 

1. Direct Probability 

Books have been written on the "definition" of proba- 

bility. We shall merely note two properties: (a) statistical 

independence (events must be completely unrelated), and 

(b) the law of large numbers. This says that if pl is the 

probability of getting an event in Class 1 and we observe 

that N out of N events are in Class 1, then we have 1 

A common example of direct probability in physics is that in 

which one has exact knowledge of a final-state wave function 

(or probability density). One such case is that in which we 

know in advance the angular distribution f(x), where x=cos 8, 

of a certain scattering experiment. In this example one can 

predict with certainty that the number of particles that 

leave at an angle xl in an interval Ax is Nf(x1)Ax1, where 1 
N, thetotal number of scattered particles, is a very large 

number. Note that the function f (x) is normalized to unity: 

As physicists, we call such a function a distribution function. 

Mathematicians call it a probability density function. Note 

that an element of probability, dp, is 

dp = f (x) dx . 
2. Inverse Probability 

The more common problem facing a physicist is that he 

wishes to determine the final-state wave function from experi- 

mental measurements. For example, consider the decay of a 



spin-$ particle, the muon, which does not conserve parity. 

Because of angular-momentum conservation, we have the a priori 

knowledge that 

f (x) = 
1 +ax 
2 

However, the numerical value of a is some universal physical 

constant yet to be determined. We shall always use the sub- 

script zero to denote the true physical value of the parameter 

under question. It is the job of the physicist to determine 

a 
0' 

Usually the physicist does an experiment and quotes a * 
result a =a 2 Aa. The major portion of this report is devoted * 
to the questions What do we mean by a and Aa? and What is * 
the "best" way to calculate a and Aa? These are questions of 

extreme importance to all physicists. 

Crudely speaking, Aa is the standard deviation, "nd what 

the physicist usually means is that the "probability" of 

finding * * 
(a -Aa) < a. < (a +Aa) is 68.3% 

(the area under a Gaussian curve out to one standard deviation). 

The use of the word "probability" in the previous sentence would 

shock a mathematician. He would say the probability of having 

* * 
(a -ha ) < a. < (a +Au ) is either 0 or 1 . 

The kind of probability the physicist is talking about here we 

shall call inverse probability, in contrast to the direct 

probability used by the mathematician. Most physicists use the 

same word, probability, for the two completely different con- 

cepts: direct probability and inverse probability. In the 

remainder of this report we will conform to this sloppy 

physicist-usage of the word "probability." 

3. Likelihood Ratios 

Suppose it is known that either Hypothesis A or Hypothesis 



B must be true. And it is also known that if A is true the 

experimental distribution of the variable x must be fA(x), and 

if B is true the distribution is fB(x). For example, if 

Hypothesis A is that the K meson has spin zero, and hypothesis 

B that it has spin 1, then it is "known" that fA(x) = 1 and - 
fB(x) = 2x, where x is the kinetic energy of the decay .rr divided 

+ - + 
by its maximum value for the decay mode K +.rr +2.rr . 

If A is true, then the joint probability for getting a 

particular result of N events of values xl, x2, ... ,xN is 
N 

dpA = fA (xi) dxi . 
i=l 

The likelihood ratio is 

This is the probability, that the particular experimental .result 

of N events turns out the way it did, assuming A is true, divided 

by the probability that the experiment turns out' the way it did, 

assuming B is true. The foregoing lengthy sentence is a correct 

statement using direct probability. Physicists have a shorter 

way of saying it by using inverse probability. They say 

- Eq. (1) is the betting odds of A against B. The formalism of 

inverse probability assigns inverse probabilities whose ratio 

is the likelihood ratio in the case in which there exist 

no prior probabilities favoring A or B . ~  All the remaining 

material in this report is based on this basic principle alone. 

The modifications applied when prior knowledge exists are 

discussed in Sec. 10. 

An important job of a physicist planning new experiments 

is to estimate beforehand how many events he will need to 
+ - + 

"prove" a hypothesis. Suppose that for the K + n .  + 27~ one 
wishes to establish betting odds of lo4 to 1 against spin 1. 

How many events will be needed for this? The problem and the 



general procedure involved are discussed in Appendix I: 

Prediction of Likelihood Ratios. 

4. Maximum-Likelihood Method 

The preceding section was devoted to the case in which one 

had a discrete set of hypotheses among which to choose. It is 

more common in physics to have an infinite set of hypotheses; 

i.e., a parameter that is a continuous variable. For example, 

in the u-e decay distribution 

the possible values for a belong to a continuous rather than a 
0 

discrete set. In this case, as before, we invoke the same basic 

principle which says the relative probability of any two differ- 

ent values of a is the ratio of the probabilities of getting our 

particular experimental results, xi, assuming firs.t one and then 

the other, value of a is true. This  roba ability function of a 
is called the likelihood function, x(a'). 

The likelihood function, $ (a), is the joint 
probability density of getting a particular 

experimental result, xl.. . ,X assuming f (a;x) n i is the true normalized distribution function: I 

I 

I i 
f(a;x) dx = 1 . I 

! 

The relative probabilities of a can be displayed as a plot of 

l ( a )  vs. a. The most probable value of a is called the maximum- * 
likelihood solution a. The rms (root-mean-square) spread of a * 
about a is a conventional measure of the accuracy of the 



* 
determination a = a  . We shall call this Aa. 

In general, the likelihood function will be close to Gaussian 

(it can be shown to approach a Gaussian distribution as N + a )  

(a-a*) *$da ' 

and will look similar to Fig. lb. 

Aa = 

! 

Fig. 1. Two examples of likelihood functions $ (a) . - --- - - ------------ I 

da 

Fig. la represents what is called a case of poor statistics. In 

such a case, it is better to present a plot of (a) rather than * B 
merely quoting a and Aa. Straightforward procedures for obtain- 

ing Aa are presented in Sections 6 and 7. 

A confirmation of this inverse probability approach is the 

Maximum-Likelihood Theorem, which is proved in cramer4 by use 

of direct probability. The theorem states that in the limit of * 
large N, a +ao; and furthermore, there is no other method of 

estimation that is more accurate. 

In the general case in which there are M parameters, 

al. . f a ~ '  to be determined, the procedure for obtaining the 



maximum likelihood solution is to solve the M simultaneous 

equations, 

5. Gaussian Distributions 

As a first application of the maximum-likelihood method, 

we consider the example of the measurement of a physical 

parameter ao, where x is the result of a particular type of 

measurement that is known to have a measuring error o. Then 

if x is Gaussian-distributed, the distribution function is 

For a set of N measurements xi, each with its own measurement 

error a the likelihood function is i 

then N (xi-a) 2 
w = - -  1 2 + const; 

i=l a i 



The maximum-likelihood solution is 

The weighted mean. 

Note that the measurements must be weighted according to the 

inverse squares of their errors. When all the measuring errors 

are the same we have 
* 'xi 
a = -  

N 

Next we consider the accuracy of this determination. 

6. Maximum-Likelihood Error, One Parameter 

It can be shown that for large N, $(a) approaches a 

Gaussian distribution. To this approximation (actually the 

above example is always Gaussian in a), we have 

* 
where 1/& is the rms spread of a about a , 

w = - $(a-a*12 + const, 

Since Aa as defined in Eq. (3) is l/fi , we have 

Maximum-likelihood Error (7) 



It is also proven in cramer4 that no method of estimation 

can give an error smaller than that of Eq. 7 (or its alternate 

form Eq. 8). Eq. 7 is indeed very powerful and important. It 

should be at the fingertips of all physicists. Let us now 
* 

apply this formula to determine the error associated with a, in 

Eq. 6. We differentiate Eq. 5 with respect to a. The 

answer is 

I 

Using this in Eq. 7 gives 

This formula is commonly known as the law of combination of 

errors and refers to repeated measurements of the same quantity 

which are Gaussian-distributed with "errors" a i ' * 
In many actual problems, neither a nor Aa may be found 

A 

arialytically. In such cases the curve x(a) can be found 

numerically by trying several values of a and using Eq. (2) to 

get the corresponding values of x(a). The complete function 

is then obtained by drawing a smooth curve through the points. 
2 If $(a) is Gaussian-like, a w/3a2 is the same everywhere. 

If not, it is best to use the average 

A plausibility argument for using the above average goes as 

'7 

2 follows: If the tails of (a) drop off more slowly than 

Gaussian tails, - aLw is smaller than 
aa 2 

2 a wl 



Thus, use of the average second derivative gives the required 

larger error. 

Note that use of Eq. 7 for Aa depends on having a particu- 

lar experimental result before the error can be determined. 

However, it is often important in the design of experiments to 

be able to estimate in advance how many data will be needed in 

order to obtain a given accuracy. We shall now develop an 

alternate formula for the maximum-likelihood error, which 

depends only on knowledge of f(a;x). Under these circumstances 
7 

aLw averaged over many repeated experi- we wish to determine 7 
aa 

ments consisting of N events each. For one event we have 

for N events 

This can be put in the form of a first derivative as follows: 

The last integral vanishes if one integrates before the differ- 

entiation because 

Thus - 
2 2 

- -  - -N 1' [af] ax , a 
aa 2 f a a  



and Eq. (7) leads to 

( = 1 [I$ (2) dx] -' 1 maximum-likelihood error (8 1 
fi 

Example 1 

l+ax Assume in the P-e decay distribution function, f(a;x)=- 
2 ' 

that a. = -1/3. How many P-e decays are needed to establish a 

to a 1% accuracy (i.e., a/Aa = loo)? 

Jote that 

'or 

'or this problem 

lim 
a + o l~a] = &  . 

1 Aa = - 5 300 ' N =  2.52 x 10 events . 

7. Maximum-Likelihood Errors, M-Parameters, Correlated Errors 

When M parameters are to be determined from a single experi- 

ment containing N events, the error formulas of the preceding 

section are applicable only in the rare case in which the errors 

are uncorrelated. Errors are uncorrelated only for 
X * 

(ai-a.) (a -a:) = 0 for all cases with 
1 1 1  



* 
if j. For the general case we Taylor-expand w(a) about (a ) :  

where 

and 

The second term of the expansion vanishes because aw/aaa=O * 
are the equations for aa 

Neglecting the higher-order terms, we have 

a b  

(an M-dimensional Gaussian surface). As before, our error 

formulas depend on the approximation that i(a) is Gaussian- * 
like in the region ai z ai. As mentioned in Section 4, if the 

statistics are so poor that this is a poor approximation, then 

one should merely present a plot of $(a). (see Appendix IV) . 
According to Eq. (9), 2 is a symmetric matrix. L e t g  

be the unitary matrix that diagonalizes g: 

Let f3 - and The element of 



probability in the 6-space is 

Since /el = 1 is the Jacobian relating the volume elements 

dM6 and dMy, we have 

NOW that the general M-dimensional Gaussian surface has been 

put in the form of the product of independent one-dimensional 

Gaussians we have 

Then 

~ccording to Eq. (10) , H = U-l h U, so that the final result 
T - + ** 

is 

2 I 

(ai-a:) (a -a*) = (H -1 Iij a w 
j I 4.- where = - aaiaa Maximum 

I Likelihood 

Averaged over repeated experiments Errors, (11) 
I 

- 

i 
M parameters 

.ijZN It[f]E] dx 
(A rule for calculating the inverse matrix H-I is 

Iw 

-1 i+j ij th minor of & (H Ii= (-1) determinant of H 1 



-1 
I f  w e  use  t h e  a l t e r n a t e  n o t a t i o n  H V f o r  t h e  e r r o r  ma t r ix  5 , 
then  whenever 3 appears ,  it must be rep laced  wi th  Y V-I; i. e. , 
t h e  l i k e l i h o o d  func t ion  i s  

1 A s s u m e  t h a t  t h e  ranges of monoenergetic p a r t i c l e s  a r e  

Gauss ian-d is t r ibu ted  wi th  mean range a l  and s t r a g g l i n g  c o e f f i c i e n t  

a ,  ( t h e  s t anda rd  d e v i a t i o n ) .  N p a r t i c l e s  having ranges 
i L * * 
/xl . . . ,xN a r e  observed. Find a l l  a 2 ,  and t h e i r  e r r o r s  
I 

l ~ h e  maximum-likelihood s o l u t i o n  i s  obta ined  by s e t t i n g  t h e  

above two equat ions  equal  t o  zero. 



i 
* 

This i s  because i n  t h i s  case  t h e  most probable va lue ,  a  and - 2'  
i the mean, a 2 ,  do no t  occur a t  t h e  same place.  Mean va lues  of 
I 
such q u a n t i t i e s  a r e  s tud ied  i n  Sect ion  1 6 .  The matr ix  H i s  * * 
obtained by evalua t ing  t h e  following q u a n t i t i e s  a t  a l  and a  

2: 

a 2 w  - 2 * - - -  
aa a  1 (xi-al) = 0 when a l  = a  

1 2  a ,  1 ' 

and H-I = 

~ c c o r d i n g  t o  Eq.  (11) , t h e  e r r o r s  on a  and a 2  a r e  t h e  square  1 -1 
r o o t s  of t h e  diagonal  elements of t h e  e r r o r  mat r ix ,  H : 

* 
a 
2 Aa = - and Aa2 =- 4 ( t h i s  i s  sometimes c a l l e d  t h e  e r r o r  

& ~m of t h e  e r r o r )  . 

1 We note  t h a t  t h e  e r r o r  of t h e  mian i s  -o where o = a  i s  
fi 2 

t h e  s tandard  devia t ion .  The e r r o r  on t h e  determinat ion of o 
- 



Correlated Errors 
P 

The matrix Vij (ai-ai) (a -a. ) is defined as the error 
j I 

matrix (also called the covariance matrix of a). In Eq. 11 

-1 we have shown that V = k  
i* 

where = -  aaiaa . The diagonal 
j 

elements of are the variances of the a's. If all the off- 

diagonal elements are zero, the errors in a are uncorrelated 

as in Example 2. In this case contours of constant w plotted 

in (al,a2) space would be ellipses as shown in Fig. 2a. The 

errors in a and a2 would be the semi-major axes of the contour 1 
ellipse where w has dropped by % unit from its maximum-likeli- 
hood value. Only in the case of uncorrelated errors is the rms -+ 
error Aai = (Hii) and then there is no need to perform a 

J J J 

matrix inversion. -- 

! . . 
:F ig .  2. Contours of constant w a s  a function of a, and a,. Maximum l i k e l i -  

* I r: 
hood solut ion i s  a t  w = w  . Errors i n  a and a2 a r e  obtained from e l l i p s e  

3C 1 
where w = ( w  -!i) . 

: ( a )  Uncorrelated e r ro r s  
2 -1 i ( b )  Correlated e r rors .  I n  e i t he r  case A a l = V l l = ( H  )11 and 

I 2 -1 Aa = v ~ ~ = ( H  )22. 2 Note t h a t  it would be a serious mistake t o  use t h e  

I e l l i p s e  "half'width" ra ther  than t h e  extremum f o r  Aa. 



In the more common situation there will be one or more off- 

diagonal elements to and the errors are correlated  has 
off-diagonal elements). In this case (Fig. 2b) the contour 

ellipses are inclined to the al, a2 axes. The rms spread of al 

is still Aal= c, but it is the extreme limit of the ellipse 

projected on the al-axis. (The ellipse "halfwidth" axis is 

(H1l) -' which is smaller.) In cases where Eq. 11 cannot be * 
evaluated analytically, the a 's can be found numerically and 

the errors in a can be found by plotting the ellipsoid where * 
w is f unit less than w . The extremums of this ellipsoid are 

the rms error in the a's. One should allow all the a+ to change 
J 

freely and search for the maximum change in ai which makes 
* 

w = (w -+) .  This maximum change in ai is the error in ai and is 

Vv-. 
11' 

8. Propagation of Errors: the Error Matrix 

Consider the case in which a single physical quantity, y, 

is some function of the a's: y=y(al,...,aM). The "best" * * 
valuefory is then y =y(ai). For example y could be the path 

radius of an electron circling in a uniform magnetic field where 

the measured quantities are al=.r, the period of revolution, 

and a2=v, the electron velocity. Our goal is to find the * 
error in y given the errors in a. To first order in (a -a,) i 1 

we have 
* * 

y - y  = I  --!% (aa-aa) r 
aaa 

A well-known special case of Eq. (12), which holds only when 



t h e  v a r i a b l e s  a r e  completely uncor re l a t ed ,  i s  

2 =J,[,I2 (baa) 
r m s  

I n  t h e  example of o r b i t  r a d i u s  i n  t e r m s  of T and v t h i s  becomes 

i n  t h e  c a s e  of uncor re l a t ed  e r r o r s .  However, i f  A T A V  i s  non- 

zero  a s  one might expec t ,  then  Eq. ( 1 2 )  g ives  

I t  is  a  common problem t o  be i n t e r e s t e d  i n  M phys ica l  

parameters ,  yl ,  ... yM, which a r e  known func t ions  of  t h e  a i .  

I n  f a c t  t h e  yi can be thought of a s  a  new set  of a i  o r  a  

change of b a s i s  from a i  t o  yi. I f  t h e  e r r o r  ma t r ix  of t h e  a i  

is  known, then w e  have 

P ayj -1 (yi-yi) ( Y . - Y . )  = 1 1 3 - 
3 I a b aaa aab Hab (13) 

ayi 
I n  some such c a s e s  t h e  - 

- aaa cannot be obta ined  d i r e c t l y ,  b u t  t h e  
aa, 

I - a r e  e a s i l y  ob ta inab le .  Then 
aYa 

Example 3  

Suppose one wishes t o  use  r a d i u s  and a c c e l e r a t i o n  t o  

s p e c i f y  t h e  c i r c u l a r  o r b i t  of an e l e c t r o n  i n  a  uniform magnetic 

f i e l d ;  i . e . ,  y l = r  and y 2 = a .  Suppose t h e  o r i g i n a l  measured 

q u a n t i t i e s  a r e  a l =  T = ( 1 O t l ) p s  and a 2 = v =  (10052) km/s. Also 



s i n c e  t h e  v e l o c i t y  measurement depended on t h e  time measurement, - t h e r e  was a  c o r r e l a t e d  e r r o r  ArAv= 1.5 x 1 0 - ~ m .  Find r ,  

A r ,  a ,  Aa. 
VT 2nv Since r = - = 0.159 m and a  = -= 6.28 x 1 0 1 °  m / s 2  w e  have 
2n T 

a  a  a  
- 1 2  2 3Y1 a 2  ayl a1 

Y 1 - 2 n  and y2 = 2n - . Then - =  z, -=- 
aa2 2~  

a Y 2  2na2 = - -  ay2 2n 
2 ,  ' = a  . The measurement e r r o r s  s p e c i f y  t h e  aal al 1 

/ e r r o r  mat r ix  a s  

Thus r = (0.15920.184)m 

For y2,  Eq. 13 g ives  

[Thus a  = (6.28k0.54) x l o l o  m / s 2 .  

9. Systematic Er ro r s  

"Systematic e f f e c t s "  i s  a  genera l  category which inc ludes  

e f f e c t s  such a s  background, s e l e c t i o n  b i a s ,  scanning e f f i c i e n c y ,  

energy r e s o l u t i o n ,  angle  r e s o l u t i o n ,  v a r i a t i o n  of counter  

e f f i c i e n c y  with beam p o s i t i o n  and energy, dead t ime, e t c .  The 

uncer t a in ty  i n  t h e  e s t ima t ion  of such a  sys temat ic  e f f e c t  i s  

c a l l e d  a  "systematic  e r r o r " .  Often such sys temat ic  e f f e c t s  and 

thei 'r e r r o r s  a r e  est imated by s e p a r a t e  experiments designed f o r  

t h a t  s p e c i f i c  purpose. I n  genera l ,  t h e  maximum-likelihood 



method can be used i n  such an  experiment t o  determine t h e  

sys t ema t i c  e f f e c t  and i t s  e r r o r .  Then t h e  sys t ema t i c  e f f e c t  

and i t s  e r r o r  a r e  fo lded  i n t o  t h e  d i s t r i b u t i o n  func t ion  of 

t h e  main experiment. I d e a l l y ,  t h e  two experiments can be 

t r e a t e d  a s  one j o i n t  experiment wi th  an added parameter aM+l 

t o  account  f o r  t h e  sys temat ic  e f f e c t .  

I n  some cases  a sys temat ic  e f f e c t  cannot be es t imated  

a p a r t  from t h e  main experiment. Example 2 can be made i n t o  

such a case .  L e t  us assume t h a t  among t h e  beam of mono- 

e n e r g e t i c  p a r t i c l e s  t h e r e  i s  an unknown background of p a r t i c l e s  

uniformly d i s t r i b u t e d  i n  range. I n  t h i s  c a s e  t h e  d i s t r i b u t i o n  

func t ion  would be 

* 
The s o l u t i o n  a j  i s  simply r e l a t e d  t o  t h e  percentage  of background 

The sys t ema t i c  e r r o r  i s  obta ined  using Eq. 11. 

10. Uniqueness of Maximum-Likelihood So lu t ion  

Usually it i s  a ma t t e r  of t a s t e  what phys ica l  q u a n t i t y  i s  

chosen a s  a. For example, i n  a l i f e t i m e  experiment some workers * 
would s o l v e  f o r  t h e  l i f e t i m e ,  T , whi leo the r swou ld  s o l v e  f o r  * 
X , where X = ~ / T .  Some workers p r e f e r  t o  use  momentum, and 

o t h e r s  energy,  e t c .  Consider t h e  c a s e  of two r e l a t e d  p h y s i c a l  

parameters  X and a .  The maximum-likelihood s o l u t i o n  f o r  i s  

obta ined  from t h e  equat ion  aw/aa - = 0 .  The maximum-likelihood 

s o l u t i o n  f o r  X i s  obta ined  from aw/aX = O .  But t hen  w e  have 

aw - a w  aa - - - -  - -  aw - 0 
a x  aa a 1  0,  and - -  

aa 

Thus t h e  cond i t ion  f o r  t h e  maximum-likelihood s o l u t i o n  i s  

unique and independent of t h e  a r b i t r a r i n e s s  involved i n  cho ice  



* 
of physical parameter. A lifetime result T would be related * * * 
to the solution A by T = 1/X . 

The basic shortcoming of the maximum-likelihood method is 

what to do about the prior probability of a. If the prior 

probability of a is G(a) and the likelihood function obtained 

for the experiment alone is 8 (a), then the joint likelihood 
function is 

aw a - = -  
act 

aa en G + a e n g .  aa 

give the maximum-likelihood solution. In the absence of any 

prior knowledge the term on the right-hand side is zero. In 

other words, the standard procedure in the absence of any prior 

information is to use a prior distribution in which all values 

of a are equally probable. Strictly speaking, it is impossible 

to know a "true" G(a), because it in turn must depend on its 

own prior probability. However, the above equation is useful 

when G(a) is the combined likelihood function of all previous 

experiments and g ( a )  is the likelihood function of the experi- 

ment under consideration. 

There is a class of problems in which one wishes to deter- 

mine an unknown distribution in a, G(a), rather than a single 

value a. For example, one may wish to determine the momentum 

distribution of cosmic ray muons. Here one observes 

where g(a;x) is known from the nature of the experiment and 



G(a) is  t h e  func t ion  t o  be determined. This  type  of problem i s  

d i scussed  i n  Reference 5. 

11. Confidence I n t e r v a l s  and Thei r  A r b i t r a r i n e s s  

So f a r  w e  have worked only i n  terms of r e l a t i v e  p r o b a b i l i -  

t ies and r m s  va lues  t o  g i v e  an idea  of t h e  accuracy of t h e  * 
determina t ion  a =a . One can  a l s o  ask t h e  q u e s t i o n ,  What i s  

t h e  p r o b a b i l i t y  t h a t  a l ies  between two c e r t a i n  va lues  such 

Unfortunately  such a  p r o b a b i l i t y  depends on t h e  a r b i t r a r y  choice  

of what q u a n t i t y  i s  a. To show t h i s  cons ide r  t h e  ------- 
a r e a  under t h e  t a i l  

a' P (a > a') = 

Fig. 3. Shaded area is P(a > a' ). 
(sometimes called the confidence limit of a'.) 

I - - .  d 

I f  X=A(a) had been chosen a s  t h e  phys ica l  parameter i n s t e a d ,  

t h e  same confidence i n t e r v a l  i s  

Thus, i n  g e n e r a l ,  t h e  numerical  va lue  of a  confidence i n t e r v a l  



depends on t h e  choice of t h e  phys ica l  parameter. This  i s  a l s o  

t r u e  t o  some e x t e n t  i n  evalua t ing  ha. Only t h e  maximum l i k e l i -  

hood s o l u t i o n  and t h e  r e l a t i v e  p r o b a b i l i t i e s  a r e  unaffec ted  by 

t h e  choice of a. For Gaussian d i s t r i b u t i o n s ,  confidence i n t e r -  

v a l s  can be evaluated by using t a b l e s  of t h e  p r o b a b i l i t y  i n t e g r a l .  

Tables of cumulative binomial d i s t r i b u t i o n s  and cumulative 

Poisson d i s t r i b u t i o n s  a r e  a l s o  a v a i l a b l e .  Appendix V con ta ins  

a  p l o t  of t h e  cumulative Gaussian d i s t r i b u t i o n .  

12 .  Binomial D i s t r i b u t i o n  

Here we a r e  concerned with t h e  case  i n  which an event  must 

be one of two c l a s s e s ,  such a s  up o r  down, forward o r  back, 

p o s i t i v e  o r  negat ive ,  e t c .  Let p  be the  p r o b a b i l i t y  f o r  an 

event of Class 1. Then (1-p) i s  t h e  p r o b a b i l i t y  f o r  Class  2, 

and t h e  j o i n t  p r o b a b i l i t y  f o r  observing N1 events  i n  Class  1 

o u t  of N t o t a l  events  i s  

N! N p  1 (l-p)N-N1 
The binomial 

(N1fN)  = N ! (N-N1) ! 
1 

d i s t r i b u t i o n  . 1 ( 1 4 1  

N N 
Note t h a t  p ( j  , N )  = [p + (1-p) l = 1. The f a c t o r i a l s  c o r r e c t  

j=1 

f o r  t h e  f a c t  t h a t  w e  a r e  n o t  i n t e r e s t e d  i n  t h e  o rde r  i n  which 

t h e  events  occurred. For a  given experimental  r e s u l t  of N1 o u t  

of N events  i n  Class  1, t h e  l ike l ihood  func t ion  $ (p)  i s  then  

w = N1 Ln p  + (N-N1) !Ln(l-p) + cons t  



From Eq.  (15) w e  have 

From ( 1 6 )  and ( 1 7 ) :  

The r e s u l t s ,  Eqs. (17) and (18) , a l s o  happen t o  be t h e  same a s  

those  using d i r e c t  p r o b a b i l i t y .  Then 

N1 = pN 

and 

( I n  Example 1 on t h e  p-e  decay angular  d i s t r i b u t i o n  we found 

t h a t  

i s  t h e  e r r o r  t h e  asymmetry parameter a .  Suppose t h a t  t h e  

i n d i v i d u a l  cos ine ,  xi, of each event  is  no t  known. I n  t h i s  

problem a l l  w e  know i s  t h e  number up vs.  t h e  number down. What 

then  i s  Aa? Let  p be t h e  p r o b a b i l i t y  of a decay i n  t h e  up 

hemisphere; then w e  have 



For small  a t h i s  i s  Aa = /$as compared t o  4 when t h e  f u l l  

information i s  used. 

Poisson D i s t r i b u t i o n  

A common type of problem which f a l l s  i n t o  t h i s  category 

i s  t h e  determinat ion of a c r o s s  s e c t i o n  o r  a  mean f r e e  path.  

For a mean f r e e  path A ,  t h e  p r o b a b i l i t y  of g e t t i n g  an event  

i n  an i n t e r v a l  dx i s  dx/h. Let P ( 0 , x )  be t h e  p r o b a b i l i t y  of 

g e t t i n g  no events  i n  a  length  x. Thenwe have 

Let P(N,x) be t h e  p r o b a b i l i t y  of f ind ing  N events  i n  a  

l eng th  x. An element of t h i s  p r o b a b i l i t y  i s  t h e  j o i n t  proba- 

b i l i t y  of N events  a t  dxl, ... dxN times t h e  p r o b a b i l i t y  of  no 

events  i n  t h e  remaining length:  

The e n t i r e  p r o b a b i l i t y  i s  obtained by i n t e g r a t i n g  over  t h e  

N-dimensional space. Note t h a t  t h e  i n t e g r a l  

does t h e  job except  t h a t  t h e  p a r t i c u l a r  p r o b a b i l i t y  element i n  



Eq. (20) is swept through N! times. Dividing by N! gives 

)I P (Nfx) the Poisson distribution (21) 

As a check, note 

- 2  - Likewise it can be shown that (N-N) = N. 

Equation (21) is often expressed in terms of N: 

G~ 
- 

-N 
P ( N . ~  = e t the Poisson distribution . (22) 

This form is useful in analyzing counting experiments. Then 

the "true" counting rate is N. 

We now consider the case in which, in a certain experiment, 

N events were observed. The problem is to determine the 

maximum-likelihood solution for a E N  and its error: 

Thus we have 



and by Eq. (7) , 

In a cross-section determination, we have a = pxo, where p is 

the number of target nuclei per cm3 and x is the total path 

Then length. 

In 

- 
a = 

* 
conclusion we note that a # : 

14. Generalized Maximum-Likelihood Method 

So far we have always worked with the standard maximum- 

likelihood formalism, whereby the distribution functions are 

always normalized to unity. Fermi has pointed out that the 

normalization requirement is not necessary so long as the basic 

principle is observed: namely, that if one correctly writes 

down the probability of getting his experimental result, then 

this likelihood function gives the relative probabilities of 

the parameters in question. The only requirement is that the 

probability of getting a particular result be correctly written. 

we shall now consider the general case in which the probability 

of getting anevent in dx is F'(x)dx, and 

Xmin 

is the average number of events one would get if the same 

experiment were repeated many times. According to Eq. (19), 



t h e  p r o b a b i l i t y  of g e t t i n g  no even t s  i n  a  smal l  f i n i t e  i n t e r v a l  

x+Ax 

exP(  - 1 F dx)  . 
X 

The p r o b a b i l i t y  of g e t t i n g  no even t s  i n  t h e  e n t i r e  i n t e r v a l  

Xmin < X < X  max i s  t h e  produc t  of  such exponen t i a l s  o r  

X max - 
exp( -  J -N 

F dx)  = e 

X min 

The element of  p r o b a b i l i t y  f o r  a  p a r t i c u l a r  exper imenta l  r e s u l t  

of N e v e n t s  a t  x =  xl ,  ... ,xN i s  then  

and 

* 
The s o l u t i o n s  a = a i  are s t i l l  g iven  by t h e  M s imul taneous i 
equa t ions :  

- -  aw - 0 .  

The e r r o r s  a r e  s t i l l  g iven  by 

where 



The only change i s  t h a t  N no longer  appears  e x p l i c i t l y  i n  t h e  

formula 
.. 

A d e r i v a t i o n  s i m i l a r  t o  t h a t  used f o r  Eq.  ( 8 )  shows t h a t  N i s  

a l ready taken c a r e  of i n  t h e  i n t e g r a t i o n  over F(x). 

I n  a p r i v a t e  communication, George Backus has proven, 

using d i r e c t  p r o b a b i l i t y ,  t h a t  t h e  Maximum-Likelihood Theorem 

a l s o  holds f o r  t h i s  genera l ized  maximum-likelihood method and 

t h a t  i n  t h e  l i m i t  of l a r g e  N t h e r e  i s  no method of e s t ima t ion  

t h a t  i s  more accura te .  Also s e e  Sect .  9 . 8  of Ref. 6 .  

I n  t h e  absence of the  genera l ized  maximum-likelihood method 

our  procedure would have been t o  normalize F ( a ; x )  t o  u n i t y  by 

using 

For example, cons ider  t h e  sample conta in ing  j u s t  two r a d i o a c t i v e  

s p e c i e s ,  of l i f e t i m e s  a l  and a*. Let a j  and a 4  be t h e  two 

i n i t i a l  decay r a t e s .  Then w e  have 

F (a ,  ; x )  

where x i s  t h e  time. The s tandard  method would then  be t o  use 

which i s  normalized t o  one. Note t h a t  t h e  four  o r i g i n a l  para- 

meters have been reduced t o  t h r e e  by using a a4/a j. Then 



a and a4 would be found by using t h e  a u x i l i a r y  equat ion  3 
03 

0 

t h e  t o t a l  number of counts .  I n  t h i s  s tandard  procedure t h e  

equat ion  

must always 

hood method 

hold.  However, i n  t h e  gene ra l i zed  maximum-likeli- 

t h e s e  two q u a n t i t i e s  a r e  n o t  n e c e s s a r i l y  equal .  

Thus t h e  gene ra l i zed  maximum-likelihood method w i l l  g i v e  a  d i f f e r -  

e n t  s o l u t i o n  f o r  t h e  a i r  which should,  i n  p r i n c i p l e ,  be b e t t e r .  

Another example i s  t h a t  t h e  b e s t  va lue  f o r  a  c r o s s  s e c t i o n  

a i s  n o t  ob ta ined  by t h e  usua l  procedure of s e t t i n g  paL = N ( t h e  

number of even t s  i n  a  pa th  l e n g t h  L). The f a c t  t h a t  one has  

a d d i t i o n a l  p r i o r  in format ion  such a s  t h e  shape of t h e  angular  

d i s t r i b u t i o n  enables  one t o  do a  somewhat b e t t e r  job of ca lcu-  

l a t i n g  t h e  c r o s s  s e c t i o n .  

15. The Least-Squares Method 

U n t i l  now w e  have been d i scuss ing  t h e  s i t u a t i o n  i n  which 

t h e  experimental  r e s u l t  i s  N even t s  g iv ing  p r e c i s e  va lues  

x l , . . . ,x  where t h e  xi may o r  may n o t ,  a s  t h e  c a s e  may be,  be 
N 

a l l  d i f f e r e n t .  

From now on w e  s h a l l  conf ine  ou r  a t t e n t i o n  t o  t h e  c a s e  

of p  measurements ( n o t  p  even t s )  a t  t h e  p o i n t s  x l . . . ,x  . The 
P  

experimental  r e s u l t s  a r e  ( a  . y a . One such type  
P  P  

of  experiment i s  where each measurement c o n s i s t s  of  Ni even t s .  

Then yi = Ni and i s  Po i s son-d i s t r ibu ted  wi th  a = . I n  

t h i s  c a s e  t h e  l i k e l i h o o d  func t ion  i s  



and 

We use the notation y(ai;x) for the curve that is to be fitted 

to the experimental points. The best-fit curve corresponds * 
to ai=a In this case of Poisson-distributed points, the i' 
solutions are obtained from the M simultaneous equations 

I 
F i g  4. Y(X) i s  a funct ion  of  known shape t o  be f i t t e d  t o  t h e  7 experimental / 

po in t s  . 
If all the Ni>> 1, then it is a good approximation to 

assume each yi is Gaussian-distributed with standard deviation 

a 'L i (It is better to use fi rather than Ni for oi where Ei can 
be obtained by integrating y(x) over the ith interval.) Then 

one can use the famous least squares method. 

The remainder of this section is devoted to the case in 

which yi are Gaussian-distributed with standard deviations a i' 
See Fig. 4. We shall now see that the least-squares method is 

mathematically equivalent to the maximum likelihood method. In 

this Gaussian case the likelihood function is 



m 

The solutions ai =ai are given by minimizing S (a) (maximizing 

w) : 

* 
This minimum value of S is called S , the least squares sum. 
The values of ai which minimize are called the least-squares 

solutions. Thus the maximum-likelihood and least-squares sol- 

utions are identical. According to Eq. (ll),the least-squares 

errors are 
* 

P -1 
(ai-ail (a -a. = (i ij , 

1 aLs where Hi = - 
j I 2aaiact j 

Let us consider the special case in which y(ai;x) is 

linear in the ai: 

(Do not confuse this f(x) with the f (x) on page 2.) 

Then 

(26) 
a=l 

Differentiating with respect to a gives 
j 

Define 



Then 

I n  matr ix  no ta t ion  t h e  M simultaneous equat ions g iv ing  t h e  

leas t -squares  s o l u t i o n  a r e  

* i s  t h e  s o l u t i o n  f o r  t h e  a 's.  The e r r o r s  i n  a a r e  obtained 

using Eq.  11. To summarize: 

* * 
b p i )  (a .-a . )  = , H -1 i j  where H~~ - = p f i ( x a ) f e  I (xa) 

3 3 a = l  2 
'a 

Equation ( 3 0 )  i s  the  complete procedure f o r  c a l c u l a t i n g  t h e  

l e a s t  squares  s o l u t i o n s  and t h e i r  e r r o r s .  Note t h a t  even though 

t h i s  procedure i s  c a l l e d  c u r v e - f i t t i n g  it i s  never necessary 

t o  p l o t  any curves.  Q u i t e  o f t e n  t h e  complete experiment may 

be a combination of s e v e r a l  experiments i n  which s e v e r a l  d i f f e r -  

e n t  curves ( a l l  func t ions  of t h e  ai)  may be j o i n t l y  f i t t e d .  

Then t h e  S-value i s  t h e  sum over a l l  t h e  po in t s  on a l l  t h e  * 
curves.  Note t h a t  s i n c e  w(a ) decreases  by % u n i t  when one 

* 
of t h e  a has t h e  va lue  ( a i +  Aa . ) ,  t h e  S-value must i n c r e a s e  

j  I 
by one u n i t .  That i s ,  



Example 5 Linear regression with equal errors 

y(x) is known to be of the form y ( x )  = al + a 2 x .  There are p 

experimental measurements (y . +a) . 
3 

I Using Eq. (30) we have 

hese are the linear regression formulas which are programmed 

many pocket calculators. They should not be used in 

cases where the oi are not all the same. If the oi are 

11 equal, the errors 



Example 6  Q u a d r a t i c  r e g r e s s i o n  w i t h  u n e q u a l  e r r o r s  

The c u r v e  t o  b e  f i t t e d  i s  known t o  be a p a r a b o l a .  T h e r e  

are f o u r  e x p e r i m e n t a l  p o i n t s  a t  x = - 0 . 6 .  -0 .2 ,  0 .2 .  a n d  0 .6 .  

The e x p e r i m e n t a l  r e s u l t s  are  512 ,  311,  511 ,  a n d  812.  F i n d  

t h e  b e s t - f i t  c u r v e .  

0  

0.26 : * 2 6 ]  - 1 0.664 0  -2 .54 ( t h e  
I+, 0  3 .847  0  error - m a t r i x )  

0.26 0 0.068 -2.54 0  24.418 

= (3 .685  2 0 . 8 1 5 )  + (3 .27  2 1 . 9 6 ) ~  + (7 .808  2  4 . 9 4 ) x 2  i s  t h e  

best f i t  c u r v e .  T h i s  i s  shown w i t h  t h e  e x p e r i m e n t a l  p o i n t s  

i n  F i g .  5 ,  



I 
Fig. 5. This parabola i s  t h e  l e a s t  squares f i t  t o  t h e  4 experimental point: 

i n  Example 6. 

Example 7 

" I n  example 6 what i s  t h e  b e s t  e s t ima te  of y a t  x=l? What 

i s  t h e  e r r o r  of t h i s  es t imate?  

I Solut ion:  P u t t i n g  x = 1 i n t o  t h e  above equat ion g ives  

Ay is  obtained using Eq. 12. 

I s e t t i n g  x = l  gives  

Leas t  Squares When t h e  yi a r e  Not Independent 

Let 

be t h e  e r r o r  mat r ix  of t h e  y measurements. Now we s h a l l  t r e a t  



t h e  more genera l  case  where t h e  o f f  diagonal  elements need not  

be zero; i . e . ,  t h e  q u a n t i t i e s  yi a r e  no t  independent. We s e e  
immediately from Eq. l l a  t h a t  t h e  log  l ike l ihood  func t ion  i s  

The maximum l i k e l i h o o d  s o l u t i o n  i s  found by minimizing 

r I 

Generalized l e a s t  squares  sum 

1 6 .  Goodness of F i t ,  t h e  X 2  D i s t r i b u t i o n  

The numerical 
*. 

value of t h e  l ike l ihood  func t ion  a t  

&(a  I can, i n  p r i n c i p l e ,  be used a s  a  check on whether one . 
i s  using t h e  c o r r e c t  type of funct ion  f o r  f ( a ; x ) .  I f  one i s  
using t h e  wrong f ,  t h e  l ike l ihood  funct ion  w i l l  be lower i n  

he igh t  and of g r e a t e r  width. I n  p r i n c i p l e ,  one can c a l c u l a t e ,  

using d i r e c t  p r o b a b i l i t y ,  t h e  d i s t r i b u t i o n  of 2 (a * ) assumino 
2 

t r u e  f  (ao, x)  . Then t h e  p r o b a b i l i t y  of g e t t i n g  

than t h e  va lue  observed would be a  use fu l  

i n d i c a t i o n  of whether t h e  wrong type of  func t ion  f o r  f had been 

used. I f  f o r  a  p a r t i c u l a r  experiment one g o t  t h e  answer t h a t  
4 t h e r e  was one chance i n  10 of g e t t i n g  such a  low value  of 

D * 
& ( a  ) one would s e r i o u s l y  ques t ion  e i t h e r t h e  experiment o r  

t h e  func t ion  f  (a ; x)  t h a t  was used. 

I n  p r a c t i c e ,  t h e  determinat ion of t h e  d i s t r i b u t i o n  of 
9 * 

&(a ) i s  usual ly  an impossibly d i f f i c u l t  numerical i n t e g r a t i o n  

i n  N-dimensional space. However, i n  t h e  s p e c i a l  case  of t h e  

leas t -square  problem, t h e  i n t e g r a t i o n  l i m i t s  t u r n  o u t  t o  be 

t h e  r a d i u s  vec tor  i n  p-dimensional space. I n  t h i s  c a s e  we use * 
t h e  d i s t r i b u t i o n  of S (a ) r a t h e r  than of $ (a*) .  We s h a l l  f i r s t  

cons ider  t h e  d i s t r i b u t i o n  of S(a 1. According t o  Eqs. ( 2 3 )  
0 



and (24) the probability element is 

Note that S = p2, where p is the magnitude of the radius vector 

in p-dimensional space. The volume of a p-dimensional sphere 

is U apP. The volume element in this space is then 

Thus 

The normalization is obtained by integrating from S = O  to S=a. 

where So 5 S (ao) . 
This distribution is the well-known X2 distribution with p 

degrees of freedom. X2 tables of 

for several degrees of freedom are commonly available - see 
Appendix V for plots of the above integral. 

From the definition of S (Eq. (24)) it is obvious that 
- - 
So : p. One can show, using Eq. (29) that (So - sol2= 2p. Hence, 

one should be suspicious if his experimental result gives an 

S-value much greater than 

Usually a is not known. In such a case one is interested 

in the distribution of * * 
s ES(cc) . 



Fortunately, this 

merely the X2 dis 

p is the number o 

distribution is also quite simple. It is 
tribution of (p-M) degrees of freedom, where 

f experimental points, and M is the number 
of parameters solved for. Thus we have 

* 2 1 dP(S ) = x distribution for (p-M) degrees of freedom 1 

Since the derivation of Eq. (31) is somewhat lengthy, it is 

given in Appendix 11. 

t 
s = (p-M) and AS* = (S* h(p-M) 

Example 8 

(31) 

2 ~etermine the x probability of the solution to Example 6. 

ccording to the X 2  table for one degree of freedom the proba- * 
ility of getting S > 0.674 is 0.41. Thus the experimental data 

re quite consistent with the assumed theoretical shape of 

Example 9 Combining Experiments 

I Two different laboratories have measured the lifetime of . . 

+0.01) x 10 the K: to be (1.00- 
10 

-lo sec and (1.04+0.02) x 10 sec 

respectively. Are these results really inconsistent? 
* 

According to Eq. (6) the weighted mean is a = 1.008x10-~~sec. 

(This is also the least squares solutionforrKo.) 



(According to the X2 table for one degree of freedom, the * 
probability of getting S > 3.2 is 0.074. Therefore, according 

to statistics, two measurements of the same quantity should be 

at least this far apart 7.4% of the time. 



Appendix I: Pred ic t ion  of Likelihood Rat ios  

An important job f o r  a  p h y s i c i s t  who p lans  new exper i -  

ments i s  t o  e s t ima te  beforehand j u s t  how many events  w i l l  be 

needed t o  "prove" a  c e r t a i n  hypothesis.  The usual  procedure 
i s  t o  c a l c u l a t e  t h e  average logarithm of t h e  l ike l ihood  r a t i o .  

The average logarithm i s  b e t t e r  behaved mathematically than  

t h e  average of t h e  r a t i o  i t s e l f .  

W e  have 

£A log&= N J h g  - f  (x )dx ,  assumingA is  t r u e  , (32) 
£B A 

o r  
f~ log  R= N 1 l a 3  i fix dx, assuming B i s  t r u e  . 

B B 

Consider t h e  example (given i n  Sect ion  3 )  of t h e  K+ meson. W e  

be l i eve  s p i n  zero is  t r u e ,  and w e  wish t o  e s t a b l i s h  b e t t i n g  odds 
4 of 10 t o  1 a g a i n s t  s p i n  1. How many events  w i l l  be needed f o r  

t h i s ?  I n  t h i s  case Eq. ( 3 2 )  gives 

Thus about 30 events  would be needed on t h e  average. However, 

i f  one is  lucky, one might no t  need s o  many events .  Consider 

t h e  extreme case  of j u s t  one event with x = 0 : 4 would then  

be i n f i n i t e  and t h i s  one s i n g l e  event  would be complete proof 

i n  i t s e l f  t h a t  K+ i s  s p i n  zero. The f l u c t u a t i o n  ( r m s  

spread)  of log f o r  a given N is  



Appendix 11: Distribution of the Least-Squares Sum 

We shall define 
f. (x.) 

= 31, - Yi and the matrix Fij - the vector Zi = - 
a i a i 

Note that H = FT F by Eq. (27). 
* - ' I )  

Then 

* 
Z F = a H by Eq. (28) and (29) . - 

4b - & 

where the unstarred a is used for ao. 

using Eq. (34). The second term on the right iszero because of 

Eq. (33). 

S*  = (z-I) (1-Q (z-H) where a-FT = 3 and - - - 4  l*c - .c AC 

-1 T Q E F H  F .  .." - 4  LC 

Note that 

-1 T -1 T - 1 L Q  a2 = (FH F ) (FH F ) = FH F 
m r * r y  A* a& w I)& - AV 

2 If qi is an eigenvalue of Q, it must be equal qi, an eigenvalue 
2 

II 

of Q . Thus qi = 0 or 1. The trace of Q is 
4V AC 



Since the trace of a matrix is invariant under a unitary trans- 

formation, the trace always equals the sum of the eigenvalues 

of the matrix. Therefore M of the eigenvalues of Q are one, 
AV 

and (p-M) are zero. Let U be the unitary matrix which diagon- 

alizes Q (and also 1 -  . According to Eq. (35) , * - - 
* 2 

S = f ' I  where bra are the eigenvalues of (I-*) . 
a=l . K h  

* P'M 
since the M nonzero eigenvalues of Q cancel S = J : 1 1 ,  

a=l - 
out M of the eigenvalues of 1. 

,m. 

Thus 

* 
where S is the square of the radius vector in (p-M)-dimensional 

space. By definition (see Section 16) this is the X2 distri- 

bution with (p-M) degrees of freedom. 



Appendix 111. Leas t  Squares wi th  E r r o r s  i n  Both Var i ab le s  

Experiments i n  phys ics  designed t o  determine parameters 

i n  t h e  f u n c t i o n a l  r e l a t i o n s h i p  between q u a n t i t i e s  x and y 

invo lve  a series of measurements of x and t h e  corresponding y. 

I n  many c a s e s  n o t  on ly  a r e  t h e r e  measurement e r r o r s  Byi f o r  
J 

each y b u t  a l s o  measurement e r r o r s  6x f o r  each x 
j j j 

Most 

p h y s i c i s t s  t r e a t  t h e  problem a s  i f  a l l  t h e  & x i =  0 us ing  t h e  
J 

s t anda rd  l e a s t  squares  method. Such a procedure l o s e s  accuracy 

i n  t h e  de te rmiant ion  of t h e  unknown parameters conta ined  i n  

t h e  f u n c t i o n  y = f ( x )  and it g i v e s  e s t ima tes  of e r r o r s  which 

a r e  sma l l e r  than  t h e  t r u e  e r r o r s .  

The s tandard  l e a s t  squares  method of Sec t ion  15 should be 

used only when a l l  t h e  6 x , < <  By,. Otherwise one must r e p l a c e  
J ' 2 t h e  weight ing f a c t o r s  l / o i  i n  Eq. ( 2 4 )  wi th  ( 6  , ) - 2  where 

3 

Eq. (24) then  becomes 2 
= [ Y j - d j x j ) ]  

j=1 

A proof i s  given i n  Ref. 7 .  

W e  see t h a t  t h e  s t anda rd  l e a s t  squares  computer programs may 

s t i l l  be used. I n  t h e  c a s e  where y=a l+a2x  one may use what 

a r e  c a l l e d  l i n e a r  r e g r e s s i o n  programs, and where y is  a poly- 

nomial i n  x one may use m u l t i p l e  polynomial r e g r e s s i o n  programs. 
a f The usua l  procedure i s  t o  guess s t a r t i n g  va lues  f o r  and then  * 

s o l v e  f o r  t h e  parameters a using Eq. (30) wi th  u r ep laced  by 
j j . Then new [g) can be eva lua ted  and t h e  procedure repea ted .  

Usually only  two i t e r a t i o n s  a r e  necessary.  The e f f e c t i v e  - 

var i ance  method i s  exac t  i n  t h e  l i m i t  t h a t  2 i s  c o n s t a n t  over  

t h e  r eg ion  6x 
j ' 

This  means i t  i s  always exac t  f o r  l i n e a r  

r eg res s ions .  



Least  ,-, - . . 

I n  many cases  t h e  l ike l ihood  funct ion  i s  no t  a n a l y t i c a l  
* o r  e l s e ,  if a n a l y t i c a l ,  t h e  procedure f o r  f i n d i n g  t h e  a  and 
j t h e i r  e r r o r s  is too cumbersome and time consuming compared t o  

numerical methods using modern computers. 

For reasons of c l a r i t y  we s h a l l  f i r s t  d i s c u s s  an in -  

e f f i c i e n t ,  cumbersome method c a l l e d  t h e  g r i d  method. Af te r  

such an in t roduc t ion  we s h a l l  be equipped t o  go on t o  a  more 

e f f i c i e n t  and p r a c t i c a l  method c a l l e d  t h e  method of s t e e p e s t  

descent .  

The g r i d  method 

I f  t h e r e  a r e  M parameters a l , . . . , a  t o  be determined one 
M 

could i n  p r i n c i p l e  map o u t  a  f i n e  g r i d  i n  M-dimensional space 

eva lua t ing  w (a) (01 S ( a )  ) a t  each po in t .  The maximum value  
* obtained f o r  w is  the  maximum l ike l ihood  s o l u t i o n  w . One could 

* * 
then map o u t  contour s u r f  aces  of w = (W -4) , (W -1) , e t c  .   his 

i s  i l l u s t r a t e d  f o r  M =  2 i n  Fig. 
I 

j F i g .  6 .  Contours of  f ixed  w enclos ing,  
t h e  max. l ike l ihood  solut ionw. 

Fig. 7. A poor s t a t i s t i c s  case  

- of Fig. 6. 

I n  t h e  case  of good s t a t i s t i c s  t h e  contours  would be smal l  

e l l i p s o i d s .  Fig.  7 i l l u s t r a t e s  a  case  of poor s t a t i s t i c s .  



* 
Here it i s  b e t t e r  t o  p r e s e n t  t h e  (w -$) contour  s u r f a c e  ( o r  * 
t h e  (S +1) s u r f a c e )  than  t o  t r y  t o  quote  e r r o r s  on a .  I f  - + 
one i s  t o  quote  e r r o r s  it should be i n  t h e  form a;<al<al - + 
where a l  and al  a r e  t h e  extreme excurs ions  t h e  s u r f a c e  makes 

i n  a l  (see Fig.  7 ) .  I t  could be a  s e r i o u s  mistake t o  quo te  - + 
a  o r  a  a s  t h e  e r r o r s  i n  a  1' 

I n  t h e  c a s e  of good s t a t i s t i c s  t h e  second d e r i v a t i v e s  

a L w  - 
act aa, - -Hab could be found numerical ly  

a  

* 
i n  t h e  r eg ion  near  w . 

The e r r o r s  i n  t h e  a ' s  a r e  then found by i n v e r t i n g  t h e  H-matrix 

t o  o b t a i n  t h e  e r r o r  ma t r ix  f o r  a ;  i . e . ,  
* * - -1 a -  ( a  a  ) - ( H  ) i j  . The second d e r i v a t i v e s  can be found 

j J 
numerical ly  by using 

1 aLs I n  t h e  c a s e  of l e a s t  squares  use  H i j  = -  2 aaiaa 
j 

So f a r  w e  have f o r  t h e  sake of s i m p l i c i t y  t a l k e d  i n  t e r m s  

of eva lua t ing  w(a )  over  a  f i n e  g r i d  i n  M-dimensional space.  

I n  most c a s e s  t h i s  would be much too  t i m e  consuming. A r a t h e r  

e x t e n s i v e  methodology has  been developed far f i n d i n g  maxima o r  

minima numerical ly .  I n  t h i s  appendix we s h a l l  o u t l i n e  j u s t  one 

such approach c a l l e d  t h e  method of s t e e p e s t  descent .  W e  s h a l l  

show how t o  f i n d  t h e  l e a s t  squares  minimum of S ( a ) .  (This  i s  

t h e  same a s  f i n d i n g  a  maximum i n  ~ ( a ) ) .  



I Fig. 8. Contours of constant  S vs .  i 

STARTING 

l a and a Stepwise search  1 1 2' 

1 f o r  t h e  minim-:. I ---- -- -- 

Fig. 9. Same a s  Fig. 8,  but  us ing  
t h e  method of s t e e p e s t  
descent  . 

Method of S teepes t  Descent 

A t  f i r s t  thought one might be tempted t o  vary al  (keeping 

t h e  o t h e r  a ' s  f i x e d )  u n t i l  a  minimum is  found. Then vary a 2  

(keeping t h e  o t h e r s  f i x e d )  u n t i l  a  new minimum is  found, and 

so  on. This  i s  i l l u s t r a t e d  i n  Fig.  8  where M = 2  and t h e  e r r o r s  

a r e  s t rong ly  c o r r e l a t e d .  But i n  Fig.  8  many t r i a l s  a r e  needed. 

This s tepwise procedure does converge, b u t  i n  t h e  c a s e  of 

Fig.  8, much too  slowly. I n  t h e  method of s t e e p e s t  descent  

one moves a g a i n s t  t h e  g r a d i e n t  i n  a-space: 

So we change a l l  t h e  a ' s  simultaneously i n  t h e  r a t i o  

asasas. . .... . I n  o rde r  t o  f i n d  t h e  minimum along 
aul aa2 ' aa, 

t h i s  l i n e  i n  a-space 'one should use an e f f i c i e n t  s t e p  s i z e .  

An e f f e c t i v e  method i s  t o  assume S ( s )  v a r i e s  q u a d r a t i c a l l y  



* 
from t h e  minimum p o s i t i o n  s where s i s  t h e  d i s t a n c e  along 

t h i s  l i n e .  Then t h e  s t e p  s i z e  t o  t h e  minimum is  

where S1, S2 ,  and S 3  a r e  equal ly  spaced evaluations of S (s) along 

s wi th  s t e p  s i z e  A s  s t a r t i n g  from sl; i . e . ,  S 2  
= sl + A S ,  

s3 = s l +  2As. One o r  two i t e r a t i o n s  using t h e  above formula w i l l  

reach t h e  minimum along s shown a s  po in t  ( 2 )  i n  Fig.  9 .  The 

next  r e p e t i t i o n  of t h e  above' procedure takes  us t o  p o i n t  ( 3 )  i n  

F ig .  9 .  I t  i s  c l e a r  by comparing Fig.  9 wi th  Fig.  8 t h a t  t h e  

method of s t e e p e s t  descent  r e q u i r e s  much fewer computer evalu- 

a t i o n s  of S ( a )  than does t h e  one v a r i a b l e  a t  a  time method. 

Leas t  Squares wi th  Cons t ra in t s  

I n  some problems t h e  p o s s i b l e  values of t h e  a  a r e  r e s t r i c -  
j 

t e d  by subs id ia ry  c o n s t r a i n t  r e l a t i o n s .  For example, cons ider  

an e l a s t i c  s c a t t e r i n g  event  i n  a  bubble chamber where t h e  

measurements y a r e  t r a c k  coordina tes  and t h e  ai a r e  t r a c k  
j 

d i r e c t i o n s  and momenta. However, t h e  combinations of ai t h a t  a r e  

phys ica l ly  poss ib le  a r e  r e s t r i c t e d  by energy-momentum conservat ion.  

The most common way of handling t h i s  s i t u a t i o n  is  t o u s e  t h e  4 con- 

s t r a i n t  equat ions t o  e l imina te  4 of t h e  a ' s  i n  S ( a ) .  Then S  i s  

minimized with r e s p e c t  t o  t h e  remaining a ' s .  I n  t h i s  example 

t h e r e  would be (9-4) = 5  independent a ' s :  two f o r  o r i e n t a t i o n  

of t h e  s c a t t e r i n g  p lane ,  one f o r  d i r e c t i o n  of incoming t r a c k  i n  

t h i s  p lane ,  one f o r  momentum of incoming t r a c k ,  and one f o r  

s c a t t e r i n g  angle.  There could a l s o  be c o n s t r a i n t  r e l a t i o n s  among 

t h e  measurable q u a n t i t i e s  yi. I n  e i t h e r  case ,  i f  t h e  method of 

s u b s t i t u t i o n  i s  too  cumbersome, one can use t h e  method of Lagrange 

m u l t i p l i e r s .  

I n  some cases  the  cons t ra in ing  r e l a t i o n s  a r e  i n e q u a l i t i e s  r a t h e r  

than  equat ions.  For example, suppose it i s  known t h a t  al  must be 

a  p o s i t i v e  quan t i ty .  Then one could de f ine  a  new s e t  of a ' s  where 

( ~ t i ) ~ = a ~ ,  a i = a 2 ,  e t c .  Now i f  S ( a l )  i s  minimized no non-physical 

va lues  of a  w i l l  be used i n  t h e  search  f o r  t h e  minimum. 
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Appendix V. C ~ m ~ l a L i ~ e  Gaussian and Chi-Squared Distributions 

I 

Fi g . 10 . x2 Confidence Level vs. X2 for nD Degrees of Freedom ( 9 ) 
i 

The 

exceeding 

A I 
X2 confidence limit is the probability of Chi-squared 

the observed value; i.e., 

where P for p degrees of freedom is given by Eq. (30a). 
P 

Gaussian Confidence Limits 

2 
~ e t  x2 = [:) . Then for nD = 1, 

~ h u s  CL for nD is twice the area under a single Gaussian tail. 

For example the nD = 1 curve for X2 = 4 has a value of CL = 0.046. 

This means that the probability of getting 1x1 2 20 is 4.6% for 
a Gaussian distribution. 
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I N T R O D U C T I O N  

This gu ide  is designed t o  provide  a n  e v a l u a t o r  of n u c l e a r  s t r u c t u r e  d a t a  
wi th  a  brief overview of t h e  i n fo rma t ion  which should be included in a n  eval-  
u a t i o n  a n d  a n  o u t l i n e  of t h e  p r o c e d u r e s  involved  in  t h e  p r e p a r a t i o n  of s u c h  
d a t a  f o r  i n c l u s i o n  i n  t h e  ENSDF ( E v a l u a t e d  Nuclear  S t r u c t u r e  Data  F i le )  a n d  
p u b l i c a t i o n  i n  t h e  Nuclear  Data Shee t s .  It  is  based  o n  p r e v i o u s  m e m o s  
f r o m  t h e  Nuclear  Data Pro jec t  (NDP) a n d  p r e s e n t a t i o n s  m a d e  by t h e  s t a f f s  of 
t h e  NDP a n d  t h e  National  Nuclear Data Center  (NNDC) a n d  inc ludes  i n fo rma t ion  
f r o m  t h e  ENSDF f o r m a t s  manua l !  t h e  S ty l e  ~ a n u a l ?  Guide l ines  fo r  ~ v a l u a t o r s ?  
a n d  r e c e n t  n e t w o r k  m e e t i n g s ? , 5  An index  of o t h e r  r e l e v a n t  c o m m u n i -  
c a t i o n s  i s  a l so  i n c l u d e d .  Unavo idab ly ,  s o m e  i n t e r p r e t a t i o n s  based  on  t h e  
a u t h o r ' s  p e r s o n a l  e x p e r i e n c e s  h a v e  a l s o  been  i n c l u d e d .  

The reader should also be aware t ha t  t he  format ,  style, presentation of infor- 
ma t ion ,  a n d  s t a n d a r d s  a r e  evolving with t ime.  Therefore, t h e  c u r r e n t  m a n ~ a l s ! , ~  
guidelines,3 and results from the  more recent network meetings should also be consulted. 

PHILOSOPHY 

The ph i lo sophy  of ENSDF a n d  Nuclear  Data Shee t s  is  t o :  

1. p r e s e n t  t h e  "bes t "  d a t a  a v a i l a b l e  f r o m  e a c h  t y p e  of e x p e r i m e n t ,  
2. present  t h e  "best" information available on each isotope a s  a  resul t  of 

a n  e v a l u a t i o n  of a l l  t h e  e x p e r i m e n t a l  d a t a .  
3. present the  above information in a  concise and well-documented manner.  

a n d  
4 .  p r e s e n t  a  r e a s o n a b l y  c o m p l e t e  l i s t  of r e f e r e n c e s .  

The  phi losophy of a  n u c l e a r  s t r u c t u r e  e v a l u a t i o n  s h o u l d  be c o n s e r v a t i v e  w i th  
emphas is  given t o  t h e  exper imenta l  evidence and  t o  well-founded sys temat ics  and  
t h e o r y .  Whereever  poss ib le ,  a d o p t e d  v a l u e s  s h o u l d  be  mode l  i n d e p e n d e n t .  

G E N E R A L  PROCEDURES 

1. Scan t h e  old Data Sheets  and  t h e  ENSDF listing for t h e  mass  cha in  --- get 
a  q u i c k  ove rv i ew  of t h e  whole  A-chain.  



GENERAL PROCEDURES 

2. S o r t  t h e  r e f e r e n c e  l i s t  --- c h e c k  a l l  s e c o n d a r y  sou rce s !  d i s c a r d i n g  a l l  
those  which a r e  superseded.  Write for  f u r t h e r  i n fo rma t ion  o r  a u t h o r s '  con- 
s en t  t o  include d a t a  f rom secondary sources. Obtaining t he  au tho r s '  consent 
reduces t he  inclusion of e r rors  or  preliminary da ta  in ENSDF and  Nuclear  Data 
S h e e t s .  

3. Read a l l  pape r s  carefu l ly  --- do no t  a s s u m e  e v e r y t h i n g  in  t h e  pape r  m u s t  
be  c o r r e c t .  

a .  Begin with t he  most recent papers; many older references may be "retired" 
by c o m p a r i s o n .  

b. E x t r a c t  t h e  d a t a ,  i nc lud ing  u n c e r t a i n t i e s ,  n o t i n g  ca r e fu l l y  a s s u m p t i o n s  
a n d  s t a n d a r d s  o r  c o n s t a n t s  t h a t  e n t e r  i n t o  t h e  a u t h o r s '  c a l c u l a t i o n s ;  
e .g . ,  a n  & / a  r a t i o  f o r  o n e  n u c l e u s  m i g h t  d e p e n d  o n  a  v a l u e  f o r  a  
different nucleus, a  conversion coefficient might depend upon some assumed 
s t a n d a r d s ,  e t c f  

c. Presen t  i n t e r r e l a t ed  d a t a  s u c h  a s  in (b )  so t h a t  t h e  effect  of changes  
i n  t h e  a s s u m e d  c o n s t a n t s  i s  c l e a r l y  d i s p l a y e d ,  e . g . ,  a K = 0 . 0 3 2  6 i f  
aK(13'cs)=. , . We often have better o r  newer values for t he  constants  t h a n  
d i d  t h e  a u t h o r s .  

d. Present da t a  so t ha t  t he  authors '  measured data  and their  assumptions a r e  
c l ea r ly  s e p a r a t e d .  For  example ,  a  (d.p)  r e a c t i o n  m i g h t  yield I -va lues  
whereas  t o  ob t a in  spectroscopic f ac to r s ,  t h e  a u t h o r s  would also need J. 
We would indicate t ha t  1 was measured while J was "assumed by t he  au thors  
f o r  t h e  e x t r a c t i o n  of S." 

e. Check t h e  bibliography in each a r t ic le  against  your  own list t o  see t h a t  
t he  NSR scanning procedure has not missed any references, particularly second- 
a ry  sources.* Also, a u t h o r s  will sometimes quote  da t a  received a s  pr ivate  
c o m m u n i c a t i o n s .  T h e s e  d a t a  s h o u l d  b e  c h e c k e d  if p o s s i b l e .  

f .  Do not depend upon the  au thors  t o  extract  older da t a  correctly. Even if 
t h e  a u t h o r s  collect all  t h e  old values in  a  convenient  table,  t h e  original 
ar t ic les  should be checked. This checking procedure is especially impor-  
t a n t  i n  view of ( b )  a b o v e .  

* Seconda ry  s o u r c e s  a r e  a b s t r a c t s ,  r e p o r t s ,  a n d  o t h e r  u n r e f e r e e d  m a t e r i a l s  
a n d  a r e  usually recognized by t h e  keynumber  conta in ing  le t te rs ,  instead of 
numerals,  for t he  last two characters  of t he  keynumber. Note t h a t  t he  Nuclear 
S t ruc ture  References file (NSR) may be incomplete for these sources due  t o  lack 
o f  o r  d e l a y  i n  r e c e i p t  of t h e  r e f e r e n c e s .  

t Note t h a t  t h e  or iginal  version of these  procedures  also conta ined  t h e  sug-  
g e s t i o n  t h a t  d a t a  s h o u l d  be p r e s e n t e d  i n  i t s  m o s t  " e l e m e n t a r y "  o r  
"basic" form. For example, a  list of 1,'s and a,'s may really be a  measure- 
m e n t  of I, a n d  I K  n o r m a l i z e d  t o  g ive  a  s p e c i f i c  a K  f o r  o n e  of t h e  
y's. The I, and I K  a r e  t he  more "basic" data .  I f  t h e  da ta  a r e  not presented 
in t h e  most  "basic" form, t h e  da t a  should be presented a s  described in 3.c. 



GENERAL PROCEDURES 

g. Carefully document any and all changes in da ta  from values given by t he  
a u t h o r s .  A flagged c o m m e n t ,  record commen t ,  o r  documen ta t i on  record 
could i nd i ca t e  a change  d u e  t o  a m i s p r i n t ,  a change  in c o n s t a n t s ,  o r  
i n  a d e p e n d e n t  p iece  of d a t a .  

h .  Write sp in  ass ignments ,  commen t s ,  etc.  based on t h e  d a t a  a s  given a n d  
a s  evaluated by you. Assignments should conform to  t he  spin and  parity 
assignment  rules  a s  outlined in t h e  introduct ion to  Nuclear  Data Shee ts  
a n d  i n  o t h e r  s e c t i o n s  of t h i s  m a n u a l .  

i. Do n o t  r e p e a t  d i s c u s s i o n s  of o ld  d i s c r e p a n c i e s  if t h e  p r o b l e m s  a r e  
n o  l o n g e r  r e l e v a n t .  

4. Sugges t ed  m e t h o d  of a p p r o a c h  

a .  After scanning t h e  old Data Sheets and  sor t ing  t h e  references, decide on 
a n  order  of evaluat ion.  Two of t he  recommended methods have been to 

i . begin wi th  t h e  d a t a  on t h e  isotopes f a r t h e s t  f rom t h e  l ine of /3 
s t a b i l i t y  a n d  work  in  t o w a r d s  t h e  c e n t e r  o r  

i i . compile t h e  da t a  f rom s imi la r  types of experiments .  For example. 
all radiaoactive-decay data ,  then all stripping reaction data ,  etc. This 
approach is useful in those cases where t he  ~nformat ion  for a large por- 
tion of the  mass chain is dominated by a few types of measurements.  

b. A s  each da ta  set is completed, r un  t he  appropriate ENSDF codes on t he  data .  
(See Append ix )  , 

c. Do not compile the  adopted da ta  set until  af ter  t he  experimental da ta  sets 
f o r  a g i v e n  n u c l i d e  h a v e  been  c o m p l e t e d  a n d  c h e c k e d .  

d. Before submi t t ing  t h e  evaluat ion t o  t he  NNDC check t h e  monthly updates  
from NSR or  t he  online NSR and emend your evaluation accordingly. This step 
should be repeated if you receive a preliminary copy from the  NNDC o r  when 
t h e  r ev i ewer ' s  c o m m e n t s  a r e  r ece ived .  

e. Be s u r e  t h a t  all references for which keynumbers  have not  been assigned 
a r e  clearly and uniquely indicated in t he  da ta  sets  and t h a t  t he  necessary 
i n f o r m a t i o n  i s  s e n t  t o  t h e  N N D C *  

% A s  descr ibed  i n  Nuclear  S t r u c t u r e  m e m o  NS/lA-36 (Apri l  1982). " d u m m y "  
keynumbers  may be assigned by t h e  eva lua tors  a s  long a s  a l ist  of refer- 
ences associated with these keynumber s  accompanies  t h e  eva lua t ion  and ,  in  
t h e  case of a n  unpublished reference o r  unusual  journal, a copy of t h e  re- 
ference is sent  t o  t he  NNDC. The "dummy" keynumbers should be of t he  form 
Y Y L L X X  where Y Y  is t he  year of publication, LL a r e  t he  first  two let ters  of 
t h e  f i r s t  au tho r ' s  l as t  name,  and  X X  a r e  Latin cha rac t e r s  chosen f rom t h e  
b e g i n n i n g  of t h e  a l p h a b e t  (e.g.,  X X = A A  f o r  t h e  f i r s t  r e f e r e n c e  f o r  t h e  
s a m e  Y Y L L ,  =AB for  t h e  second reference for  t h e  s a m e  Y Y L L ,  etc.). Note: 
C h a r a c t e r s  f r o m  t h e  e n d  of t h e  a l p h a b e t  (e.g., X .  Y ,  a n d  Z )  s h o u l d  n o t  
be used since they a r e  assigned by t h e  computer  on en t ry  t o  t he  NSR file 
t o  secondary sources and there  may be confusion between a "dummy" and a se- 
c o n d a r y - s o u r c e  k e y n u m b e r .  



G E N E R A L  PROCEDURES 

5. Norma l  p r o c e d u r e s  for  m a s s  c h a i n  e v a l u a t i o n s  

a .  E v a l u a t o r  n o t i f i e s  t h e  N N D C  t h a t  t h e  e v a l u a t i o n  i s  t o  s t a r t  

b. The N N D C  sends a complete reference list for  t h e  mass  and a complete 
ENSDF listing for  the  mass. If the ENSDF data were unpublished, tables of 
these da t a  will be sent  on request.  The ENSDF da ta  se ts  on tape§ wlil 
a l so  be s e n t  on r e q u e s t .  

c .  The N N D C  c o n t i n u e s  t o  s end  m o n t h l y  u p d a t e s  of NSR. 

d. A s  the evaluation proceeds, unusual documents may be obtained by the eval- 
uator from the NNDC and parts  of the evaluation may be sent to the  NNDC on 
t a p e  fo r  p rocess ing  if t h e  p r o g r a m s  a r e  n o t  a v a i l a b l e  loca l ly .  

e. When the  evaluation is complete, the  evaluator will send to the  NNDC all 
da t a  sets,  pr ivate communicat ions and  o ther  unusual  references requiring 
keynumbers, and a t ransmit tal  form containing the  processing information. 

f .  The N N D C  will place the  d a t a  s e t s  in  a t empora ry  file a f t e r  correct ing 
a n y  s e r i o u s  f o r m a t  e r r o r s  a n d  will p e r f o r m  c e r t a i n  c a l c u l a t i o n s  a n d  
c o n s i s t e n c y  c h e c k s  o n  t h e  d a t a  s e t s .  

g. I f  t h e  e v a l u a t o r  r e q u e s t s  o r  if m a j o r  rev is ions  seem t o  be ind ica t ed ,  
t h e  N N D C  will provide t h e  eva lua to r  with p re l imina ry  tables,  drawings,  
r e f e r e n c e  l l s t ,  a b s t r a c t s ,  r e l e v a n t  printouts f r o m  t h e  c h e c k i n g  p ro -  
g r a m s ,  a n d  a l i s t ing  of t h e  c u r r e n t  d a t a  s e t s  wi th  a l l  changes  f r o m  
t h e  o r i g i n a l  i n d i c a t e d .  

I f  major revisions a re  suggested a t  this stage, the  NNDC will also return 
a tape of the  current  data sets with some general comments on how the  
data may be improved. Tapes of the  cur rent  da ta  sets  will be returned 
i n  a l l  ca ses  if r e q u e s t e d .  

h. The evaluator will inform the N N D C  when the data sets for the evaluation 
a r e  c o m p l e t e .  

i. NNDC will send one copy of the  semifinal tables, drawings, reference list ,  
and abs t r ac t  t o  t he  evaluator .  Another copy will be sen t  t o  a referee 
who is a s s lgned  in a c c o r d a n c e  w i t h  t h e  Review P r o c e d u r e s ?  

5 This  i n c l u d e s  m a g n e t i c  t a p e s ,  d i s k e t t e s ,  c a r d s ,  o r  o t h e r  f i l e  t r a n s f e r  
procedures which are  mutually compatible between the  NNDC and the  evalua- 
t o r ' s  i n s t i t u t i o n .  



GENERAL PROCEDURES 

1. The referee will send to t he  editors a report on t he  review of the  evalua- 
t i o n .  On t h e  ba s i s  of t h e  r e p o r t ,  t h e  e d i t o r s  will  d e c i d e  w h e t h e r :  

i . The manuscript  is accepted for publication in Nuclear Data Sheets 
a n d  r e c o m m e n d  p r o m p t  p u b l i c a t i o n .  

i  i  . The m a n u s c r i p t  i s  g e n e r a l l y  s a t i s f a c t o r y ,  b u t  c o n t a i n s  c e r t a i n  
e r r o r s  o r  o m i s s i o n s .  

i  i  i  . Several pages of t h e  manuscr ip t  contain subs tan t ive  o r  sys temat ic  
e r rors  and t he  referee's rejection is clearly justified in t he  written report.  

k .  I f  t h e  m a n u s c r i p t  i s  accepted  fo r  publ ica t ion  in  Nuc lear  Data Shee t s ,  
t h e  edi tors  will promptly notify t h e  evaluator .  At th i s  s tage  t h e  eval- 
ua tor  should send final corrections to  t he  NNDC. Final changes in grammar .  
spel l ing,  p u n c t u a t i o n ,  a n d  layout  t o  e n s u r e  a un i fo rm high q u a l i t y  f o r  
Nuclear Data Sheets may be made by t he  editors and communicated to  t he  
e v a l u a t o r .  

The editors shall send a galley of t he  manuscript t o  t he  evaluator for proof- 
reading.  Correct ions of e r r o r s  o n l y  sha l l  be done  a n d  a n y  co r r ec t i ons  
o r  disagreements in layout communicated to  t he  editors within one week of 
r e c e i p t .  The  m a n u s c r i p t  i s  now a c c e p t e d  f o r  p u b l i c a t i o n  a n d  t h e  
e v a l u a t o r ' s  c o m m i t m e n t  h a s  been  s a t i f i e d .  

The N N D C  will p r e p a r e  t h e  f i na l  m a n u s c r i p t  f o r  p u b l i c a t i o n .  One 
preprint  copy will be sen t  to  t he  evaluator  when the  photoready copy is 
s e n t  t o  t h e  p u b l i s h e r .  

1. I f  t h e  referee has  suggested minor  changes, t h e  ed i tors  will consider t h e  
referee's comments  and  send a copy of t he  report  t o  t he  evaluator.  The 
eva lua to r  should  m a r k  revis ions on  one  copy of t h e  ENSDF l is t ing a n d  
r e tu rn  it  to  t he  NNDC. The editors may accept these changes as  complying 
with t he  referee's recommendations o r  may consult f u r the r  with t he  eval- 
ua tor  and  referee until  a n  acceptable manuscript  is prepared. The manu- 
s c r i p t  i s  t h e n  p roces sed  f o r  p u b l i c a t i o n  a s  i n  ( k )  above .  

m.  I f  t h e  manusc r ip t  requi res  major  revisions, t h e  ed i tors  will consider t h e  
referee's comments  and  send a copy of t he  report  to  t he  evaluator.  The 
e v a l u a t o r  will m a k e  modi f ica t ions  a t  h i s  own i n s t i t u t i o n  a n d  r e s u b m i t  
eva lua t ion  a s  in  (e) above. The ed i tors  m a y  ask  f o r  a second referee's 
o p i n i o n  o r  p roceed  a s  i n  ( j )  above .  

n. After a manuscript  has  been published in Nuclear Data Sheets,  t he  NNDC 
will supply copies of r ep r in t s  a s  received f rom t h e  publisher,  replace all  
old d a t a  s e t s  wi th  t h e  new eva lua t i on  unless  advised o therwise ,  add  a 
REFERENCE da ta  set  containing keynumbers and  CODEN (an abbreviated citation 
of t h e  reference) for all  references contained in t h e  evaluat ion,  and  add 
t h e  c i t a t i o n  t o  t h e  COMMENTS d a t a  s e t .  

o. I f  t h e  eva lua to r  believes t h a t  t h e  changes suggested by t h e  referee a r e  
no t  justified o r  a r e  incor rec t ,  a n  appea l ,  using t h e  establ ished a r b i t r a -  
t i o n  procedure: '  m a y  be  m a d e  t h r o u g h  t h e  e d i t o r s .  
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PHYSICAL P R O P E R T I E S  COMPILED OR EVALUATED 
A N D  

STANDARDS FOR E N S D F  DATA S E T S  

Data which a r e  required by the  s t anda rds  a r e  indicated by fa and mus t  be - 
included if known. The other data should be considered in the evaluation and would 
n o r m a l l y  be inc luded  o r  r e f e r e n c e d  if r e l e v a n t .  

A .  Genera l  S t a n d a r d s  

1. A-Chain Completeness --- For each A-chain the re  mus t  be a t  least one - 
data set for each known isotope. A COMMENTS data set must  be included for - 
each evaluation and contain a t  least the evaluators' names and addresses and 
a n  a p p r o x i m a t e  l i t e r a t u r e  cu to f f  d a t e .  

2. lsotope Completeness --- For each nucleus, t he re  m u s t  be a t  least  one  
d a t a  s e t  for  each  d i s t i nc t  t y p e  of expe r imen tn  giving level o r  g a m m a  
i n f o r m a t i o n  a b o u t  t h a t  nuc leus .  

For each nucleus, there should be one, and only one. ADOPTED LEVELS or 
ADOPTED LEVELS. GAMMAS da ta  set .  By convention, if only one da t a  se t  
exists for an  isotope t h a t  da ta  set  will be t reated a s  a n  "adopted" da t a  
s e t ?  

3. Data-set Identif icat ion (ID-Records) --- No two d i s t i nc t  d a t a  s e t s  may 
h a v e  t h e  s a m e  d a t a - s e t  n a m e  (cols .  10-39 of  t h e  ID-Record). 

a .  For radioact ivi ty da t a  se ts  t he  data-set  name  contains t he  parent  
isotope and the  type of decay followed by the word DECAY. Isomers 
a r e  i den t i f i ed  by t h e i r  ha l f - l i fe  ( i n  p a r e n t h e s e s )  fol lowing t h e  
word D E C A Y .  

b For reaction da t a  sets  the  reaction (including the  target)  should be 
explicitly given whenever possible. The final nucleus should not be 
g iven ,  s i n c e  i t  i s  c o n t a i n e d  in  cols .  1-5. 

Some experiments  can be grouped efficiently since t h e  properties 
measured are  similar. For example, one could have one data set sum- 
m a r i z i n g  Coulomb e x c i t a t i o n  by p r o t o n s ,  a's, a n d  h e a v y  ions .  

Experiments should not be grouped if t he  properties measured o r  
deduced  d i f f e r  s i g n i f i c a n t l y .  

c. The reference field (cols 40-64) on the ID-record should be used for 
no more than three keynumbers. I f  there a re  more than  three prin- 
ciple references for a data set, then all the keynumbers should be placed 
on  c o m m e n t  c a r d s  i m m e d i a t e l y  fol lowing t h e  ID-record.  

fi E x p e r i m e n t s  shou ld  be g rouped  i n t o  o n e  d a t a  s e t  when t h e  p r o p e r t i e s  
measured or  deduced are  similar. Two examples would be Coulomb excitation 
a n d  p r o t o n - t r a n s f e r  r e a c t i o n s .  

@ S u c h  d a t a  s e t s  m u s t  s a t i s fy  t h e  s t a n d a r d s  for  adopted  d a t a  s e t s  excep t  
f o r  c r o s s  r e f e r e n c e s .  
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4 .  Data-Set  C o n t e n t s  

a. Standard  formats  should be used unless there a re  compelling reasons 
t o  do  o t h e r w i s e R  

b. U n c e r t a i n t i e s  m u s t  be g iven  f o r  a l l  m e a s u r e d  v a l u e s  a n d  a l l  
a d o p t e d  v a l u e s  wheneve r  poss ib leR 

c. U n i t s  must - be given when appropriateR The only exceptions are  the 
s t a n d a r d  u n i t s  l i s t ed  in  Appendix D of t h e  f o r m a t s  m a n u a l !  

d. Documentation should be included in the ID-record and in general or  
specific comments. A copy of every document cited in a n  A-chain 
m u s t  be on  f i le  a t  t h e  N N D C ~ ~ C ~  e v a l u a t o r  is r e spons ib l e  
for sending copies of p r iva t e  communica t ions  a n d  special repor ts .  
which  m a y  h a v e  been  rece ived  d i r e c t l y  by h i m ,  t o  t h e  N N D C .  

I f  many references a,re used in a  data set. you should be specific 
as to which da t a  i tems come from each reference. In general, all 
e x p e r i m e n t a l  n u m e r i c  i n f o r m a t i o n  i s  ob ta ined  o n l y  f r o m  expe r -  
imen t s  "belonging" to  t h e  d a t a  se t  a s  identified by i t s  ID-record. 
Numbers  which a r e  "borrowed" f r o m  o t h e r  d a t a  s e t s  shou ld  be 
spec i f ica l ly  i den t i f i ed  a s  s u c h .  

There should be sufficient documentation in each data set so tha t  
the user will know what was measured and how, what was deduced or  
calculated, and t h e  reasons for t h e  evaluators '  adoption of specific 
p r o p e r t i e s .  

B. Phys i ca l  P r o p e r t i e s  

1. Adopted P r o p e r t i e s  

a .  Q-, S,, Sp .  a n d  Q a R  Note t h a t  a  Q-card m u s t  be g iven  e v e n  - 
i f  n o n e  of t h e  v a l u e s  a r e  known .  

b. Levels:  level)^ J~~ Tl I2  o r  t o t a l  rR  decay  b r a n c h i n g R  BA (if 
TI/, is unknown)Ra static electric and magnetic momentsR configuration 
assignmentsP band parametersRa isomer or isotope shifts? charge dis- 
t r i b u t i o n ~ ~  a n d  d e f o r m a t i o n  p a r a m e t e r s  of g.sP 

c. Gammas: placementR E,P branching from each levelR Multipolarity 
(including mixing ratio)P to ta l  conversion coefficient (a/(l+a)g0.001)~ 
p e n e t r a t i o n  coe f f i c i en t s ,  r educed  t r a n s i t i o n  p r o b a b i l i t i e s R  a n d  
r a t i o s  of r educed  t r a n s i t i o n  p robab i l i t i e sa  

d .  Cross References: XREF's mus t  be included in all  ADOPTED LEVELS - 
o r  ADOPTED LEVELS, GAMMAS d a t a  sets! 

a Specia l  c a s e  o r  spec i a l  m a s s  r eg ions  
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2. Radioact ive  Decay 

a .  Energies of a .  8, E o r  8 + ,  y, o r  o t h e r  nuc lea r  r a d i a t i o n s R  

b.  I n t e n s i t i e s  o f  a .  8- .  f 3 + ,  r ,  7 ,  y * ,  o r  o t h e r  n u c l e a r  
radia t ions  with normalization to absolute intensit iesu Quanti t ies 
related to  intensit ies a s  calculated (log ft 's ,  a -hindrance factors)R 
X-ray i n t e n s ~ t i e s  a s  compiled o r  ca lcu la tedR 

c. Other properties of radiations as  evaluated or c a ~ c u l a t e d : ~  y-mul- 
t ipo la r l t i e s  ( inc lud ing  mixing r a t i o s ) .  K ,  L ,  M+ f r a c t i o n s  of E 

decay, average f3 energies, degrees of forbiddenness of unique f3-tran- 
s i t ions ,  y t o t a l  convers ion coeff ic ients ,  K ,  L, M. N +  convers ion 
coeff ic ients ,  a n d  i n t e r n a l  p a i r  f o r m a t i o n .  

d .  P lacement  of r a d i a t i o n s R  a n d  coincidence re la t ionsh ips .  

e. Level properties of the daughter nucleus i f  derived from the radio- 
a c t i v e  decayR 

f .  P roper t i e s  of r a r e  f o r m s  of r a d i o a c t i v i t y R a  

g. Experlmental  conversion-electron d a t a  in  cases of high precision 
(Aa25%),  p e n e t r a t i o n  effects ,  o r  o t h e r  anomal iesRa  

h. 8 - s p e c t r u m  s h a p e  fac to r s?  

j. Angular c o r r e l a t i o n  p a r a m e t e r s  o r  po la r i za t ion  r e s u l t s a  

k. Radiations not observed but expected to exist on the basis of infor- 
m a t i o n  f rom o t h e r  d a t a  s e t s  o r  f r o m  systemat ics!  

3. Nuclear Reactions 

a .  Level energies  observedR 

b. Angular m o m e n t u m  t r a n s f e r s R  

c. Trans i t ion  s t r e n g t h s R  

d.  J n  a s  d e t e r m i n e d  by t h e  reac t ionR 

e. Gamma-ray propert ies deduced from t h e  reaction (see above f o r  
speci f ics)P Note t h a t  ca lcu la ted  t o t a l  a n d  p a r t i a l  convers ion  
coefficients should be included only if they aid in the understanding 
of t h e  d a t a  p resen ted .  

f .  Resonance pa ramete r s  o r  a  c i ta t ion of references conta ining t h e  
p a r a m e t e r s R a  

g. Cross sec t ions  and  Q-valuesa  

, h. P a r a m e t e r s  r e l a t i n g  t o  r eac t ion  mechan i smsa  
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A P P E N D I X  

Listed below are the possible sequences for running the ENSDF codes on various types 
data sets. Note that  running these codes is really an  iterative procedure and as you 

d o r  change  d a t a  t h e  codes may  have  t o  be r u n  aga in .  

A .  A l l  Data Se t s  
F M T C H K Checks for format and syntax errors in ENSDF data sets. A l l  other ENSDF 

codes a s s u m e  t h e  d a t a  to  be e r r o r  f r ee .  
T R E N D Produces tables of the data contained in ENSDF data sets. This is useful to 

1 . Proofread y o u r  work,  
2 . Check for data entry errors which cannot be found by FMTCHK. 

and  
3 . Organize your data for concise presentation in the Nuclear Data 

Sheets .  

B .  Reaction Data Se t s  wi th  Gammas 
1 . A l l  

GTOL This program should be run to check the placement of gammas 
in the decay scheme and where appropriate to create a new data 
set  containing the  level energies calculated by the  program. 

HS I C C  If experimental a's are given, this program should be run to 
check t h e  conclus ions  of t h e  a u t h o r s .  

R U L E R  If T,,,'s a re  given, the program should be run in the com- 
parison mode to provide you with limits on the possible y-ray 
multipolarities and to check any conclusions made by the authors 
based on R U L .  

S P I N 0 Z A In cases of complex decay schemes i t  is useful to run this code 
to check the Jn assignments made and to find other possible as- 
signments based on the  y-transitions and the  cur ren t  Jn's. 

2 .  C a p t u r e  a n d  Heavy-ion Fusion Reactions 
H S I C C For the y-transitions where conversion is significant the a,,, 

from HSICC should be factored into the data set. This will produce 

a m o r e  m e a n i n g f u l  compar i son  when GTOL is r u n .  
G T O L  For these types of reactions it is also useful to use the GTOL re- 

s u l t s  t o  check t h e  i n t e n s i t y  balancing.  

C .  Decay Data Se t s  
1 . All 

HS I C C  This code should be run for all the reasons given above. In ad- 

dition, the partial a's should be included in the data set so that  
the ENSDF data sets may be used for various applications (e.g. dosi- 
m e t r y  a n d  r e a c t o r  engineer ing) .  

G T O L  This code should be run for all the reasons given above. The 
results will also be useful in deriving the normalizations and the 

a ,  B - ,  a n d  B+.r feedings t o  va r ious  levels. 
R A D LS T This program or MEDLIST should be run to check the calculated 

energy deposited with that  predicted from the branching ratio and 
Q-value. Also, in the cases where y*. X-ray, or Auger-electron 
intensit ies,  < E B > ,  <E7>, e t c .  have been measured,  i t  can be 

used to compare these data with the results from your decay scheme 
and may, in some cases, add in obtaining the normalizations. 
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APPENDIX ( c o n t i n u e d )  

R U L E R  See above .  
S P I N 0 Z A See above. In decay data sets. SPINOZA also takes into account the 

a. 8-, a n d  @ + . E  d a t a .  
2 .  8- a n d  @ + , E  Decay 

L 0 G F T This code should be run to provide information on the log f t's and 
<EB> ' s ,  IB+'s .  I s  a n d  c a p t u r e  f r a c t i o n s  fo r  app l i ed  
a p p l i c a t i o n s .  

D . Adopted Levels a n d  G a m m a s  
PANDORA 

GTOL 

R U L E R  

S P  I N O Z A  

E .  Af ter  t h e  
PANDORA 

The results of this code provide a convenient way of organizing the 
data for making your adopted level and gamma assignments. It also 
provides useful physics checks, both on the individual "experimental" 
data sets and between your adopted Jn assignments and relevant exper- 
imental data. Finally, it can aid in adding the  XREF required in the 
a d o p t e d  d a t a  s e t .  
See B.1, above. Note tha t  in those cases where the  primary y's from 
neutron capture a re  the source of precise bound-state level energies 
the program should be run  on a data set containing the capture s ta te  
and associated primary y's (this information should be deleted from 
t h e  a d o p t e d  d a t a  s e t  p r i o r  t o  s u b m i t t a l ) .  
For y- t rans i t ions  where conversion is s igni f icant ,  t h e  a,,, f rom 
HSICC should be factored into the data set, both for use by the rea- 
d e r  a n d  t o  p r o d u c e  t h e  c o r r e c t  r e s u l t s  when  RULER is  r u n .  
This program should now be run  in the  calculation mode and the  
r e s u l t s  checked  a n d  i n c o r p o r a t e d  i n t o  t h e  d a t a  s e t .  
See above. Note tha t  in those cases where the  primary y's from 
neu t ron  cap tu re  a r e  t h e  source of bound-state  Jn's t h e  program 
should be run  on a data set containing the capture s ta te  and asso- 
ciated p r imary  y's ( t h i s  informat ion  should be deleted from t h e  
a d o p t e d  d a t a  s e t  p r i o r  t o  s u b m i t t a l ) .  

Adopted Levels a n d  G a m m a s  Data Se t  i s  Comple ted  
This program's results may be used to check tha t  you have factored 
in to  t h e  "exper imenta l"  d a t a  s e t s  t h e  appropr i a t e  adopted  level 
and gamma information a s  outlined in the  Guidelines for Evalua- 
tors. Note tha t ,  depending on the changes made, you may have to 
r u n  v a r i o u s  codes  ( e . g . ,  FMTCHK) a g a i n  on  t h e  " e x p e r i m e n t a l "  
d a t a  s e t s .  

F . P r i o r  t o  Submiss ion  
A s  a final check before submitting your the evaluation, the codes FMTCHK and 

PANDORA s h o u l d  be r u n  on  t h e  c o m p l e t e  e v a l u a t i o n  a n d  t h e  r e s u l t s  checked .  





OTHER EVALUATIONS, COMPILATIONS, 
A N D  THEORY PAPERS 

T. W .  Burrows 
National Nuclear Data Center 

Brookhaven National Laboratory 
Upton, N Y  11973 USA 

November 3, 1987 

Listed below are various compilations, evaluations, and theory papers which evaluators have found useful; those 
that are used often or are recommended for use in the Nuclear Data Sheets have their keynumbers underlined. See the 
continuing series "DATA COMPILATIONS I N  PHYSICS'in Physik Daten for other references. Note that the data from several 
of these references are conveniently summarlzed in Table of Radioactive Isotopes (86BrZQ) and in Table of ISOt~pcs, 
7'" Edition (78LeZA). 

a E N E R G I E S ,  I N T E N S I T I E S ,  A N D  H I N D R A N C E  F A C T O R S  

Y.A.Ellis, M.R.Schmorak - Nucl.Data Sheets B8. 345 (1972) 
S u r v e y  of Nuclear S t r u c t u r e  Sys temat ics  f o r  A 2 229 
A.Rytz - At.Data Nucl.Data Tables 23, 507 (1979) 
New Catalogue of Recommended Alpha Energy a n d  In tens i ty  Values 
M.R.Schmorak - Nucl.Data Sheets  31, 283 (1980) 
Sys temat ics  of Nuclear Level Propert ies  i n  t h e  Lead Region 
W.Westmeler, A. Merkin - Phys ik  Daten 29-1 (1985) 
Catalog of Alpha Part ic les  f r o m  Radioactive Decay 
Decay Data of The T r a n s a c t l n i u m  Nuclides, IAEA T e c h n ~ c a l  Reports Series No. 261 (1986) 

A N G U L A R  D I S T R I B U T I O N S  A N D  D I R E C T I O N A L  C O R R E L A T I O N S  

Angular  Dis t r ibu t ions  of Gamma Rays i n  Terms  of Phase-Defined Reduced Matrix Elements  
L.C.Biedenharn. - Nuclear Spectroscopy, Ajzenberg-Selove, Ed., Academic Press, NY, p.732 (1960) 
Angular  Correlat ions i n  Nuclear Spectroscopy 
R.S.Hager, E.C.Seltzer - Nucl.Data A4, 397 (1968) 
In te rna l  Conversion Tables. Part  11: Directional and  Polarization Particle Parameters  fo r  Z = 30 to 

Z = 103 
R.M.Steffen - LA-4565-MS (1971) 
Angular  Dis t r lbu t ions  and  Correlat ions of Radiation Emit ted f r o m  Oriented Nuclel 
R.M.Steffen - Proc.Int.Conf.Angular Correlat ions In Nuclear Disintegration. Delft. Netherlands 

(1970). H.van Krugten,  B.van Nooijen, Eds., Wolters-Noordhoff Publ., Gronlngen,  p.1 (1971) 
Angular  Dis t r lbu t ions  and  Correlat ions of Nuclear Radiat ions i n  Nuclear Spectroscopy 
H.W.Taylor. BSingh.  F.S.Prato, R.McPherson - Nucl.Data Tables A9, No.1, 1 (1971) 
A Tabula t ion  of Gamma-Gamma Directional-Correlation Coefficients 
I.V.Anlcin, R.B.Vukanovic, A.H.Kukoc - Nucl.1nstrum.Methods 103, 395 (1972) 
The New Fea ture  of 1-3 Directional Correlat ions w i t h  Mixed Unobserved Trans i t ions  
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Introduction 

One o f  t h e  most impor tan t  p a r t s  o f  mass-chain e v a l u a t i o n  i n  Nuclear Data 
Sheets i s  t h e  no rma l i za t i on  o f  t h e  decay schemes. By no rma l i za t i on ,  we mean 
t h e  c a l c u l a t i o n  of  f a c t o r s  f o r  conve r t i ng  t h e  r e l a t i v e  y - ray i n t e n s i t i e s  t o  
t h e  abso lu te  i n t e n s i t i e s  (i .e., t h e  number o f  photons pe r  hundred pa ren t  
decays .) 

Normal i zat i on Met hods 

Most r a d i o a c t i v e  decay measurements f a l l  i n t o  one o f  severa l  cases f o r  
normal i z a t i o n  purposes. These a r e  descr ibed  be1 ow and a  suggested method f o r  
n o r m a l i z a t i o n  c a l c u l a t i o n s  i s  i n d i c a t e d  i n  each case. Note t h a t  no d i scuss ion  
o f  t h e  u n c e r t a i n t y  i n  t h e  c a l c u l a t i o n  i s  g iven  here, as t h i s  i s  sepa ra te l y  
d iscussed by E. Browne. 

Notation 

R e l a t i v e  y - ray  i n t e n s i t y :  I y  
Abso lu te  y - r a y  i n t e n s i t y  : %Iy  (photons per  100 paren t  decays) 
Re1 a t i v e  t r a n s i t i o n  i n t e n s i t y  : T I  

T I = I ( y + c e ) = I y ( l + c ~ )  

Absolute t r a n s i t i o n  i n t e n s i t y  : %TI  
%TI=%I (y +ce) 

To ta l  i n t e r n a l  convers ion c o e f f i c i e n t :  a 
No rma l i za t i on  f a c t o r :  N 

%Iy = N  x Iy , %TI  = N x T I  

Note: I n  terms o f  q u a n t i t i e s ,  NR and BR, de f i ned  i n  ENSDF, - 
N = NR x BR 

Where, 

I y  x NR i s  t h e  photon i n t e n s i t y  per  100 decays 
th rough t h i s  decay mode, and 

BR i s  t h e  r a t i o  o f  paren t  decays through t h i s  
mode t o  paren t  decays through a l l  modes. 



1. Absolute intensity i s  measured 

a. When t h e  absolute i n t e n s i t y  o f  one of t h e  gamma rad ia t i ons  i n  t h e  
daughter nucleus has been measured, t h e  normal iza t ion  fac tor  f o r  t h e  
r e l a t i v e  gamma i n t e n s i t i e s  i s  ca l cu la ted  as fol lows: 

% Iy Normal izat ion f a c t o r  N = - 
IY 

I f  ins tead of t h e  photon i n t e n s i t y  t h e  t r a n s i t i o n  i n t e n s i t y ,  which i s  
y+ce, i s  known i n  absolute u n i t s ,  then t h e  normal iza t ion  fac tor  i s  
ca1 c u l  ated as f o l  1  ows : 

Normal izat ion fac tor  N = %IY 
IY 

I f  absolute i n t e n s i t i e s  f o r  more than one t r a n s i t i o n  are known, an 
average o f  normal i zat  i on fac tors ,  ca l  c u l  ated f o r  each t r a n s i t i o n ,  
should be taken. 



b. I f  t h e  B' i n t e n s i t y  f o r  a  t r a n s i t i o n  t o  a  l e v e l  o t h e r  than  t h e  ground 
s t a t e  has been measured i n  abso lu te  u n i t s ,  and i n  a d d i t i o n  one knows 
a l l  t h e  t r a n s i t i o n  i n t e n s i t y  feed ing  and l e a v i n g  t h a t  l e v e l ,  one can 
c a l c u l a t e  t h e  no rma l i za t i on  f a c t o r  as f o l l ows :  

T r a n s i t i o n  i n t e n s i t y  (y+ce) l e a v i n g  l e v e l  i ( i n  re1 u n i t s )  = T 1 ( 0 u t ) ~  
I (y +ce) ( o u t )  

T r a n s i t i o n  i n t e n s i t y  (y+ce) feed ing  l e v e l  i ( i n  re1 u n i t s )  = T I ( i n ) i  
I ( y+ce )  ( i n ) i  

0- i n t e n s i t y  t o  l e v e l  i per  100 paren t  decays = % I B i  

No rma l i za t i on  f a c t o r  N  = %I6 j 

I ( y+ce)  - I ( y+ce )  ( i  n)i 

c. I f  t h e  0' i n t e n s i t y  f o r  a  t r a n s i t i o n  t o  a  l e v e l  o t h e r  t han  t h e  ground 
s t a t e  has been measured i n  abso lu te  u n i t s ,  and Q(E ) i s  known, then  i f  
one knows a l l  t h e  t r a n s i t i o n  i n t e n s i t y  feed ing  and l e a v i n g  t h a t  l e v e l ,  
one can c a l c u l a t e  t h e  no rma l i za t i on  f a c t o r  as fo l lows :  

T r a n s i t i o n  i n t e n s i t y  (y+ce) l e a v i n g  l e v e l  i ( re1  u n i t s )  = T I ( o u t )  - 
= ~ ( ~ t c e ) l o u t ) ~  

T r a n s i t i o n  i n t e n s i t y  (y+ce) feed ing  l e v e l  i ( re1  u n i t s )  = T I ( i n ) .  
= ~ ( y + c e j  ( i n ) i  

B+ i n t e n s i t y  t o  l e v e l  i per  100 paren t  decays = %16+~ 

E lec t ron  cap tu re  i n t e n s i t y  t o  l e v e l  i per  100 paren t  decays 

No rma l i za t i on  f a c t o r  N = + ) 

T 1 ( 0 u t ) ~  - T I ( i n ) i  



d . Normal i z a t i o n  can be ca l cu la ted  i f t h e  re1 a t  i v e  i n t e n s i t i e s  are known 
w i t h  respect t o  a  t r a n s i t i o n  i n  a  granddaugher o r  f u r t h e r  down i n  decay 
chain provided t h a t  t h e  sample i s  i n  e q u i l i b r i u m  ( t r a n s i e n t )  and t h e  
absolute i n t e n s i t y  i s  known for  some t r a n s i t i o n  i n  t h e  decay chain. 
Suppose t h e  decay chain i s  

w i t h  respec t i ve  ha1 f - l i v e s  as To, . Fur the r  assume t h a t  
TI, T2<T0 and t h a t  i n i t i  a1 l y  t h e r e  e r  nucl ides  A1 , A2, A3 
present .  

Le t  y l  be a  t r a n s i t i o n  seen i n  % - A1 decay and y  i n  A2 + A3 decay. 
I f  y 3  i s  known t o  have an absolute i n t e n s i t y  o f  % 1 1 ~ 3 )  per  hundred A2 
decays and t h e  r a t i o  o f  y l  and ~3 i n t e n s i t i e s  i n  a  sample c o n t a i n i n g  

, A3 i n  e q u i l i b r i u m  has been determined i n  r e l a t i v e  u n i t s  
s o l u t e  i n t e n s i t y  o f  yl per  100 decays o f  A i s  given by (see 

R. O. Evans, 'The Atomic Nucleus , Robert K r i  eger Pub. y1982) p .490) 

Normal iza t ion  f a c t o r  N  = $ly' 
- h 1 

2. Direct feeding t o  the ground state i s  known 

c a l  c u l  a ted as f o l l  ows : 

I n  t h i s  case, one sums up t h e  t r a n s i t i o n  i n t e n s i t y ,  l (y+ce) ,  f o r  
a l l  y ' s  decaying d i r e c t l y  t o  t h e  g.s. and t h e  no rma l i za t i on  f a c t o r  i s  

Normal i z a t i o n  f a c t o r  = 
(100-di r e c t  feedi  ng o f  g .s ,) 

c I (y+ce)  t o  g.s. 



3. Annihilation radiation intensity i s  known 

I f  i n  E+Q+ decay, t h e  i n t e n s i t y  f o r  y f  r a d i a t i o n  i s  known, t hen  one can 
proceed t o  c a l c u l a t e  t h e  y -ray normal i z a t i  on as f o l  1 ows : 

i. Let  measured a n n i h i l a t i o n  i n t e n s i t y  = % l ( y f )  

+ t 
ii. Assume s+a branch t o  g.s. i s  bo = %I(&*  ), 

iii. I n t e n s i t y  imbalance, X . ,  f o r  l e v e l  i, i n  r e l a t i v e  u n i t s ,  
xi = [(y+ce)(~utj~-(~+ce)(in)~] 

i v .  Then n o r m a l i z a t i o n  f a c t o r  N = ( 100-b,) 

C X i  

t 
v. The E %  branch t o  l e v e l  i i s  bi = Xi x N 

v i  . For l e v e l  i l e t  ri denote t h e  t h e o r e t i c a l  e l e c t r o n  
cap tu re  t o  p o s i t r o n  r a t i o ,  r i  = E / D +  ( t h e o r y )  

v i i .  Tota l  a n n i h i l a t i o n  r a d i a t i o n  = 

v i i i  . S u b s t i t u t i n g  f o r  bi from ( v )  one c a l c u l a t e s  t h e  on l y  unknown, b o y  
and t h e  no rma l i za t i on  f a c t o r  i s  c a l c u l a t e d  from ( i v ) .  

Note: If t h e r e  a re  gamma t r a n s i t i o n s  i n  t h e  decay scheme t h a t  undergo 
s i g n i  f i c a n t  p a i  r convers ion,  t hen  t h e i  r c o n t r i b u t i o n  t o  
a n n i h i l a t i o n  r a d i a t i o n  should be sub t rac ted  ou t  o f  l ( y f )  



4. X-ray intensity i s  known 

then 

i. 

ii. 

iii. 

i v .  

V.  

v i  . 
v i i .  

v i i i .  

Note: 

+ I f ,  i n  E+B decay, t h e  x-ray i n t e n s i t y ,  say f o r  t h e  K x-ray, i s  known, 
one can proceed t o  c a l c u l a t e  t h e  normal iza t ion  as fo l l ows :  

Let  t h e  measured K x-ray i n t e n s i t y  = % I ( K  x-ray)  

+ + Assume E W branch t o  g.s. i s  bo = % I ( € %  ), 

I n t e n s i t y  imbalance f o r  l e v e l  i ( i n  r e l a t i v e  u n i t s ) ,  
Xi = [ ( y + ~ e ) ( o u t ) ~  - ( ~ + c e ) ( i n ) ~ I  

- (100 - bn) Normal iza t ion  fac tor ,  N - 
C Xi 

For l e v e l  i l e t  r i  denote the  t h e o r e t i c a l  e l e c t r o n  capture  t o  
p o s i t i o n  r a t i o ,  r i =  & / B +  ( t heo ry )  

h e  E i n t e n s i t y  f o r  l e v e l  i i s  then g iven as = bixri 

( l + r i  

The K x-ray i n t e n s i t y ,  KXi , r e s u l t i n g  from e l e c t r o n  capture  
t o  t h e  l e v e l  i i s  then g iven by 

where Pki i s  t h e  f r a c t i o n  o f  t h e  decay proceeding by K capture  
( from, say, t h e  program LOGFT) and wk i s  t he  K-shel l  f luorescence 
y i e l d  (g iven by Bambynek e t  a1 ., Rev. Mod. Phys. 44, 716 (1972) )  

Sum o f  i n t e n s i t i e s  ca l cu la ted  i n  ( v i i )  i s  equal t o  I ( K  x-ray)  

cKXi = %I(K x-ray)  

Only unknown b  can then be ca lcu la ted ,  which i n  t u r n  g ives t h e  
normal i za t ion  t a c t o r .  

I f  the re  are  gamma t r a n s i t i o n s  i n  t h e  decay scheme t h a t  undergo 
s i g n i  f i c a n t  i n t e r n a l  conversion, then t h e i r  c o n t r i b u t i o n  t o  
I ( x - r a y )  should be subtracted from ( i  ) above. 



5. X-ray7 coincidence i s  measured 

( y + ~ e ) ( o u t )  
V 

I n  some s imp le  decay schemes t h e  n o r m a l i z a t i o n  f ac to r  can be c a l c u l a t e d  
f rom x-ray-y ray  co inc idences.  It i s  impor tan t  t o  s i n g l e  ou t  t h e  x- ray 
i n t e n s i t y  (KXi ) as be ing  due t o  t h e  E: branch t o  l e v e l  i which emi ts  
t h e  y  ray .  

The no rma l i za t i on  i s  c a l c u l a t e d  i n  a  manner s i m i l a r  t o  t h a t  descr ibed  
i n  ( 4 )  above. From ( 4 ) ( v i i ) ,  

Since, 

one can c a l c u l a t e  N (norma 
imbal ance f o r  1 eve1 i . l i z a t i o n  f a c t o r ) .  Xi i s  t h e  i n t e n s  
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This paper presents analytical methods for calculating uncertainties of absolute y-ray 
intensities and decay branching ratios derived from decay schemes. The equations have been 
derived with standard mathematical enor-propagating techniques, using first-order approxima- 
tions in Taylor series expansions of absolute y-ray intensities. 

I. Introduction. 
Accurate values for absolute radiation intensities, i.e., the percentages of various types of 

radiations emitted in a nuclear transformation, are frequently required. For example, they are 
the basic quantities from which transition probabilities may be derived for testing nuclear 
models; and these intensities, together with their corresponding energies, are often used in 
applications of radioactivity to other fields for calculating average radiation energies emitted 
per disintegration. Hence it is important to report absolute radiation intensities and their 
uncertainties accurately. The concurrent determination of decay branching ratios is of course 
mandatory. 

It generally requires elaborate calibrated detector systems and delicate measuring tech- 
niques to determine absolute radiation intensities. For short-lived isotopes and for isotopes 
which decay through more than one mode, e.g., 8- and electron-capture, the experimental diffi- 
culties may be even greater. Chemical and isotopic purities of the source are also important, 
especially for a beta emitter, for which it is difficult to remove contributions from possible 
impurities from the continuous-energy beta spectrum. Consequently, most of the known abso- 
lute radiation intensities have been derived from relative intensities (i.e., intensities measured 
relative to that for a nominal transition for each radiation type) and from the knowledge of the 
isotope's decay scheme (which often includes assumptions based on nuclear-structure theory). 
A set of radiations, usually y rays which represent the full disintegration intensity of the isotope 
provides the normalizing factor between the relative and absolute scales. It is important to 
choose this set carefully, because the accuracy of the resulting absolute radiation intensities is of 
course affected by the relative intensities and assumptions for the set. Methods for calculating 
uncertainties of the absolute y-ray intensities and the decay branching ratios derived from a 
decay scheme, respectively, are addressed in this paper. 

11. Description of the Framework. 

11.1 Absolute y-ray Intensities 

Let us consider first a hypothetical 8- emitter which populates the first excited state in the 
daughter nucleus, as shown in Figure I.  The absolute intensity (y(%)) for the subsequent y ray 
is 

where a is the total y-ray conversion coefficient, i.e., the ratio of the total number of conversion 
electrons to the number of photons. Notice that the accuracy of this absolute intensity is 
independent of the photon intensity measurement, and depends only on the accuracy of a. Let 
us consider now the decay scheme shown in Figure 2. A normalizing factor NI between the 
relative and absolute intensity scales is 

where I,[, IY3, al, and a3 are the relative y-ray intensities and their corresponding total 



conversion coeficients. Notice that an alternative normalizing factor is 

This latter factor assumes no direct @- population of either the ground state or first excited 
state, where N 1  assumes only no direct 8- population of the ground state. The accuracy of NI 
depends on the values of the relative y-ray intensities, on their corresponding total conversion 
coefficients, and on the one decay-scheme assumption. 

Figure 1. Figure 2. 

Choosing N,, the absolute intensity of y, is given by 

The uncertainty of the normalizing factor similarly affects the absolute intensities of ali of the y 
rays. Its numerical value, however, may not be the same for each y ray, because the normaliz- 
ing factor and the relative y-ray intensities are not always independent quantities. The max- 
imum contribution to the uncertainty of the absolute intensity applies to those y rays which 
have not been included in the calculation of the normalizing factor, i.e., 7 . Other y rays have 
lower uncertainties because of a cancellation effect, e.g., -r, (see equation (41). 

11.2. Decay Branching Ratios 

Decay branching ratios may be calculated from relative y-ray intensities and decay- 
scheme considerations. Let us consider the hypothetical decay scheme shown in Figure 3. 

If we assume no direct population to the ground states of the respective daughter nuclei, 
the j3- branching ratio ( B p )  is given by 

As with N1 above, the accuracy of B8- is affected by cancellation effects, i.e., the numerator 
and the denominator in equation (5) are not independent quantities. 

Figure 3. 

- 2 -  



111. General Formulation. 

111.1. Uncertainties of Absolute y-ray Intensities. 

Let us consider the case of an isotope which decays through several decay modes (t), 
where only a fraction GI of each mode does not populate the corresponding ground state in the 
daughter nucleus (i.e., I -GI is the fraction for that decay mode which directly populates the 
ground state). The absolute intensity of the I-th y ray associated with the i-th decay mode is 

where TII =I,,(l +a,) is the total transition intensity, a,, is the total conversion coefficient of 
the j-th y ray, and the summation is over all y rays (j) from the various decay modes ( t )  used 
in the normalizing procedure. Notice that for each decay mode there may be several 7 rays. 

The relative uncertainty of 71, (%) may be derived by first defining the variable 

1 + 2-( 1 +aj[ )61iati , 1 (7) 
,I GI 

dYli d76(%) ) in first where 6 is the Kroenecker delta function, and then by calculating - (= 
Yli Yli (%) 

order approximation in a Taylor series expansion. 

Using 

the relative uncertainty of yli (%) becomes - 

where 

1 2--$~$ ( 1 - 41) 
DF = j.1" GI and c,' = 

For one decay mode, t = 1 and equation (9) becomes 

where 



Equation (10) is equivalent to one given by Browne and Firestone.[l] Notice that for y rays 
which have not been included in the calculation of the normalizing factor (i.e., for y rays with 
I t j), c?= 1 and the third term vanishes in equations (9) and ( 10). Equation (10 )  then 
becomes 

where the first and third terms in the second member of the equation represent the contribution 
from the uncertainty of the normalizing factor, and the second term, that from the relative pho- 
ton intensity. These contributions are independent quantities. 

111.2 Uncertainties of Decay Branching Ratios. 
The following expression gives the branching ratio (B,) for the i-th decay mode of an iso- 

tope which decays through several decay modes (t  ): 

Here the summation in the numerator is over all y rays (j) which carry the total decay intensity 
through the i-th decay mode, and the summation in the denominator includes all 7 rays which 
carry the full disintegration intensity through all decay modes ( t ) .  Since once again the 
numerator and the denominator in the equation are not independent quantities, the relative 
uncertainty of Bi may be derived by first defining the variable 

p w j t ( l - 4 i )  

Gi dZi dBi 
where R,, = -, and then by calculating -(= -) in a manner analogous to that in sec- 

Gt Zi Bi 

where 



If the y rays used in the calculation carry the full intensity for each decay mode, i.e., if 
there is no direct ground-state population of the daughter nuclei, G, = 1, R,, = 1, and dR,, = O  for 
all values of t  and i. Equation (14) is then 

equivalent to an equation gwen by Browne and  ires stone,' but with slightly different notation. 

IV. Application to the Decay of ''*I,. 
As shown in the partial decay scheme in Figure 4, 1 9 2 ~ r  decays to l9*Pt by 8-, and to 

1920s by electron capture, with no direct ground-state population of the respective daughter 
nuclei. Data given in Table 1, along with the decay scheme and equations (10) and (l5), can be 
used to calculate the decay branching ratios and the absolute y-ray intensities, and their 
corresponding uncertainties. [21[3] [4] 

Figure 4. 

IV.l Decay Branching Ratios. 
The 8- percentage branching is given by 

and the corresponding relative uncertainty by 

Therefore B@-(%)=95.250.1 ,and BEc(%)=4.8+0.1 . 



Absolute y-ray Intensities. 

The normalizing factor for the absolute intensities is 

The relative uncertainty of the intensity for the 316.5-keV y ray (which has been used for 
calculating the normalizing factor N) is 

where 

d7(%) then becomes 0.00716 and the absolute intensity, 
Y(%) 

y(%)= 82.8 k 0.6% . 

For the 468-keV y ray (which has not been used for calculating the normalizing factor N), 

in which 

Y(%) then becomes 0.00927 and the absolute intensity, 
Y(%) 

y(%)=47.80 k 0.44% , 

Table 2 shows the absolute y-ray intensities and their corresponding uncertainties for the 
strongest y rays from the decay of '"lr. The uncertainties calculated in the present work agree 
well with those of Iwata, et al.,* as seen in the third column. 

The author wishes to acknowledge the assistance of Virginia S. Shirley. This work was 
supported by the U.S. Department of Energy, Office of Basic Energy Sciences. 

* Published in Nucl. Instrum. Methods A249,46 1 (1986). 
[ l ]  Crncertainties in Calculated Absolute y-ray Intensities and Decay-Mode Branching Ratios, E. 
Browne and R.B. Firestone, memorandum presented at the 7-th meeting of the Ad Hoc Sub- 
committee on ENSDF Formats and Procedures, Idaho Falls, 1985. 
(21 Y. Iwata, M. Yasuhara, K. Maeda, and Y. Yoshizawa, Nucl. Instrum. Methods, 219, 123 
(1  984). 
[3] R.S.Hager and E.C. Seltzer, Nucl. Data A4, 1 (1968). 
(41 L. Schellenberg and J. Kern, Helv. Phys. Acta, 420, (1966). 



Table 1. 1 9 2 ~ r  y rays populating the ground states of 192Pt and 19*0s.+ 

Energy(Ev) Relative Intensity(1,) Multipolarity and Transition Intensity(T) 
(keV) (rel) Conversion Coefficient(a) T=Iy ( l+a )  
205.8 4.01 + 0.06 E2, 0.305 5.233 + 0.145 
316.5 100.0+_0.5 E2, 0.085 108.5 -+_ 1.0 
489.1 0.527 2 0.009 E2, 0.0242 0.540 2 0.009 
612.5 6.365 k0.025 E2, 0.0 155 6.464 + 0.027 

1378.5 0.0016 c0.0005 E3, 0.0035 +_ 0 .0009~~  0.001 6 -e 0.0005 

t y-ray energies and intensities are from Iwata, et aL2 Conversion coefficients are theoretical 
values from Hager and seltzer,' with 10% assumed uncertainty, except as otherwise indicated. 
tt ExperimentaI value from Schellenberg and  ern.^ 

Table 2. Absolute intensities of the strongest y rays from 1 9 2 ~ r  decay. 
* 

Energy (E,). Relative Intensity (Iv) Absolute Intensity (?(%)) 
( k W  (re! (%I 

Iwata, et al.* Present Work 

* From Iwata, et al.2 



A p r i l  4, 1972 

To: Compilers o f  t h e  Nuclear Data Sheets From: D. C. Kocher 

Subject:  (1 )  Adoption o f  The Madison Convention 
(2) Strong sp i  n-assi gnment r u l  e f o r  vector  ana lyz i  ng 

power measurements i n  single-nucleon t r a n s f e r  reac t ions  
(3) Weak sp i  n-assi gnment r u l e  f o r  measurements on i s o b a r i c  

analog s ta tes  

1)  The Nuclear Data Group adopts The Madison convention1 (see Appendix) t o  
descr ibe  p o l a r i z a t i o n  phenomena i n v o l v i n g  sp i  n-1 p a r t i c l e s  and t o  denote 
nuc lear  reac t ions  i n  which p a r t i c l e s  are e i t h e r  prepared i n  a po la r i zed  
s t a t e  o r  t h e i r  s t a t e  o f  p o l a r i z a t i o n  i s  measured. 

Typ ica l  examples o f  usage o f  t h e  convent ion i n  t h e  Nuclear Data Sheets are 
as fo l lows:  

48~i (3 ,p), measured vec tor  analyz ing power 

*H($ ,a) , measured tensor  p o l a r i z a t i o n  pz,(e ) 

4 0 ~ a ( t h  ,;) , measured c i  r c u l  a r  p o l a r i z a t i o n  

I n  t h e  second example, t h e  n o t a t i o n  pZz(0)  should be inc luded i f  i t  i s  
important  t o  d i s t i n g u i s h  between d i f f e r e n t  types o f  deuteron tensor  
p o l a r i z a t i o n .  I n  t h e  t h i r d  example, we use t h e  terms l i n e a r  o r  c i r c u l a r  
po l  a r i  zat  i on f o r  y- rays . 

2) The Nuclear Data Group adopts t h e  f o l l o w i n g  s t r o n g  r u l e  f o r  sp in  
assignments . 

For Z 2 50 and Z 82, i f  t h e  vec tor  analyz ing power f o r  a sing1 e- 
nucleon t r a n s f e r  reac t i on  shows a c l e a r  preference between J = R +  
and J = 9.A/2 and i f  t h e  %-value i s  known, then t h e  J-value i s  
determi ned . 
The l i m i t a t i o n  i n  t h e  regions o f  a p p l i c a b i l i t y  r e s u l t s  from a l a c k  o f  
measurements i n  o ther  regions r a t h e r  than an expected o r  observed 
v i o l a t i o n .  

A d iscuss ion  o f  t h i s  r u l e  and t h e  reac t ions  upon which i t  i s  based i s  
enclosed. 

3) The Nuclear Data Group adopts t h e  f o l l o w i n g  weak r u l e  f o r  sp in  - 
assignments . 

The sp in  and p a r i t y  o f  a parent s t a t e  may be i n f e r r e d  from t h e  
measured p rope r t i es  o f  i t s  assumed i s o b a r i c  analog resonance, and 
v i c e  versa. 

The r u l e  imp1 i e s  t h a t  t h e  p rope r t i es  o f  an i s o b a r i c  analog resonance can 

be re1 i a b l y  determined (see, f o r  example, r e f  .2 93)  and t h a t  t h e  
correspondence between parent and analog i s  reasonably unambiguous. 



VECTOR ANALYZING POWER FOR SINGLE-NUCLEON TRANSFER REACTIONS 

The adopted s t rong spin-assignment r u l e  i s  based on t h e  reac t ions  l i s t e d  

on t h e  f o l l o w i n g  pages, for  which t h e  J-value obta ined from a  vec to r  ana lyz ing  

power measurement can be compared w i t h  ass i  gnments o b t a i  ned from s t r o n g  r u l  es 

c u r r e n t l y  used by t h e  Nuclear Data Group. The 74 cases l i s t e d  here represent 

about 30% of t h e  t o t a l  number o f  t r a n s i t i o n s  s tud ied  t o  date. References f o r  
most o f  t h e  data and a  review of p o l a r i z a t i o n  s tud ies  i n  t r a n s f e r  reac t ions  

are  given by ~ a e b e r l  i4. 

O f  t h e  74 t e s t  cases given here, t he re  i s  only  one poss ib le  c o n t r a d i c t i o n  

i n  sp in  assignments; namely, f o r  40~a(+d,p), Ex = 3.62 M ~ v ~ .  Even w i thout  t h e  
polarized-beam measurement, t he re  i s  a  fundamental discrepancy between ( d , ~ )  

angular c o r r e l a t i o n  and decay s tud ies  which observe a  1  eve1 w i t h  J  + and a  
( t h  h ,$) c i r c u l a r  p o l a r i z a t i o n  measurement6 which observes a  l e v e l  w i t h  J = . 
A t  present i t appears l i k e l y  t h a t  t h e  d iscrepancies r e s u l t  from t h e  ex is tence 

of a  doublet ,  but conc lus ive  experiments have no t  y e t  been performed. 

The spin-assi  gnment r u l e  requi  res t h a t  a c l e a r  preference between 

J = e+ l/2 and J = a- t rans fe rs  be shown i n  t h e  vec to r  ana lyz ing  power. 
This  usua l l y  invo lves  comparing t h e  data w i t h  t h e o r e t i c a l  p r e d i c t i o n s  (DWBA, 

f o r  example) o r  w i t h  empi r ica l  curves obta ined from t r a n s i t i o n s  w i t h  known J- 

va lue i n  t h e  same mass region. I n  p r a c t i c e ,  t h e  J-dependence o f  t h e  vec to r  

ana lyz ing  power i s  genera l l y  more pronounced f o r  lower a  -values, and t h e  

e f f e c t s  can a l so  depend on t h e  bombarding energy and r e a c t i o n  Q-value. But 

t h e  i n a b i l i t y  o f  t h e  data t o  e s t a b l i s h  a  c l e a r  preference i n  J-value does not  

i n v a l i d a t e  t h e  r u l e .  Most t r a n s i t i o n s  upon which t h e  r u l e  i s  based have 

re1 a t i v e l y  l a r g e  spectroscopic fac to rs  (S>0.2) . However, t r a n s i t i o n s  w i t h  S 

as low as 0.02 have a l so  been success fu l l y  t es ted  against  o ther  s t rong  r u l e s  

f o r  sp in  ass i  gnments . Experience has shown t h a t  i f  t h e  re1 a t i v e  c ross-sec t ion  

angular d i s t r i b u t i o n  i s  c h a r a c t e r i s t i c  o f  a  s imple s t r i p p i n g  process, then t h e  

vec to r  analyz ing power does not depend on t h e  spectroscopic f a c t o r .  On t h e  

o ther  hand, i f  t h e  cross sec t i on  suggests t h a t  reac t i on  mechanisms o the r  t han  

simp1 e  s t  r i  pp i  ng domi nate , then t h e  vec tor  analyz ing power does not  resembl e  

t h a t  expected f o r  e i t h e r  J = a+l/2 o r  J  = Again such d i f f i c u l t i e s  

merely mean t h a t  t h e  r u l e  i s  i napp l i cab le ,  no t  t h a t  i t  i s  i n v a l i d .  



I n  s u b j e c t i v e l y  j udg ing  t h e  ex ten t  t o  which re1 i a b l e  spec t roscop ic  

i n f o r m a t i o n  can be ob ta ined  from t h e  data,  it i s  use fu l  t o  bear i n  mind t h a t  

t h e  de te rm ina t i on  o f  J-values from measured vec to r  ana lyz ing  power angular  

d i s t r i b u t i o n s  very  c l o s e l y  para1 1 e l  s t h e  determi  n a t i o n  o f  !& -values f rom 

measured r e l a t i v e  c ross -sec t i on  angu la r  d i s t r i b u t i o n s ;  i.e., bo th  methods have 

t h e  same range of a p p l i c a b i l i t y  and t h e  same l i m i t a t i o n s .  
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Appendix 

THE MADISON CONVENTION 
(1970) 

I . P o l a r i z a t i o n  e f fec ts  i n v o l v i n g  sp i  n-one p a r t i c l e s  should be descr i  bed 

e i t h e r  by spher ica l  tensor  operators T kq, w i t h  normal i z a t i o n  g iven by 
t Tr {r  r , , }  = 36 kk,6qql  , o r  by Cartes ian operators Si , 

kq k  q 
(3 /2 ) (S iS j+S jS i ) -26 i j ( i=~ ,y ,~) .  Si denotes t h e  usual spin-one angular 

momentum operators.  

11. The s t a t e  o f  sp in  o r i e n t a t i o n  o f  an assembly o f  p a r t i c l e s ,  r e f e r r e d  

t o  as p o l a r i z a t i o n ,  should be denoted by t h e  symbols tkq ( s p h e r i c a l )  o r  

p i  , p i j  (Car tes ian) .  These q u a n t i t i e s  should be r e f e r r e d  t o  a  r i g h t -  

handed coordinate system i n  which t h e  p o s i t i v e  z-axis i s  along t h e  

d i r e c t i o n  of momentum of t h e  p a r t i c l e s ,  and t h e  p o s i t i v e  y -ax is  i s  a long 

'i n 'out f o r  t h e  nuclear  reac t i on  which t h e  po la r i zed  p a r t i c l e s  

i n i t i a t e ,  o r  from which they emerge. 

111. Terms used t o  descr ibe t h e  e f fec t  o f  i n i t i a l  p o l a r i z a t i o n  of  a  beam 
or t a r g e t  on the  d i f f e r e n t i a l  cross sec t i on  f o r  a  nuclear  r e a c t i o n  should 

i nc lude  t h e  mod i f i e rs  analyzing o r  e f f i c i e n c y ,  and should be denoted by 

T~~ ( sphe r i ca l )  o r  Ai ,Ai (Car tes ian) .  These q u a n t i t i e s  should be  

re fe r red  t o  a  r ight-handed coordinate system i n  which t h e  p o s i t i v e  z-axis 

i s  along t h e  beam d i r e c t i o n  o f  t h e  i n c i d e n t  p a r t i c l e s  and t h e  y -ax is  i s  

a long xi, x  tout f o r  t h e  reac t i on  i n  quest ion. 

I V .  I n  t h e  expression f o r  a nuclear  r e a c t i o n  A(b,c)D an arrow placed over 

a  symbol denotes a  p a r t i c l e  which i s  i n i t i a l l y  i n  a  po la r i zed  s t a t e  o r  

whose s t a t e  o f  p o l a r i z a t i o n  i s  measured. 



Arguments f o r  I soba r i  c  Spi n  Assi gnments 

P. M. Endt, C. van der Leun 

Fysisch Labora tor i  um, R i  j k s u n i v e r s i t e i  t 
Ut recht  , The Nether1 ands 

(June 1980) 

Strong Arguments 

1. Spin and p a r i t y  

Members o f  a  T-mu1 t i p l e t  (analogues) have t h e  same J' value. 

2. Energy 

The energies o f  members o f  a  T -mu l t i p le t  obey the  i s o b a r i c  mass equat ion 

2 E = a + bTZ + cTZ, where T, i s  t h e  z-component o f  T  (t, = +1/2 f o r  t h e  

neutron)  . 
3. Gamma-decay 

a. Gamma-transitions have AT  < 2. 

b. The RUL's f o r  E l I S ,  MIIS, EZIV, and MZIS t r a n s i t i o n s  ( I S  = i sosca la r ,  

I V  = i sovec to r )  may be used t o  l i m i t  AT. 

For be ta- t  r a n s i t i o n s  between analogue s ta tes ,  t h e  Fermi m a t r i x  element i s  

g iven by MF = [T(T+l) - T~ Z~fz]112, where Ti, and Tf, i n d i c a t e  Tz f o r  t h e  

i n i t i a l  and f i n a l  nucleus. This imp l ies ,  f o r  instance,  l o g f t  (3.79 f o r  

t r a n s i t i o n s  between m i r r o r  nuc le i  , 1  o g f t  = 3 -49 f o r  t r a n s i t i o n s  between 

J' = 0+, T = 1 s ta tes ,  and l o g f t  (3.49 f o r  t r a n s i t i o n s  between T  = 1 

s ta tes  w i t h  J + 0. 

5. P a r t i c l e  decay 
+ -b -+ 

I n  t h e  p a r t i c l e  decay A + B + b  t h e  vec tor  a d d i t i o n  r u l e  TA = TB + Tb should 

be obeyed. 



6. Transfer reac t i ons  

a. S i  ng l  e-nucl eon t r a n s f e r  

Neutron and p ro ton  s t r i p p i n g  r e a c t i o n s  on t h e  same t a r g e t  nuc leus 

y i e l d  t h e  same spec t roscop ic  f ac to r s  f o r  t r a n s i t i o n s  t o  analogue f i n a l  

s t a tes ,  The same r u l e  ho lds  f o r  p ick-up reac t i ons .  For unbound f i n a l  
s t a t e s  and spec t roscop ic  f a c t o r  may be c a l c u l a t e d  from t h e  measured 

nuc l  eon w id th  . 
b. Two-nucl eon t r a n s f e r  

For  t r a n s i t i o n s  t o  analogue f i n a l  s t a tes ,  t h e  (p  ,t) and (p , r ) 
r e a c t i o n s  on t h e  same t a r g e t  nuc l  eus have equal angul a r  d i s t r i b u t i o n s  . 
The c ross -sec t i on  r a t i o  i s  determined by t h e  r a t i o  o f  t h e  squares o f  

t h e  i sospi  n  C l  ebsch-Gordan c o e f f i c i e n t s  . 

Remarks 

It should be kept i n  mind t h a t  i s o s p i n  i s  no t  n e c e s s a r i l y  always a  good 

quantum number; T, and T, s t a t e s  may mix o r ,  i n  o t h e r  words, analogue 

s t a t e s  may be s p l i t .  

I n  a d d i t i o n  t o  t h e  s t r o n g  r u l e s  g iven  above, two weak r u l e s  o f  thumb e x i s t  

which a r e  u s e f u l  f o r  l o c a t i n g  analogue s t a t e s  b u t  n o t  f o r  unambiguous T- 

determi  n a t  i ons. 

F i r s t  one can say t h a t  t h e  energy d i f f e r e n c e s  between analogue s t a t e s  

should be approx imate ly  equal t o  those between t h e  pa ren t  s t a t e s .  As an 

example, corresponding s t a t e s  i n  mi r r o r  n u c l e i  should have approx imate ly  

equal e x c i t a t i o n  energ ies.  Observed energy s h i f t s  a r e  1  i s t e d  f o r  A  = 21- 

44 i n  t h e  l a s t  t a b l e  o f  each A-chai n; see Nucl . Phys. - A310 (1978) 1, 

Second, one may say t h a t  analogue s t a t e s  have r e l a t i v e l y  s imp le  she1 l- 

model c o n f i g u r a t i o n s  and t h u s  may be e x c i t e d  r e l a t i v e l y  s t r o n g l y  i n  a1 1  

s o r t s  o f  t r a n s f e r  r eac t i ons .  



The s t r o n g  r u l e s  3-5 g iven  above might  be c l a r i f i e d  by some examples. 

3a. The y-emiss ion from t h e  lowes t  o+, T  = 2  s t a t e  i n  3 2 ~  can o n l y  proceed 

t o  T  = 1 s t a t e s .  

3b. I f  t h e  s t r e n g t h  o f  t h e  y - t r a n s i t i o n  from a  1' s t a t e  i n  28~i t o  t h e  0' 

ground s t a t e  exceeds 30 mW .u., t h e  i n i t i a l  s t a t e  has T  = 1. 

+ 
4. Almost a l l  B - t r a n s i t i o n s  w i t h i n  a T - m u l t i p l e t  concern t h e  B decay o f  

t h e  most p r o t o n - r i c h  component (TZi = -T, TZf = -T+1) . This  leads t o  

MF = ( Z T ) ' ~ ~ .  

5. The a - p a r t i c l e  decay from T  = 1 s t a t e s  i n  2 4 ~ g  l e a d i n g  t o  t h e  2 0 ~ e  

ground s t a t e  i s  forb idden.  

The neu t ron  decay from analogue s t a t e s  i n  neu t ron - r i ch  n u c l e i  (Tz > 0) i s  

fo rb idden .  





S I  NGLE-NUCLEON TRANSFER REACT1 ONS 

by 

P. M. Endt 

Fysi sch Labora tor i  um, R i  j k sun i  v e r s i  t e i  t , U t  rech t  , The Nether1 ands 

(June 1987) 

The f o l  1  owing remarks on s i  ngl  e-nucl eon t r a n s f e r  reac t ions  are hopeful l y  

use fu l  t o  A-chain evaluators.  For some more d e t a i l s  see t h e  i n t r o d u c t i o n  o f  

t h e  paper: P. M. Endt "Spectroscopic f a c t o r s  f o r  single-nucleon t r a n s f e r  i n  

t h e  A=21-44 region" ,  Atomic Data and Nucl . Data Tables - 19 (1977) 23. 

For t h e  t ime being i t  does not  seem advisable t o  l i s t  S- factors from two- 

o r  more-nucleon t r a n s f e r  reac t ions  i n  t he  NDS. For such reac t ions  i t  i s  no t  

poss ib le  t o  f a c t o r i z e  t h e  cross sec t i on  i n t o  a  nuclear  s t r u c t u r e  p a r t  and a  

p a r t  re1 a t  i ng t o  t h e  reac t i on  mechanism. Spectroscopic i nformat i  on from 

sing1 e-nucleon t r a n s f e r  reac t ions  i n  which t h e  i n -  and outgoing p a r t i c l e s  are 

heav ier  than t h e  a - p a r t i c l e  should a l so  be excluded, because as y e t  t h e  

r e a c t i o n  mechanism f o r  such reac t ions  i s  f a r  from being establ ished.  

F i n a l l y ,  work performed a t  e i t h e r  t oo  low o r  t o o  h igh  bombarding energy, 

o r  w i t h  poor r e s o l u t i o n  should not  be l i s t e d .  A t  low bombarding energy 

< 5 MeV) t h e  compound-nucleus c o n t r i b u t i o n  i s  re1 a t i v e l y  l a rge .  ( E i n  z 

Espec ia l l y  f o r  r a t h e r  l i g h t  nuc le i  t h e  Hauser-Feshbach theory  i s  no t  

considered good enough t o  p r e d i c t  t he  magnitude o r  t h e  angular d i s t r i b u t i o n  o f  

t h i s  c o n t r i b u t i o n  w i t h  confidence. A t  h igh  bombarding energy (Ein > 50 MeV) 
% 

t h e  incoming p a r t i c l e  penetrates deep i nto  the  nucl eus, which e n t a i  1  s  changes 

i n  t h e  o p t i c a l  p o t e n t i a l s  on which, a t  present,  t o o  l i t t l e  systematic 

in fo rmat ion  i s  ava i l ab le .  Poor r e s o l u t i o n  (FWHM 2 100 - 200 keV) no t  on l y  
N 

reduces t h e  number of resolved p a r t i c l e  groups but,  perhaps worse, makes it 



more d i f f i c u l t  t o  recognize contaminant groups and t o  sub t rac t  t h e i r  

c o n t r i b u t i o n .  Contaminant groups are charac ter ized by t h e i  r energy changes as 

a  f u n c t i o n  of angle and/or bombarding energy; f o r  adequately accurate energy 

measurements, good r e s o l u t i o n  e v i d e n t l y  i s  a  necessi ty .  I n  t h i s  respect ,  work 

performed w i t h  magnetic spectrometers i s  general l y  super i  o r  over t h a t  w i t h  

semi -conductor de tec to r  t e l  escopes . 
The f o l  1  owl ng n o t a t i o n  has proved p r a c t i c a l  f o r  t h e  spectroscopic f a c t o r s  

re levan t  t o  t h e  f o u r  d i f f e r e n t  types o f  s ingle-nucleon t r a n s f e r  reac t ions :  

+ Sn neutron s t r i p p i n g  (d ,p) ,(t ,d) ,(a, T )  ; 

t Sp pro ton  s t r i p p i n g  (d,n) ,(T, d)  ,(a, t ) ;  

S,' neutron p ick-up (p,d),(d,t) ,(T, a ) ;  

S' pro ton  p ick-up (d, T ) , ( t ,  a )  . P 

Poor r e s o l u t i o n  genera l l y  excludes work w i t h  t h e  ( n  ,d) reac t i on .  

The d i  storted-wave Born approximation (DWBA) theory  f o r  t h e  ana lys i s  of 

d i  f f e r e n t i  a1 cross sec t ions  f o r  d i  r e c t  s i  ng l  e-nucl eon t r a n s f e r  reac t i ons  has 

c e r t a i  n l y  been very successfu1 . A vas t  number o f  a, -determi na t ions  have 

g r e a t l y  f u r t h e r e d  our knowledge of J n  values. It i s  a l s o  t r u e ,  however, t h a t  

t h e  theory i s  no t  as p e r f e c t  as, say, t h a t  f o r  y -  y angular  c o r r e l a t i o n s .  

Cont r ibu t ions  from mu1 t i  step processes ( c a l  cu1 ated w i t h  t h e  coup1 ed-channel 

formal ism) and from compound-nucl eus format ion e x i s t  and are  o f t e n  evaluated 

quant i  t a t i  ve l y  , but  t h e  re1 i abi  1  i t y  o f  such c a l  cu l  a ted co r rec t i ons  i s  not  y e t  

f u l l y  known. Uncer ta in ty  a l so  e x i s t s  i n  t h e  values o f  t h e  opt ical-model 

parameters t o  be used, i n  t h e  parameters determin ing t h e  bound-state r a d i a l  

wavefunctions o f  t h e  t r a n s f e r r e d  p a r t i c l e  , and i n  f i n i  te-range and honl ocal  i t y  



c o r r e c t i o n s .  One may apply  a  leas t -squares  a n a l y s i s  t o  measured angul a r  

d i s t r i b u t i o n s ,  b u t  x2-values c l o s e  t o  u n i t y  a re  s t i  11, a t  l e a s t  f o r  good 

s t a t i s t i c s ,  a  dream o f  t h e  f u t u r e .  The cor rec tness  o f  a -va lues  i s  s t i l l  

judged by eye, and consequent ly on l y  very  few &-assignments a r e  unambiguous, 

i n  t h e  sense t h a t  o the r  a-poss i  b i  1  i t i e s  can be excluded a t  t h e  0 .l% 

p r o b a b i l i t y  l i m i t .  

The d i f f i c u l t i e s  mentioned above a re  even more impor tan t  f o r  t h e  

spec t roscop ic  f a c t o r s  e x t r a c t e d  from a  DWBA ana l ys i s .  Few authors ass ign  

e r r o r s  t o  spec t roscop ic  f a c t o r s  because i n  most cases these  would be of a  

sys temat ic  r a t h e r  than o f  a  s t a t i s t i c a l  na tu re .  It i s  thus  d i f f i c u l t  t o  

compare t h e  r e s u l t s  o f  two measurements ( t h e  d e f i n i t i o n  o f  good o r  bad 

agreement depends on t h e  e r r o r s )  o r  t o  compare measured and t h e o r e t i c a l  

v a l  ues . 
The measured d i  f f e r e n t i a l  c ross s e c t i o n  a  (0 )exp and t h e  t h e o r e t i c a l  

d i f f e r e n t i a l  c ross  s e c t i o n  p rov ided  by a  DWBA program a r e  r e l a t e d  as 

f o l l o w s :  

f o r  p i c k  up, 

and 

2  ~ ( e ) , , ~  = NC (2J1+1) S+ a(e)DWBA f o r  s t r i p p i n g  (2) 

(2Ji+l ) 

Th is  i s  t r u e ,  f o r  example, f o r  JULIE, bu t  we no te  t h a t  t h e  ou tpu t  o f  DWUCK, 

t h e  most w ide l y  used program, i s  s l i g h t l y  d i f f e r e n t :  

ePWUCK= (2 j+1 )  U (  e )  JULIE 
DWBA DWBA ' 

where j i s  t h e  t o t a l  angu la r  momentum o f  t h e  t r a n s f e r r e d  nucleon. 



I n  these expressions c2 denotes the  (squared) i s o s p i  n Cl ebsch-Gordan 

c o e f f i c i e n t  f o r  s i  ngle-nucleon t r a n s f e r  

where (Ti,TZi) r e l a t e s  t o  t h e  i n i t i a l  ( t a r g e t )  nucleus and (Tf,TZf) t o  t h e  

f i n a l  s ta te .  The c2 values can be evaluated w i t h  t h e  he lp  o f  Table 1. It 

shows, f o r  example, t h a t  one has c2 = 1 f o r  neutron s t r i p p i n g .  It should be 

remarked t h a t  i n  many papers publ ished before about 1970 the  S-values have t o  

be i n t e r p r e t e d  as C'S. 

The normal iz ing  fac to r  N i s  p ropo r t i ona l  t o  t h e  square of t he  over lap  

i n t e g r a l  between ( f o r  s t r i p p i n g )  t he  wavefunctions o f  t h e  outgoing p a r t i c l e  

coupled t o  t h e  t rans fe r red  nucleon and t h a t  o f  t h e  incoming p a r t i c l e .  For 

pick-up the  words " ingoing"  and "outgoing" i n  t h e  preceding sentence have t o  

be interchanged . 
One can consider  N as t h e  spectroscopic fac to r  f o r  t h e  l i g h t  p a r t i c l e s  

p a r t i c i p a t i n g  i n  t h e  reac t ion .  Whereas, i n  a t r a n s f e r  r e a c t i o n  A(a,b) 6 ,  t h e  

spectroscopic f a c t o r  measures t h e  wavefunction over lap  between A and B and t h e  

t r a n s f e r r e d  nucleon, t h e  f a c t o r  N has t h e  same f u n c t i o n  f o r  a and b and t h e  

t r a n s f e r r e d  nucleon. Numerical values o f  N f o r  some reac t ions  are g iven i n  

Table 2. 

Spectroscopic f a c t o r s  can be subjected t o  several t e s t s .  F i r s t  one can 

check t h a t  reac t ions  of one type, such as (d,n) and ( 3 ~ e , d )  (p ro ton  

s t r i p p i n g ) ,  o r  (p  ,d) , (d , t )  and ( 3 ~ e ,  a) (neutron pick-UP), produce t h e  same 

spectroscopic f a c t o r s .  The same should h o l d  f o r  p a i r s  o f  reac t ions ,  such as 

(d,p) and ( 3 ~ e , d ) ,  o r  (p,d) and ( d , 3 ~ e ) ,  e x c i t i n g  m i r r o r  s ta tes ,  or ,  more 

genera l l y ,  components o f  t h e  same i sosp in  m u l t i p l e t .  F ina l  l y ,  one can check 



t h e  e q u a l i t y  o f  spec t roscop ic  f a c t o r s  f o r  p a i r s  o f  i n v e r s e  reac t i ons ,  f o r  

exampl e, ( d  ,p) and ( p  ,d) , connec t i  ng ground s t a t e s  o f  stab1 e nuc l  e i  . Because 

t h e  r a t i o s  o f  spec t roscop ic  f a c t o r s  found f o r  t h e  p a i r s  of r e a c t i o n s  mentioned 

above a r e  reasonably c l o s e  t o  u n i t y ,  one may conclude t h a t  t h e  s e t  of  

n o r m a l i z a t i o n  cons tan ts  used i s  i n t e r n a l l y  cons i s ten t .  

The exper imenta l  l y  observed dev i  a t i  ons f rom these cons is tency  r u l  es 

p r o v i d e  some ideas  as t o  t h e  exper imenta l  e r r o r s  i n  S- fac to rs .  For abso lu te  

measurements t h e  e r r o r  may be taken  as 25%. R e l a t i v e  measurements a r e  

presumably more accurate,  i n  p a r t i  c u l  a r  f o r  groups o f  S- fac to rs  re1 a t i  ng t o  

t h e  same a -va l  ue. 

The c r e d i  b i  1  i t y  o f  pub1 i shed a -va l  ues no t  on ly  depends on s t a t i s t i c s  and 

on t h e  number o f  p o i n t s  i n  t h e  angu la r  d i s t r i b u t i o n s ,  b u t  a l s o  on t h e  a - va lue  

i t s e l f .  I n  t h e  sd s h e l l ,  va lues a>3 have proved q u i t e  u n r e l i a b l e ,  and t h e  

same presumably ho lds  f o r  a>4 i n  t h e  f p  s h e l l .  Genera l l y  h i g h  R-va lues 

( l i k e  ~ = 4 )  should be m is t rus ted ,  i f  t h e  au thor  does no t  show e x p l i c i t l y  t h a t  

t h e  DWBA curves f o r  R=3 and a=5 a re  s u f f i c i e n t l y  d i f f e r e n t  f rom t h a t  f o r  

R=4. A r e a c t i o n  l i k e  (T, a)  y i e l d s  r e l a t i v e l y  uns t ruc tu red  angu la r  

d i s t r i b u t i o n s  and t hus  leads  t o  u n r e l i a b l e  a  -va l  ues . 
Spectroscopic  f a c t o r s  cannot be a r b i t r a r i l y  l a r g e  because they  a r e  

s u b j e c t  t o  sum r u l e s .  

The sum r u l e s  use fu l  f o r  t h e  d e r i v a t i o n  o f  upper l i m i t s  a r e  t h e  

f o l  l ow ing :  

and 



where <p> i s  t h e  number o f  protons and t h e  number o f  neutron holes i n  a 

subshel l  (n, a j ) ,  both i n  t h e  t a r g e t  nucleus. The summation has t o  be 

extended over a l l  f i n a l  s ta tes  (whatever t h e  sp in )  which can be reached by 

t r a n s f e r  o f  a p a r t i c l e  i n  t h e  subshel l  (n, a ,  j). For t h e  pro ton  pick-up and 

neutron s t r i p p i n g  considered here one can on ly  reach f i n a l  s t a t e s  w i t h  i s o s p i n  

Tf = Ti + 112. Equation (3 )  a l s o  holds f o r  neutron pick-up and Eq. (4 )  f o r  

neutron s t r i p p i n g  (both r i  ght-hand members unchanged) i f  t h e  summati on i s 

extended over Tf = Ti + 112 s ta tes  only;  i n  these cases t h e  reac t i on  can 

proceed t o  both Tf = Ti + 112 and Tf = Ti - 112 f i n a l  s ta tes  ( i f  a t  

l e a s t  Ti > 0).  

We s h a l l  use here Eqs. ( 3 )  and ( 4 )  on ly  f o r  even-even t a r g e t  nuc le i ,  

corresponding t o  Ji = 0, Jf = j. From t h e  f a c t  t h a t  n e i t h e r  <p> nor  <n-l> 

can exceed 2 j  + 1, one then obta ins  f o r  t h i s  case t h e  upper l i m i t s  f o r  any 

and 

The more complicated r u l e s  f o r  proton s t r i p p i n g  and f o r  neutron pick-up 

reac t i ons  l ead ing  t o  Tf = Ti - 1/2 s ta tes  are  no t  mentioned here because t h e i  r 

appl i cabi 1 i t y  i s  very 1 i m i  ted. 



Table 1 

I s o s p i  n  Clebsch-Gordan c o e f f i c i e n t s  (C) f o r  use i n  

s i  ng l  e-nucl  eon t r a n s f e r  r e a c t  i onst 

S t r i p p i n g  Pi  ck-up 

- ----- 

Ti and Tf denote t h e  i s o s p i n s  of t h e  t a r g e t  nucleus and t h e  f i n a l  s t a te ,  

respec t  i v e l  y . 
Table 2  

Normal i z i  ng f a c t o r s  (N) f o r  s i  ng l  e-nucleon t r a n s f e r  r e a c t i o n s  # 

React i on N  React i on N  

# These N-values f u l f i  11 t h e  r e l a t i o n  ' f o r  i n v e r s e  r e a c t i o n s  

N(b,a) = N(a,b) (2sa +1) / (2sb 1 ,  where sa and sb a r e  t h e  sp ins  o f  t h e  

p a r t  i c l  es concerned. 



MEMO 

December 7, 1971 

To: Nuclear Data Group From: M.B. Lewis 

Subject: Definitions, Sum Rules, and Selection Rules in Direct Reactions* 
(This note supersedes that of March 2, 1970) 

I. Single-Nucleon Transfer Reactions: A (a, b)B 

(')measured = GN(*) dQ DWBA where (g) DWBA 
is typically the direct output of a 

distorted wave Born approximation code. N is a constant for each reaction type. It de- 
pends upon the internal structure of the incTdent and exit projectiles. The following table 
summarizes the values of N which have been calculated and which have been checked ex- - 
perimentally . 

Note: The reaction N and its inverse N are  theoretically related by - - 
N(&b)- 2 s b + 1  
- =  
N@,a) 2sa+ 1 

where s is the projectile spin. 

*Based primarily on the following references: 

1. R. H. Bassell, R. M. Drisko, G.R. Satchler, ORNL3240 (1963) unpublished 
2. J.B. French.and M. H. Macfarlane, Nucl. Phys. 26, 168 (1961) 
3. N.K. Glendenning, Ann. Rev.Nuc1. Sci. 13, 191 (1963); Phys .Rev. 137, B102 (1965) 
4. R.H. Bassel, Phys.Rev. 149, 791 (1966) 



2 
G is the reaction stren,@h and is  related to the spectroscopic factor S: G = C S' for - 

W*+ 1 
stripping reactions in which case S. = 

2 
W A + l  S; G = C S for pickup reactions. In 

2 
both stripping and pickup, - C is the isospin coupling coefficient. * It follows from C' 
that in neutron stripping and proton pickup reactions that oxdy states with TB = TZB can 
be excited. On the other hand, for neutron pickup and proton stripping, TB = TZB o r  

T~ = T~~ + 1, and c2 weights the reaction strength to these states accordingly. 

G Sum Rules 

The magnitude of the spectroscopic factor is determined not only by the likeness of the 
final state to a single-nucleon excitation relative to the target, but also by the number of 
equivalent target nucleons or holes whose transfer leads to this final state. The follow- 
b g  sum rules relate the total reaction strength Gj (T) = $ Gij when summed over all 
states (i) having isospin (T) excited in a transfer (j) 0 = d5/2, etc.). 

neutron stripping: G. (T ) = # neutron. holes in the target (A) 
J ZB J 

proton pickup: G. (TZB) = it protons 
J j 

G. (TZB + 1) = 0 
3 

neutron pickup: G. (T ) = % neutrons - 
J ZB ) i protons 

j \ 2 ~ ~ + 1  j 
1 

Gj ( T ~ ~  + l) = ( Z T ~  + 1) i: protons j 

proton stripping: G. (T ) = # proton. holes - 
I ZB 

(2T:+ I) i neutron. holes 
. J .  J 

Gj ~ Z B  
# neutron. holes 

J 

T 1 * IC A l2 TE3]2 tor stripping o r  IC 
1 'I2 T h ~ 2  for pickup where TZ = 2 (N - Z) 

T~~ T~~ T~~ T~~ 



MEMO 
March 17, 1970 

To: Nuclear Data Project From: M. B. Lewis 

Subject: Momentum Matching and C ~ S  Values 

Extraction of spectroscopic factors from DWBA is expected to be accurate only when 
the reaction is said to take place near the nuclear surface. This is basically true be- 
cause DWBA does not properly account for non-locality (in the nuclear interior) and 
because the shape of the nuclear potential at large radii (in the nuclear extremity) is 
unknown. 

A suggested criteria for knowing if an author's direct reaction is a wsurfacell one (or 
for bowing how to "evaluateH various direct reaction data) is  given below for reaction 
A(a, b)B. 

For 

%, b = 'A, B 'a, dMA{3B 
and 

[units MeV, e, amu, ~ e r m i l  

one should have 

C where E,,b is the Coulomb barrier for a o r  b; 

L i s  the angular momentum transfer "matchedw at RA, the nuclear radius. 





MEMO 

June 10, 1971 

To: Nuclear Data Group From: M. Lewis 

Subject: Inelastic Scattering, Transition Rates, and "Model Independentv Sum Rules for 
Odd-A Nuclei 

(This memo supersedes the one on inelastic scattering issued February 16, 1970) 

1. ) Unlike the case for even nuclei (see J. Rapaportf s guide lines for the presentation of 
inelastic scattering data - March 7, 1969), the derivation of the deformation P for 
odd-A nuclei in inelastic scattering depends on both the assumption of Jfinal and the 
vibrational and rotational character* of the nuclear states. 

u 
2 

measu redCDmA 'L 
for even nuclei 

but 2 2 - K PL for odd nuclei in which case 

2 = (2Jf + 1)/(23. + 1)(2L + 1) v for the vibrational model 
1 

for the rotational model with band K and 
angular momentum transfer L 

2. ) The parameter I? makes for a different relation between 82 and B(EL) + for odd as 
- J 4  opposed to even nuclei. 

3. ) Taking the ratio of the two equations in 2. ) for a given P, , 

I B ( E L ) A ~ ~  = 2 B(EL) + 
even 

This means that the reduced transition rate t derived from simple Coulomb excita- 
tion in odd nuclei is  both spin and model dependent compared to the even case. 

*Sometimes referred to as weak and strong coupling, respectively. 



2 
4. ) Since Z g 2  = TK = 1 for  (both vibrational and rotational) cases in 1. ), a lbodei  

Jf V Jf R 
independent1' sum rule follows for inelastic scattering and simple Coulomb excitation. 

Z B(EL)Add = B(EL) 1 t 
J f even 

- 2  t and J ' f '&id - 'even 

5. ) The transition rates [i. e. , B(EL) I 1 o r  life times follow an entirely different relation. 

from B(EL) t = B(EL) b (2L + 1) for even 

and B(EL)t = B(EL) b (2Jf + 1)/(2J. + 1) for odd nuclei, the relation 3. ) gives 
1 

using K defined in 1. ). 

The result is that in regions of weak coupling 

B(EL)bdd = B(EL) 4 even 

and in regions of strong coupling 
-2 
nR B(EL)I = 7 
Kv even 

n 

KiR 
- where, for example, 0.05 a - s 2.7 for a l l  (L = 2) cases of rotations with Ji s 9/2. e 

This me- that the EL transitions rates o r  widths for an odd nucleus can actually be 
considerably larger than the neighboring even nucleus with the same deformation. a 

tor ZB.(EL) if the higher lying states a re  significantly collective. 
i 1 even 

a 
An example of a well documented case is the decay of the 0.134 level of l S 7 ~ e .  

- 2 -  



6. ) The model independent sum rule limit for both odd and even nuclei and pertaining to 
dl transitions from the ground state is  . - 

2 2L-2 ib 
S = 2 EBf(EL) t = L(2L + 1) 1.64 Z Rmean limit f 

According to this rule, all vibrations in the bound states of most nuclei exhaust only 
about 10% of the available collective strength. 

C 
7. ) Conclusion: The relations above show that a l l  the data pertaining to transition rates 

can be evaluated with more significance if it is all expressed in a reduced form, such 
as in Weisskopf unitsd (which also has some intuitive significance). Expressing all 
transition rates in such a reduced form is especially convenient for the reader when 
he wishes to study data systematics. 

b Z The Slimit can be divided into two parts: -S for all vibrations in which the neutrons and 
A 

protons are in a T = 0 configuration (for example low-lying excitations) and E~ for  T = 1 
types (for example the giant dipole excitation). A 

C 
The formulas a re  primarily from various sec'tions of Siegbahnfs cr-, P-, y-Spectroscopy. 

d 
A convenient expression for reducing pL to Weisskopf units is 

EL enhancement = 





NS MEMO 1B/1 ( 8 2 )  

OAK RIDGE NATIONAL LABORATORY 
OPERATED B Y  

UNION CARBIDE CORPORATION 
NUCLEAR DIVISION 

POST OFFICE BOX X 

OAK RIDGE. TENNESSEE 37830 

September 27 ,  1982 

To : NSDD Network Evaluators 

From : M. J. 

Subject:  Reduced Gamma-Ray Matrix Elements, Transi t ion P robab i l i t i e s ,  and 

Single-Par t ic le  Estimates 

For an electromagnetic transition of energy E the relationships among 
Y' 

the reduced matrix elements, B(oL), and the partial Y-ray half-life, T'~,~, 

are 

The Weisskopf single-particle estimates for the B(aL) are 

so that 

TY (EL) = (tn 2) L [ ( 2 ~  + I)! ! ]  
1/2 s.p. 

2 (L +,I) e 2 R2L 



The relationship between a measured B(oL)+ to a level with spin Jf from 

a level with spin J connected by a transition yK is given by Eq. (1) or i 
Eq. (2) with 

V 

and 

where c(yK) is the fraction of the decays of level J proceeding via the f 
observed mode yK and is given by 

where lY is the relative partial decay constant for gamma transition I1i,l1 i 
a is the total conversion coefficient for transition "i," and BR(yK) is the i 
total (i.e., Y + ce) branching ratio for transition "K.If 

If the transition "K" is of mixed multipolarity L, L + 1, then a factor 
2 2 

62/(1 + 6 ) for L + 1 or 1/(1 + 6 ) for L must be inserted on the right-hand 
2 

side of Eq. (7). 6 is the ratio of the L + 1 and L components. 
In Eqs. (1) through ( 6 ) ,  b = 

2 1/3 
x 10-l3 cm; and 

B(EL), B(ML) are expressed in units of eZbL and rN bL-l, respectively. 
For the constants appearing in the above expressions, we adopt the fol- 

lowing values: 

Specific expressions for the above equations, along with that for 



are given here for L = 1 through L = 5 .  E is in keV, and W.U. stands for 
Y 

Weisskopf units. 

As noted above, if a transition under consideration is of mixed multipo- 

larity, L, L + 1, then the expressions below for B(oL)(W.u.) and T1/2(J) x 
2 2 B(oL)+ should be multiplied on the right by 6 /(I + 6 ) for the L + 1 and by 

2 
1/(1 + 6 ) for the L-components. 

El Transitions 

T' (El) B(El)* = 4.360 x 
1 /2 (Ey 3 

TY (El) = 
6.764 x (s) 

1/2 s.p. 3 2/3 
(E') A 

E2 Transitions 

1 
T' (EZ) B(E2)i = 5*659 lo 

1/2 
(Ey) 5 

T' (E2) = 9.527 x lo6 (s) 
1/2 s.p. 5 4/3 my) A 



E3 Transitions 

E4 Transitions 

T' (E4) = 6.503 x lo3' (s) 
1/2 s.p. 9 8/3 

(El) A 



E 5  Transitions 

T 2.895 x (s) 
1/2 s.p. ( E 5 ) =  11 10/3 

( E Y )  A 

For ML transitions we have: 

B (ML) /B (EL) = 2.778 x lo3 A-2/3 
s.p. s.p. 

TY 
1/2 s.p. W ) / T Y  1/2 s.p. (EL)  = 3.256 

M 1  Transitions 

8- 





M4 Transitions 

TY 1/2(~4) 

T~ (M4) = 
2.117 x (s) 

1/2 s.p. 9 2 
(Ey) A 

M5 Transitions 

T~ (M5) = 9.426 x (s) 
1/2 s.p. 11 8/3 my) A 





EO TRANSITION PROBABILITIES FOR of +o+ TRANSITIONS 

R.B. Firestone 

Isotopes Project 
Lawrence Berkeley Laboratory 

Berkeley, CA 94720 

August 24, 1987 

An EO transition results from a penetration effect caused by the Coulomb interaction 
between a nucleus and its surrounding atomic electrons. It is highly forbidden and can occur 
only between levels with identical quantum numbers J*K. For 0++0+ EO transitions, there 
are no competing y rays emitted and only internal conversion or pair production are possible. 
EO transitions may also compete with very retarded M1 and E2 transitions. The treatment of 
mixed EO transitions is complex and has been discussed by Aldushchenkov and ~oinova. '  
Experimental data are seldom extensive enough to allow full analysis of mixed EO transitions. 
The following discussion is limited to Of +O+ transitions. 

The theoretical transition probability for EO decay by the emission of internal conversion 
electrons has been derived by Church and ~ e n e s e r . ~  This probability may be presented in Wil- 
kinson single-particle units ( Wi) defined for internal conversion as 

I'wi(EO)e=2.9009~10'9k [A(EO)K+A(EO)LI+A(EO)L2 + . . . ] sec-l. (1) 

Here k is the transition energy in units of m,c2 (energy(keV)/511.0034) and A(E0) is a coefi- 
cient tabulated by Hager and Seltzer4 for the K, Ll ,  and L2 atomic shells. I'(EO), is also tabu- 
lated in single-particle units (rwi(EO), =I'(E0),/4.91) by Passoja and salonen' for ZG40 and 
by Bell, et a1.,6 for 2340.  Internal conversion in the L3 shell is very small and can be 
neglected. Analytic expressions for A(E0) are given in the Appendix. 

For E>2m,c2, EO decay may also proceed by pair emission. The corresponding transi- 
tion probability may be given in Wilkinson ~ i n ~ l e - ~ a r t i c l e ~  units defined for pair production as 

I'w,(~0).=7.41 x I O ~ A A " ' ( ~  - I ) ~ ( & +  l ) 2 ~ ( s ) C ( ~ , k )  sec-'. 
2 2 (2) 

- (k-2) is Here A is the mass number and k is the transition energy. The function B(s) with s - 
(k +2) 

and C(Z,k) is the Coulomb correction factor. Functions B(s) and C(Z,k) are tabulated in 
tables I and 11, respectively. 

The total Wilkinson single-particle transition probability for internal conversion plus pair 
production is 

~W~(EO)=I 'W~(EO)~ +I'wi(EO)=. (3) 

The experimental EO transition probability is 

where tl,2 is the half-life of the initial state and BR is the branching fraction for the EO transi- 
tion (internal conversion plus pair production). The reduced EO transition probability can be 
presented in Wilkinson units, analogous to the Weisskopf photon transition probabilities for 
higher multipoles, as 



Systematics of EO transition probabilities are given for A ~ 1 5 0  by ~ndt.',~.' The following 
examples illustrate the calculation of reduced EO transition probabilities 

Example 1. In 1 5 0 ~ m  the 740-keV 0' level deexcites by a 1.32% EO branch to the 0' ground 
state. The level half-life is 19.7 ps. A(E0) values, calculated as shown in the Appendix, are 

~ ( ~ 0 ) ~ = 1 . 1 1 X l O - ~ ~  

The transition energy is k-1.45 in moc2 units. From equation (1) the Wilkinson single-particle 
EO transition probability becomes Fwi(EO), -5.30X lo9 sec-'. The experimental EO transition 
probability, defined in equation (4), is rexp(EO)=4.68X lo8 set-I. Since pair production is 
energetically forbidden in this decay, the reduced transition probability from equation (5) is 
simply 

Example 2. In 96Zr the 1594-keV O+ level deexcites by a 100% EO branch to the 0+ ground 
state. The level half-life is 38 ns. A(E0) values, calculated as shown in the Appendix, are 

A(EO)K - 4 . 2 4 ~  

The transition energy is k=3.12 in moc2 units. From equation (1) the Wilkinson single-particle 
internal conversion probability is r W ( E  O), =4.24X lo8 sec- '. Pair production also contributes 
to this EO transition. B(s)= 1.1 1 from table I for s-0.22, and C(Z, k)= 1.9 1 from table I1 for 2-40 
and k-3.12. From equation (2) the Wilkinson single-particle pair production probability 
becomes I' W, (E O),= 7.93 X lo7 sec- '. The experimental transition probability from equation 
(4) is rexp(E 0) = 1.82 X 1 o7 sec - I .  The reduced transition probability as defined in equation 5 is 
then 

Appendix 

The derivation of the single-particle EO internal conversion probability is described by 
Church and ~ e n e s e r . ~  A point nucleus is assumed and only the higher-order Coulomb and 
momentum terms are considered. Using the formalism adopted by Hager and Seltzer4, the ana- 
lytic expression for A (E 0 ) ~  for the K atomic shell is 

Here k is the transition energy in units of moc2,a= 1 / 137, r=[l - ( a~ )* ] ' /~ ,  PK is the K-electron 
linear momentum, R ~ 0 . 4 2 6 ~ ~ 4  'I3, ~2 is the atomic screening correction for the K shell, and 



In equation (2) WK = [ p i +  1I1l2, is the total energy of the emitted electron. The Gamma func- 
tions in equation (2) can be solved by using equations 6.1.3, 6.1.15, 6.1.18, and 6.1.25 of 
Abramowitz and Stegun.l0 These yield 

where C-0.5772 156649 is Euler's constant. Expressions for A (E O)L 1 and A (E 0 ) ~ 2  may be 
derived from 

and 

where X =[2(l +y)]"2 and quantities with L subscripts correspond to those above. Neglecting 
X screening, WK = k + y and WL = k + - The screening corrections SK ,SL ,and SL2 were calcu- 
2 ' 

lated by Brysk and Rose" and are shown in figures 1, 2 and 3. 
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Table I. The function ~(s)' 

, S B($ s B(s) ; 

Table 11. The Coulomb function C(Z,k,)* 

8 
D.H. Wilkinson, Nucl. Phys. A133, 1 (1969). 



* 
Figure 1. Screening correction for the K-shell 

* 
Figure 2. Screening correction for the L1-shell 



Figure 3. Screening unection for the L Z - S ~ ~ U *  
* 
N. Brysk and M.E. Rose. Oak Ridge National Laboratory. Report USAEC ORNL-U30 (1955) 



PHASE CONVENTIONS FOR MIXING RATIOS IN ELECTROMAGNETIC TRANSITIONS 
FROM ANGULAR CORRELATIONS AND ANGULAR DISTRIBUTIONS 

M. J. Martin 

Oak Ridge National Laboratory, Oak Ridge, Tennessee 

August, 1987 

As is well known, the multipole components in a gamma transition of 
mixed multipolarity mix coherently so that, from an angular distribution 
or correlation measurement, one can determine the phases, i.e. the 
relative sign, of the largest two multipole matrix elements. In 
principle, the relative signs of more than two multipole matrix elements 
can be determined; however, we will restrict the following discussion to 
the case where only two components are significant. Since this relative 
sign is invariant with respect to any arbitrary phase convention for the 
wave functions or the transition operators, it is physically 
significant. 

The two phase conventions most widely used at present are those proposed 
by Steffen (1) and by Rose and Brink (2). A brief description of these 
approaches and the differences between them is given below along with a 
summary of the explicit forms of the angular correlations for some 
specific common cases. This is followed by a summary of the relation 
between the phase conventions suggested by these authors and other 
conventions occasionally encountered in the literature. 

Consider the I f X  cascade 

All major treatments of the directional correlation of t(, and X2 can be 
reduced to the form 

For a given transition,x, we denote the relative amplitude of the two 
multipole orders, Lt=L+l and L, by S ( 2 f ) .  The phase of 6 is dependent on 
several factors. 

a) The form in which equation (1) is expanded 
b) choice of emission or absorption matrix elements 



c 

d 

For the 
angular 

Form of the Wigner-Eckart theorem used to define the reduced 
matrix elements 
Form of the electromagnetic multipole transition operators. 

extraction of 6 from the analysis of an angular correlation or 
distribution experiment, only a) is relevant. That is, once the 

B~ and A, are expanded in terms of tabulated constants which depend only 
on the Lfs and J's, the sign of S is fixed. If, however, an attempt is 
made to calculate the mixing ratios on the basis of some model and to 
compare the values with those deduced from an experiment, then of course 
the factors b), c), and d) must be taken into account. 

Following the work of Steffen (l), we write the orientation parameter, BK 
and the directional distribution coefficient, A,, for the case of an 
unpolarized, unaligned initial state J, , as follows: 

The coefficients, FK , are defined and tabulated in Reference 3. They 
are also tabulated in References 4 ,  5 ,  and 6. Steffen uses emission 
matrix elements, and the initial state always appears on the right. 
Equations (I), (2), and (3) define a unique sign for the mixing ratios. 
Note that the coefficients FK , are defined such that 

I 

FO(LL J2J3) = SLLf and thus BO(X) = A. ( 8 )  = 1 

For the cascade J, =4, J2=2, J3=0, for example, one ha.s Fz(2242)=-0.1707 
and F2 (2202)=-0.5976. 

- 2 - 



7 7  
The definition of operators and reduced matrix elements, <IT, I>, used 
by Rose and Brink are such that 

J.-J +L (-1) 1 f 

Thus, 6 (~ose- rink) 

Note that Rose and Brink use absorption matrix elements and the initial 
state always appears on the left. 

As a consequence of (6) (or (7)), in the notation of Rose and Brink, the 
coefficients FK are replaced by coefficients R, defined such that 

but otherwise, the forms of equations (2) and (3) remain unchanged. 
Tables of RK are given in an appendix in Reference 2. Both Rose-Brink 
and Steffen give a thorough discussion of the factors a) through d) 
mentioned above, so that calculations of 5 can be carried through 
consistently in either formalism. 

Another phase convention that one still encounters in the literature, 
although mainly in old references, is that of Biedenharn and Rose (4). 
These authors adopt the convention of always writing the intermediate 
state (J2 in our case) on the right. This convention leads to an 
additional phase factor of 

in the second term of equation (2), thus, 

(Biedenharn-Rose) = - b(Steffen) for 
= &(Steffen) for 8 2  

Note that in the Biedenharn-Rose formalism the sign of the mixing ratio 
depends on whether a given transition occurs first or second in a 
cascade. Table I gives a summary of the phase conventions one might 
encounter in the literature. These values are all relative to the 
convention of Steffen where the signs of the mixing ratios for both the 
first and second transitions are arbitrarily set to be positive. Note 
that in the formalism of References 9, 10, and 16, the sign of the 
mixing ratio depends on whether the transition involves a parity change 
(e.g. El+M2) or no parity change (e.g. Ml+E2). 



Comments and Special cases 

The parameters, BK, are characteristic of the (axially symmetric) 
orientation of the intermediate state (Jz) while the coefficients AK, 
characterize the directional distribution of r2 with respect to the 
orientation axis of J,. The above discussion is concerned with the case 
where the intermediate state Jz is oriented by the emission of the 
preceding radiation from J, . The general case, where the orientation is 
produced by low-temperature alignment, nuclear reactions etc. is 
discussed in several sources (see f) below). Some cases of special 
interest to evaluators are discussed below. As pointed out in (20), the 
sum over even k in equation (1) holds for the case where the nuclear 
states J, , Jz and J3 have pure parity and the radiations are parity 
conserving (electromagnetic radiation, conversion electrons, alpha 
particles) in which case the directional distribution coefficients with 
odd k are zero. If the circular polarization of the gammas is observed; 
if the nuclear states have parity admixtures; if beta particles are 
observed, then, if the intermediate state is polarized and not just 
aligned, odd-A terms in equation (1) can contribute. 

a) Intermediate unobserved radiation 

Consider the cascade J, ( \6, ) J2 ( & )  J3 ( X3 ) J1, where the directional 
distribution of & is measured relative to the direction of'rf, and 
radiation X2is unobserved. This case can be handled by expression (1) 
with the introduction of a multiplicative factor UK(JZ J3) defined by 

coefficient and b(&) the mixing ratio defined by 

are 6-J symbols. The above expression is given by 

total conversion 

I. V. Anicin et al. 

(21). ~xplicit expressions given in all other sources with which I am 
familiar incorrectly contain 6 in place of A. It should be noted that 
a is parity dependent, the parity sensitivity depending on the magnitude 
of the d ' 5  relative to unity, that is, for the w '  5 <<I, O + 6 . 
The UK(JJr) are called de-orientation coefficients and take account of 
the decrease in alignment resulting from the unobserved radiation. 

The 

U,(IJJr) coefficients are tabulated in (2), (16), and (17). Note that 



equation (9) contains no interference term since the radiation it 
represents is not observed. Note also that U,(JJ)=l. 

The angular distribution for the general case of n radiations, with the 
correlation between the first and last radiations being measured, is 
then given by 

b) Internal conversion electrons (lb,20,22) 

If internal conversion electrons, rather than gammas, are observed for 
either of the transitions in the cascade described by equation (I), then 
the factors F appearing in Eqs. (2) and (3) should be replaced by 
factors b (ce; A n8 ) F, where the b (ce; A A8 ) s are particle parameters for 
conversion in the i shell for A,  /\#=Ml,E2 or E1,M2 etc. tabulated by 
Hager and Selzer (22), and the mixing ratio s(3) should be replaced by 

For a (X)(cei)(B) experiment where the second transition is Ml+E2, for 

example, equation (3) becomes .. 

where the l+ 6'factor has been transposed to the left-hand side. 

c) Resonance Fluorescence 

The angular distribution in a ( X , X )  experiment, where the exciting and 
deexciting transitions are identical follows immediately from eqs. (I), 
(2) and (3) with the further observation that the reduced matrix 
elements defined in eqs. (4) and ( 5 )  have, for this case, the property 
6(s1) =- 6( X2) . One then gets, for the sequence JJ (L2L2+1) J2 (L2LZ+1) J3 

with A ('lf ) given by equation (3), and 6 (  'd ) given by equation (5). 
k 2 2 

The more general case of .(Y,21t) is treated like X X ( e )  with the ground 
state as the initial state, J, . 



d) Coulomb Excitation ( 5 )  

The angular distribution of gammas in a Coulomb excitation experiment 
takes the form of equation (1) with 

where J1 is the target spin, J2 the spin of the Coulomb-excited state, 

Jj is the spin of the final state following gamma emission, and b,(F ) 
A . 4  

is a particle parameter which depends on the excitation process through 
the parameter 5 . These particle parameters are tabulated in ( 5 ) .  

e) Alpha Decay (lb,lc,3,23) 

The form for the alpha-gamma angular correlation is similar to that 
described above for ce-gamma correlations. The factors FK in the 
expression for B* are multiplied by the particle parameters for alpha 
decay, b ~ ,  defined, for L#O, by 

bk(~~n) = bk(~"~) - - coS qL- ? Lw 2 r ~ t ~ + n  L" (~1#+11 PI2 
L(L+l) + L1'(L"+1) - k(k+l) (16) 

where Lw=L+2, L+4 etc., and 6(8) is replaced by 

For alpha decay in which a single L value dominates, BK takes the same 
form as equation (15), namely 

For mixed-L transitions, since L+LN=even, the phase factor in the second 
term of equation (2) becomes +I, and equations (2) and (3) have exactly 
the same form. The phase angle appearing in equation (16) contains the 
Coulomb phase shifts and depends on the target nucleus and the alpha 
particle energy. It enters only in the mixed L,Lw term of equation (2). 
See refs. (3,23) for a definition of this phase term (note that in 
equation (123) of (23), the cross term should be multiplied by a factor 
of 2). The differences in phase angles for L and Lw are usually small 
(see (24) and references contained therein) so that the cos term is 
close to +1 or -1. We adopt cos(?,- qLli)=+l which, along with the forms 
of equations (19) and (20) below, defines the phase of 6 ( 0 < ) .  



For the case where only the two lowest L values contribute 
significantly, equation (2) then takes the form 

For the case of L=O, the particle parameter cannot be defined in terms 
of the functions Fr for the gammas. For L=0+2, using equation (7.10) of 
Steffen (lb), (or equation (107) of (lc)), equation (19) for k=2 becomes 

For a pure LFO alpha transition, one sees that the alpha-gamma angular 
correlation is isotropic. 

f) O t h e r  cases 

When the intermediate state, Jr is oriented by low-temperature 
techniques, or by nuclear reactions, etc., the angular distribution can 
be described by equation (lo), with the B,now treated as alignment 
parameters which may be determined experimentally, estimated 
empirically, or evaluated on the basis of a specific model (17). See, 
for example, refs. (I), (2), and the tabulations and references quoted 
therein of refs. (17) and (18) . 



TABLE I 

First 

Transition 

+ (norm) 

+ 
+ 
+ 
+ 
+ 

Pure E2 assumed 

Second 

Transition Reference 

+ (norm) Steffen (I), (14), (15) 

+ Frauenfelder-Steffen (3) 

+ Poletti-Start (13) 

+ Taylor, et al. (8) 

+ Yamazaki (17) 

+ Ferguson (19) 

+ Biedenharn-Rose (4) 

+ Ferguson-Rutledge (1957) (7) 

+ Alder, et al. (5) 

+ (A77 =yes) Litherland-Ferguson (10) - ( A V = ~ O )  Poletti-Warburton (16) 
Ferguson-Rutledge (1962) (9) 

Rose-Brink (2) 

Smith (11) 

Harris, et al. (12) 

Watson-Harris (18) 
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I. Introduction 

To assist the evaluator of Nuclear Structure and Decay Data for the Nuclear Data 

Sheets, as well as to help provide some degree of uniformity and consistency in 

the resulting evaluations, numerous guidelines have been established over the 

years. Many of these are categorized as being either "strong" arguments or 

"weak" arguments for making Jn assignments to energy levels in nuclei. For 

those levels that are members of rotational bands in strongly deformed nuclei, 

however, the establishment of "strong" or "weak" rules for making Jn 

assignments is at one and the same time a trivial task and a complex one. On 

the one hand, implicit in even considering that a level might belong to a 

rotational band is that a model-based judgement is being made, taking into 

account other information in addition to that which is explicitly being 

evaluated. Such "external" information includes, for example, the observation 

that a relatively simple relationship exists between the energy and Jn value 

of the particular level and those of certain other levels in the same nucleus 

and that similar patterns, presumably analogous to the case at hand, are 

observed in other, near-lying, nuclides. 

On the other hand, as regards Jn values, members of rotational bands are not 

really different from levels in nuclides that are not strongly deformed, in that 

the usual means of assigning such values (y-decay and feeding properties, a- 

and p-feeding probabilities, y-y directional correlations, etc.) still 



apply. It was, in fact, only after definitive J n  values had been assigned to 

certain groups of 1 eve1 s (and strongly enhanced connecting E2 transitions 

observed) t h a t  t h e  occurrence of the hypothesized rotational bands could be 

established in the first place. 

It should be recognized that re1 iable Jn  assignments to 1 evels in the strongly 

deformed nucl ei can frequently be made primari 1 y by using nuclear model -based 

considerations. For example, the existence of rotational bands in many nuclides 

is extremely well established; and the models of the intrinsic ( i  .e., 

nonrotational) states upon which they are built are relatively simple and, also, 

quite we1 1 understood (at least as regards J n  values). In addition, the 

angul ar-momentum coup1 ing scheme underlying this picture is simple and can 

usually be applied to actual nuclear level schemes without the use of complex, 

computer-based nuclear structure calculations. These considerations, together 

with the existence of an extensive "systematicsn of level properties of the 

strongly deformed nuclei makes it possible in many cases for the experienced 

nuclear physicist to construct a level scheme for a previously unstudied 

strongly deformed nuclide in which the J n  assignments can be regarded as 

re1 iable, even though the available data are sufficiently meager that, in other 

mass regions, they would yield almost no insight into the J n  values. 

It should further be noted that these judgments are frequently based on 

qua1 i tative considerations rather than quantitative ones (such as, for example, 

the magnitude of a log ft value or the 1 ifetirne of a y-ray transition). 

Consequently, these inferred JIT values cannot be regarded as being based on 

"strong" arguments, as this term is employed in Nuclear Data Sheets evaluations, 

even though they are reliable as far as the underlying nuclear theory is 

concerned. Thus, for the strongly deformed nuclei, the traditional distinction 

between "strong1' and "weak" arguments for J n  assignments becomes blurred. In 

these cases, then, the assignment of J n  values ultimately comes down, as it 

always should, to the judgment of the individual evaluator. 

In the discussion below, we lay out some considerations to help guide the 

evaluator in his or her evaluation of nuclear-structure data to provide J n  

assignments for levels in the strongly deformed nuclides. The topics treated 

involve only those aspects of the data that are specific (or unique) to the 



angul ar-momentum coup1 i ng schemes appropriate to these nucl ides . Our thinking 

here is guided by those features of the strongly deformed nuclei that are 

commonly encountered in the "rare-earth" region (say, 150<A<190) and the 

actinide region (say, 220cA). However, the concepts shoul d be broadly 

relevant to those other regions of the Nuclide Chart where, as indicated by an 
increasing body of experimental data, strongly deformed nuclei also occur. It 

is assumed that the reader is familiar with those considerations for making JIT 

assignments (such as y-ray multipolarities) that are independent of the 

features of any specific nuclear coupling scheme; and, although implicit use is 

made of these, no explicit elaboration of them is given. 

In Section 11, we give several considerations to be kept in mind in treating 

data on the strongly deformed nuclides. In Section 111, to further elucidate 

some of these ideas, we provide a summary of the analysis of a specific case, 

namely the strong1 y deformed, presumably ref 1 ecti on-asymmetri c, nucl i de 25Ra 

[I]. Final ly, in an Appendix we give a concise summary of the ideas presented 

in these three Sections. 

For further reading on nuclear-model considerations as appl ied to the analysis 

of the level structure of strongly deformed nuclides, the following references 

are recommended. Quite instructive, although somewhat old, reviews are those of 

Mottel son and Ni 1 sson [2] and Gal 1 agher and Sol oviev [3]. Comprehensive 

evaluations of the then-available data on the odd-mass nuclides in the 

rare-earth and the actinide regions, respectively, are given in Refs. [4] and 

[5]. The level schemes of the even-A nuclides in the rare-earth region are 

interpreted, and the underlying nuclear theory presented, in Ref. [6]. 

11. Selected Properties of Rotational Bands 

A. Level Energies 

1. Low Rotational Frequencies and Weak Band Mixing 

The rotational spectra of strongly deformed nuclei at low frequencies of 

rotation are customarily analyzed using the well known expression 

(see, e.g., Refs. [4, 7, 8,]) 



where X represents e i t h e r  J ( J + l )  o r  J (J+~) -K2.  

I n  t he  present  d iscussion,  we choose t h e  l a t t e r  expression f o r  X. K denotes t h e  
p r o j e c t i o n  o f  t he  t o t a l  angular momentum o f  t he  i n t r i n s i c  s t a t e  on which the  

band i s  b u i l t  onto t h e  nuclear  symmetry ax i s .  

I n  app ly ing  eq. ( 1 )  t o  t he  ana lys i s  of l e v e l  energies w i t h i n  a g iven r o t a t i o n a l  

band, one t y p i c a l l y  works w i t h  level -energy d i f ferences on ly ,  and thus  the  

parameter EK (which serves t o  l o c a t e  the  energy of t he  band head) can be 

neglected. For bands w i t h  K = 0, t he  terms i n  e q . ( l )  w i t h  a l t e r n a t i n g  s igns  vanish, 

wh i l e ,  f o r  bands w i t h  K = 1/2 and 1, one has e x p l i c i t l y  

Corresponding expressions can be der ived from eq. (1  ) f o r  bands having l a r g e r  

va lues of K. With t h e  i d e n t i f i c a t i o n  A 1  = Aa, where - a denotes the  decoupl i n g  

parameter, eq. (2,a) can r e a d i l y  be expressed i n  t h e  usual form f o r  K = 1/2 

bands, v i z .  

E(J,1/2) = E t  + A[J(J+l)  - 1/4 + ( - 1 ) ~ + ~ / ~ ( ~ + 1 / 2 ) a ] .  ( 3 )  

I n  t he  d e r i v a t i o n  o f  t he  r e l a t i o n s h i p  expressed i n  eq. ( I ) ,  i t  i s  assumed t h a t  K 

i s ,  a t  l e a s t  approximately,  a good quantum number. Th i s  i m p l i e s  t h a t  t he  

coup l ing  (mix ing)  o f  t h e  band under cons idera t ion  t o  ( w i t h )  o the r  bands i n  t he  

same nucleus i s  n o t  t o o  s t rong and t h a t  t h e  r o t a t i o n a l  f requencies o f  t h e  s t a t e s  

a re  n o t  t oo  h igh.  I n  such cases, t h e  c o e f f i c i e n t s  B and C a re  expected t o  be 

smal l  (e.g . , B/A and C/B and a reasonably good descr ip -  

t i o n  of t he  energies o f  t he  band can u s u a l l y  be prov ided us ing  o n l y  a few 

parameters (e.g., A, B and, fo r  K = 3 bands, a). 

A1 though e x p l i c i t  expressions can be der ived [8, 9, 101 r e l a t i n g  several  o f  t he  

parameters i n  eq. (1 )  t o  t he  m a t r i x  elements assumed t o  couple t h e  band i n  



quest ion  t o  the  o ther  bands i n  t he  nucleus, such computations u s u a l l y  1  i e  beyond 

t h e  scope o f  t h e  t y p i c a l  A-chain eva lua t ion .  Rather, t he  usefu lness o f  g i v i n g  

values f o r  these parameters i n  an A-chain eva lua t i on  l i e s  i n  p r o v i d i n g  t h e  

i n t e r e s t e d  reader w i t h  a  r a p i d  and convenient means o f  ga in ing  i n fo rma t ion  about 

t h e  band. For example, f o r  K  = i bands, t he  decoupl i n g  parameter prov ides 

almost unique i n fo rma t ion  about t he  na ture  and ex ten t  o f  t he  s i n g l e - p a r t i c l e  ( o r  

one-quasi p a r t i  c l  e )  content  o f  t he  band. S i m i  1  a r l y ,  t he  r o t a t i o n a l  constant  A 

( =  f 2 / 2 3  ) g ives  in fo rmat ion  about t he  e f f e c t i v e  moment o f  i n e r t i a  ( 3 ) o f  

t h e  band; and an ex tens ive  systemat ics o f  t he  A-values f o r  bands i n  t he  s t r o n g l y  

deformed n u c l e i  e x i s t s  (see, e.g., Refs. [4, 51) .  

The o ther  parameters, a lso ,  p l a y  an impor tan t  r o l e  i n  he lp ing  the  reader 

"understand" t h e  band. The values o f  t he  parameters A ~ K  (and BZK) g i ve  

a  measure o f  t h e  "staggering1'+ ( s igna tu re  s p l  i t t i n g )  w i t h i n  the  band and 

hence can be i n fo rma t i ve .  The magnitudes o f  these parameters are  expected t o  

decrease r a p i d l y  w i t h  increas ing  K-value and, hence, t h e i r  e f f e c t s  should be 

most r e a d i l y  apparent i n  those bands having the  smal ler  values o f  K. 

Un fo r tuna te l y ,  i n  most o f  t he  eva lua t ions  o f  t he  l e v e l  schemes o f  t he  s t r o n g l y  

deformed n u c l e i  such terms have n o t  been considered. We would encourage 

eva lua to rs  t o  i nc lude  them, where appropr iate,  i n  t h e i r  f u t u r e  work. 

The ana lys i s  o f  t h e  l e v e l  energies o f  a  g iven r o t a t i o n a l  band t o  deduce 

r e a l i s t i c  va lues f o r  t he  band parameters i s  n o t  always a  t r i v i a l  t ask  o r  an 

obvious procedure. I n  doing t h i s ,  t h e  f o l l o w i n g  p o i n t s  should be kept  i n  mind. 

( i )  Eq . ( l )  i s  use fu l  i n  desc r ib ing  r o t a t i o n a l  bands o n l y  when the  number o f  

parameters needed t o  descr ibe the  l e v e l  spacings i s  small . Since i t  i s i n  

r e a l i t y  an expansion i n  powers o f  J ( J + ~ ) - K ~ ,  r a t h e r  than a  c losed 

expression, i t  i s  poss ib le  t o  f i t  "exac t l yn  the  energies o f  an a r b i t r a r i l y  

l a r g e  number o f  band members s imply by i n c l u d i n g  a  correspondingly  l a r g e  

number of terms. However, such a  procedure would n o t  produce p h y s i c a l l y  

+ For even-A nucl  ides,  a  r e l a t i v e  displacement o f  t h e  odd-spin band members 

w i t h  respect  t o  those o f  even spin. For odd-A nuc l ides ,  a  r e l a t i v e  displacement 

o f  t h e  band members f o r  which J+4 = even w i t h  respect  t o  those f o r  which J++ = 
odd. 



meaningful r e s u l t s  beyond those obtained from f i t t i n g  a few terms, and 

would most l i k e l y  have ra the r  l i t t l e  p red i c t i ve  power ( i .e. ,  a b i l i t y  t o  

p r e d i c t  the energies of the next  1 evels)  . 

(i i )  Consequently, one should genera l ly  t r y  t o  use the smal lest  number o f  

parameters consistent  w i t h  achieving a reasonable overa l l  f i t  t o  the l eve l  

energies. These parameter values should be determined from the smal lest  

poss ib le  number o f  the lowest-spin members o f  the band (recogniz ing t h a t  

the energies pred ic ted f o r  the higher-spin band members may then d i f f e r  

somewhat from the observed values). I n  pa r t i cu l a r , i n  most cases i t i s  
probably no t  meaningful t o  ca r ry  out  a least-squares ana lys is  o f  the 

energies o f  a r o ta t i ona l  band i n  order t o  obta in  a se t  of "best" values f o r  

the band parameters. 

( i i i )  Careful a t t en t i on  needs t o  be given t o  the choice o f  which parameters are - 
chosen t o  g ive the "best" desc r ip t ion  o f  the band. The parameter A,  of 
course, (and, fo r  K=1/2 bands, 2 )  should always be inc luded but, beyond 

t h i s ,  the choice i s  not  always c lea r .  I f  on ly  a small number of band 
members are known, and the customary choice o f  A and B t o  describe the band 

leads t o  unreasonable r e s u l t s  (e.g., the con t r ibu t ion  o f  the 'B term1' t o  

the l eve l  energies i s  comparable t o  t h a t  of the "A termN),the deduced 

parameters are n o t  meaningful and thus should no t  be quoted. I n  these 

s i t ua t i ons ,  one should repeat the f i t  using instead o f  B and compare 

the  qua1 i t y  o f  the  r e s u l t s  from the two f i t s .  I f  t h i s  l a t t e r  f i t  appears 

t o  provide a "reasonable" desc r ip t ion  o f  the l eve l  energies, those deduced 

parameters can be given; otherwise i t  i s  perhaps be t t e r  t o  l i s t  no 

parameter values (and t o  p o i n t  out  t h i s  f a c t ) .  

( i v )  I n  some cases,the differences among the sets  o f  parameter values der ived 

from the use o f  d i f f e r e n t  combinations o f  l e ve l  energies are large.  These 

can occur, f o r  example, where the  coupl ing t o  other bands i s  s t rong (and 

the assumptions on which eq . ( l )  i s  based are thus no t  v a l i d )  o r  where the 

band parameters being used t o  describe the band are no t  the best  ones. I n  

these l a t t e r  cases, i t  i s  again important t o  consider choosing d i f f e r e n t  

parameters keeping A (and, where K = f bands are involved, a) i n  an attempt 

t o  get  a be t t e r  desc r ip t ion  o f  the band. 



2. Low Ro ta t i ona l  Frequencies and Strong Band M i x i n g  

There a re  a  number o f  s i t u a t i o n s  in '  which a p p l i c a t i o n  o f  e q . ( l )  t o  

determine r o t a t i o n a l  parameters f o r  a  band y i e l d s  "unreasonable" values. 

These i nc lude  those i n  which the  bands are  s t r o n g l y  C o r i o l i s  mixed w i t h  

o the r  bands. These s t r o n g l y  coupled bands are  associated w i t h  the  low 

K-val ue o r b i t a l s  o r i g i n a t i n g  from the  "uni  que-pari t y "  spher ica l  she1 1  -model 

s ta tes ,  namely the  i13/2 neutron s t a t e  and the  h1112 pro ton  s t a t e  i n  

t h e  ra re -ea r th  reg ion  and the  j1512 neutron s t a t e  i n  t he  a c t i n i d e  

reg ion .  Also inc luded among such bands are  some o f  the  K=O and 1 octupole 

v i b r a t i o n s  i n  t h e  ra re-ear th  reg ion  ( t h e  two-quas ipar t i c le  makeup o f  these 

e x c i t a t i o n s  conta ins  s i g n i f i c a n t  c o n t r i b u t i o n s  from these un ique-par i ty  

o r b i t a l s )  . 

I n  these cases, t he  use o f  e q . ( l )  t o  descr ibe the  r o t a t i o n a l  p r o p e r t i e s  of 

t h e  band i s  n o t  j u s t i f i e d .  To t r e a t  them c o r r e c t l y  requ i res  the  c a r r y i n g  

o u t  o f  a  d e t a i l e d  ana lys i s  o f  the  C o r i o l i s  mix ing.  While such analyses 

have proven q u i t e  successful  i n  desc r ib ing  even r a t h e r  unrecognizably 

d i s t o r t e d  r o t a t i o n a l  band s t r u c t u r e s  (see, f o r  example, [11-131) , they  a re  

u s u a l l y  q u i t e  time-consuming and l i e  ou ts ide  the  customary scope o f  a  

mass-chai n  eval u a t i  on. Here, though, t h e  eval ua tor  can use t h e  e x i  stence 

of t h e  s t rong  d i s t o r t i o n  o f  t he  band s t r u c t u r e  as evidence f o r  t he  presence 

o f  s t rong  C o r i o l i s  mix ing  and hence o f  t he  i n t r i n s i c  con f i gu ra t i ons  

invo lved.  Th i s  knowledge alone can f r e q u e n t l y  serve as a  guide i n  t he  

choosing o f  r e l i a b l e  JIT assignments f o r  t h e  l e v e l s .  

3. High Rota t iona l  Frequencies 

The focus o f  t h e  d iscussion thus f a r  has been on s i t u a t i o n s  where K i s ,  a t  

1  eas t  approximately,  a  good quantum number and eq. (1 )  appl i es ,  i .e., t he  

r o t a t i o n a l  band s t r u c t u r e  a t  low energies, t he  energy reg ion  h i s t o r i c a l  l y  

explored by radioact ive-decay s tud ies  and nuclear  reac t i ons  i n i t i a t e d  by 

re1  a t i v e l  y  1  ow-energy p r o j e c t i  1  es. Here the  bas ic  nuclear  model i nvo l ves  

i n d i v i d u a l  p a r t i c l e  (o r ,  q u a s i p a r t i c l e )  o r  c o l l e c t i v e  motion i n  a  s low ly  



r o t a t i ng ,  deformed nuclear po ten t i a l  we1 1. 

With the avai l a b i  1  i t y  o f '  high-energy beams o f  heavy ions i t  has become 

poss ib le  t o  produce and study nuclear systems possessing very la rge  amounts 

of angular momentum. This has led, over the past  decade o r  so, t o  the 

product ion o f  an extensive body o f  in format ion on the p roper t ies  o f  

r o t a t i o n a l  bands up t o  qu i t e  h igh spins. An exce l len t  review o f  t h i s  
sub jec t  i s  given i n  Ref. [ l4 ] .  

I n  many cases i t has been possib le t o  connect the high-spin band s t ruc tu res  

w i t h  t h e i r  lower-spin por t ions,  prev ious ly  establ ished using the more 

conventional techniques. I n  some instances, one observes a1 ready a t  
r e l a t i v e l y  low spins s izeable departures from a simple J (J+ l )  spectrum and 

the s p l i t t i n g  up o f  the band i n t o  two d i s t i n c t  bands, one having J+f = odd 

and the other having J + i  = even. However, i n  other instances, a  much more 
normal band s t ruc tu re  ( i  .e. ,approximately J ( J+ l )  w i t h  a  r e l a t i v e l y  small 

amount o f  such "staggering") i s  found t o  p e r s i s t  up t o  ra the r  l a rge  sp in  

va l  ues. 

There i s  a  tendency f o r  the evaluator  t o  apply t o  these higher-spin s ta tes  

the same nuclear-model considerat ions t h a t  are customari ly  app l ied t o  those 

band members t h a t  are located near the band head. However, such an 

approach i s  ne i the r  co r rec t  nor meaningful and, if appl ied s t r i c t l y ,  can 

lead t o  unphysical conclusions. Among the reasons f o r  t h i s  i s  the f a c t  

tha t ,  as the r o ta t i ona l  frequency increases, K ceases t o  be a  good quantum 

number. The C o r i o l i s  e f fec ts ,  which can be e i t h e r  neglected o r  

incorporated as 'small1' cor rec t ions t o  the r o t a t i o n a l  motion a t  low 

frequencies, now become dominant. These s i g n i f i c a n t l y  a f f e c t  the band 

s t r uc tu re  i n  a  number o f  ways, f o r  example, through the occurrence o f  

backbending. Further,  the i d e n t i f i c a t i o n  o f  the higher-spin s ta tes  w i t h  a  

s p e c i f i c  Ni 1 sson o r b i t a l  i s  n o t  especi a1 1  y  meaningful , since these s ta tes  

are i n  general expected t o  contain comparable con t r ibu t ions  from a number 

o f  such o r b i t a l s .  

For a  desc r ip t ion  of these states,  the  appropr iate symmetry operat ion i s  

r o t a t i o n  o f  the nuclear system through 180° about an ax i s  (x -ax is )  



perpendi cul ar to the nucl ear symmetry axi s (z-axis) [14]. The associ ated 

quantum number is denoted as the "signature", r, which, together with the 

parity, provides a means of classifying the nucleonic states in a rotating 

nuclear potential. More commonly used for this purpose, instead of r, is a 

quantity at, where a is defined through the relation r = e-iTa. 
The fo 

a 

a 

a 

llowing relations exist between a and the total angu 

= 0 (r +I), J = 0, 2, 4, ... 
= 1 (r = -11, J = 1, 3, 5, ... 
= +1/2 (r = -i), J = 1/2, 5/2, 9/2 ... 

a = -1/2 (r = +i), J = 3/2, 7/2, 11/2 ... 

lar momentum, J: 

How, then, should the evaluator proceed in dealing with these situations? As 

regards the experimental situation, since essential ly a1 1 the data currently 

avai 1 able on these states come from i n-beam y-ray (and, occasional 1 y, 

conversion-electron) spectroscopy, there are several things 

that remain unchanged. First, the arrangement of the observed energy 

into rotational bands can still be carried out with considerable conf 

based on their y-decay patterns, when these y-ray placements are 

supported by coincidence data. Second, where y-ray angular distribut 

1 eve1 s 

i dence, 

ion 

data exist and cover a sufficient number of angles that the distribution 

function can be considered to be we1 1 determined, there exists a reasonable 

basis for assigning JT values. The angular distribution functions for 

"stretched" quadrupole transitions (i.e.,~J = 2) and "stretched" dipole 
transitions (AJ = 1) are distinctive and when these are observed the 
appropriate spin differences (2 and 1, respectively) can be regarded as 

being we1 1 establ i shed. [However, the angular distribution for a dipole 

transition with no spin change (AJ = 0) has the same form as that of a 
stretched quadrupole and one must thus be careful to consider this 

possi bi 1 i ty.] Where the experimental situation is such that the high-spin 

band structure cannot be reliably tied in with its lower-spin counterpart 

(where, for example, the connecting transitions are low in energy and 

unobserved or where there is uncertainty in the placement of these y 

a is also frequently referred to as the signature. 
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rays), then only the relative energies and JT values can be estab- 

lished. Their absolute values are not; and the whole high-spin band 

structure must be left "floating" in the level scheme. On the other hand, 
where these connections to the (presumably) we1 1 establ i shed 1 ower-spi n 

band members are firmly established, then the energies and JT values 

for all the band members can be determined. 

From the theoretical point of view, however, the fact that the 

nuclear-structure considerations are different at high spins than they are 

at the lower spins means that the evaluator must cope with a certain degree 

of ambiguity. While it is possible, and useful, to quote in the customary 

fashion values for the band parameters and to make nucleonic-configuration 

assignments to describe the band head and the low-frequency portion of the 

band, these are generally inappropriate for discussing the higher-spin 

states. Furthermore, the transition from the regime of spins (or, perhaps 

better, rotational frequencies) where one coup1 ing scheme is useful to that 

where the other is more appropriate is not a sharp one. It seems best, 
therefore, to adopt the following approach in cases where enough of the 

band structure is .establ ished that both low-spin (at and/or near the band 
head) and high-spin members of a rotational band are observed. The 

nucleonic configuration (e. g., Ni 1 sson orbital , two-quasi particle 
configuration, vibrational exci tati on) that is be1 i eved by the eval uator to 

best describe the band head should be given, together with the appropriate 

set of rotational -band parameters. These 1 atter should be those be1 i eved 

t o  be the most appropriate for description of the energy relationships 

among the low-lying members of the band and should, of course, be derived 

from the energies of a small number of these states. Those states used to 

determine these parameter values should be indicated. In addition, the 

values of the signature parameter, a, and the parity appropriate for each 

band member should be given. This could conveniently be done by providing 

two separate band-(or configuration-) assignment footnotes for each such - 
band. These would 1 ist not only the intrinsic configuration assigned to 

the band but also which of the two possible signature values was 

appropriate for the various states. 



B. S t rong ly  Deformed Nucl ides w i t h  Reflect ion-Asymmetr ic Shapes 

I n  t h e  d iscuss ion  thus  f a r ,  i t  has been assumed t h a t  t he  s t r o n g l y  deformed 

n u c l e i  under cons idera t ion  possess e q u i l i b r i u m  shapes t h a t  a re  symmetric 

under r e f l e c t i o n  i n  a plane ( x y )  perpendicular  t o  t he  nuclear  symmetry a x i s  

( z ) .  Th i s  shape i s ,  thus, descr ibed by deformations o f  even m u l t i p o l e  

order  (quadrupole, hexadecapole, e t c )  ; and i t  i s  we1 1 es tab l  i shed t h a t  t h i s  

assumption i s  c o r r e c t  f o r  t h e  v a s t  m a j o r i t y  o f  t he  s t r o n g l y  deformed 

nuc l ides .  Recent ly,  however, evidence has conf irmed the  t h e o r e t i c a l  

expecta t ion  t h a t  n u c l e i  having r e f l e c t i o n  asymmetric ( "oc tupo le" )  shapes do 

occur.  A s i g n i f i c a n t  number o f  nuc l i des  among the  l i g h t  isotopes o f  t he  

elements Ra-Pa are  now be1 ieved t o  be charac ter ized by s izeab le  octupole 

deformations, i n  a d d i t i o n  t o  those o f  even m u l t i p o l e  order .  (We r e f e r  t he  

reader t o  Ref. [I], where several  o f  t h e  r e l e v a n t  references a re  g iven.)  

Among the  more prominent f ea tu res  associated w i t h  octupole deformat ion are  

t h e  ex is tence o f  "par i ty -doub le t "  bands i n  t he  l e v e l  schemes o f  odd-mass 

nuc l i des  and, among the  h igher -sp in  y r a s t  s t a t e s  i n  a number o f  t he  doubly 

even Ra and Th n u c l e i ,  a  band of s t a t e s  o f  a l t e r n a t i n g  p a r i t y  connected by 

s t r o n g l y  enhanced El  t r a n s i t i o n s .  

As regards the  eva lua t i on  o f  nuc lea r -s t ruc tu re  data f o r  these nuc l ides ,  

most o f  t he  cons idera t ions  mentioned above regarding the  ana lys i s  o f  

ro ta t i ona l -band  s t r u c t u r e  s t i l l  apply.  The presence o f  t he  s t a t i c  

quadrupol e deformation 1 eads t o  we1 1 developed r o t a t i o n a l  -band s t ruc tu res ,  

which can s t i l l  be analyzed i n  terms o f  t h e  usual approaches. There are, 

a lso ,  a number o f  new cons idera t ions  t o  be kept  i n  mind. These i nc lude :  

( i  ) The presence o f  p a r i  t y -doub le t  bands i n  ' the low-energy spectrum o f  an 

odd-mass n u c l i d e  means t h a t ,  f o r  each band o f  a g iven K-value, t he re  

wi 11 be "nearby" another band w i t h  the  same value o f  K, b u t  o f  

oppos i te  p a r i t y .  Since these bands represent  p r o j e c t i o n s  i n t o  the  

l a b o r a t o r y  frame from a s i n g l e  " i n t r i n s i c n  s t a t e  o f  mixed p a r i t y ,  a  

number o f  t h e i r  p r o p e r t i e s  a r e  expected t o  be c l o s e l y  r e l a t e d .  Th i s  

knowledge may he lp  the  eva lua tor  as he considers var ious  p o s s i b i l i t i e s  

f o r  ass ign ing  JIT values and grouping l e v e l s  i n t o  r o t a t i o n a l  bands. 



( i f )  The presence of octupole deformation can significantly rearrange the 

expected ordering and energies of the one-quasiparticle states. 

Consequently, the spectrum o f  "Ni 1 sson" states encountered in an 
odd-mass octupol e-deformed nucleus ( independent of the pari ty 

doubling) may be considerably different from that expected in the 

absence of octupole deformation. 

(iii) It is difficult to associate a given one-quasiparticle state in these 

nucl ides with a specific Ni 1 sson orbi tal . This situation is rendered 
even more difficult by the fact that the quadrupole deformations of 

those nuclides thus far identified as being "octupole deformed" are 

generally smaller than for the rare-earth nuclides, so that the 

asymptotic quantum number 1 abel 1 i ng is even 1 ess here than for 
the rare-earth nuclides. Thus, while the evaluators should feel free 
to derive and quote band parameters and K values, as customary, for 
bands in these nuclei, associating a specific Nilsson orbital (with 

the usual asymptotic quantum number labelling) with a given rotational 

band is more difficult to justify and, in the absence of compelling 

evidence to the contrary, should be avoided. 

(iv) In the presence of reflection-asymmetric shapes, the "signature" 

symmetry is no longer valid. The only valid symmetry now is 

ref1 ect i  on i n the nuclear yz-pl ane; and the associated quantum number 

i s  referred t o  [Is] as the simplex, S .  The Jn values that occur i n  
bands characterized by the different values of the simp1ex 

are: 

for s = +1, JT = 0+, I-, 2+, 3- ,..., 
for s = -1, Jn = 0-, 1+, 2-, 3+, ..., 
for s = +i , Jn = 1/2+, 3/2-, 5/2+, 7/2-, . . .and 
for s = -i , Jn = 1/2-, 3/2+, 5/2-, 7/2+, . . . 

Thus, for example, for the "octupole-deformed" doubly even isotopes of 

Ra and Th, the yrast (ground-state) bands, above a certain J value, 

contain alternating even-spin and odd-spin members, with even and odd 
parity, respectively. They would be assigned a value of the simplex, 

s. of +l. The simplex occupies the same position for the 

reflection-asymetric nuclides as the signature does for the 

reflection-symmetric nuclides; and it is suggested that it be 

incorporated into nuclear-data evaluations in the same way as has been 

suggested above for the signature. 
12 



The nuclide 225Ra, which is discussed in some detai 1 in Sect. I 1  I below, 
is believed to be a good example of an "octupole-deformed" nucleus. Its 

level structure is significantly influenced by the octupole shape, although 

the evaluation considerations presented there are quite broad in their 

applicability and do not rely specifically for their validity on the 

existence of a stable octupole deformation. Octupole deformation is 

expected [16] to occur in other mass regions in addition to the light 

isotopes of Ra-Pa and, if such phenomena are indeed found there, then these 

ideas will have a much broader applicability than simply to this rather 

small portion of the Nuclide Chart. 

Addi ti onal Considerations 

In addition to the relative simplicity of the energy relationships among 

the members of a rotational band, the strongly deformed nuclei possess a 

number of other features that can significantly assist the evaluator of 

nucl ear-structure data in making re1 iabl e JIT assignments. Among these, 

we mention the following. 

1) Occupation and relative aliqnment of Nilsson orbitals. 

In contrast with the situation in the "spherical" nuclei, in strongly 

deformed nuclei each si ngl e-parti cl e (or one-quasi parti cl e) "Ni 1 sson" state 

can contain at most two (quasi)particles. In most situations of concern to 

the evaluator, the Jn value of the band head of a given rotational band 

will be equal to the K n  value of the intrinsic configuration upon which 

the band is built. 

In considering the possible bands that can be formed from the coupling of 

two (or more) particles in a strongly deformed nucleus, it should be noted 

that the projections of the intrinsic spins (=1/2) of the particles on the 

nuclear symmetry axis can be either +1/2 or -1/2. Consequently the K 

values (and, hence, the band-head J value) for the states consisting of two 
particles in Nilsson orbitals having K values of K 1  and K2  can have 

only the two possibilities K1+K2 and J K ~ - K ~  1 .  Further, as 

discussed by Gal lagher and Moszkowski [17], of the two possible relative 



o r i en ta t i ons  of the s i ng l e -pa r t i c l e  o r b i t a l s  occupied by the two odd 

p a r t i c l e s  i n  a  doubly odd nucleus, the conf igura t ion r e s u l t i n g  from the  

p a r a l l e l  coupl ing ( c  - ZI+CZ = 1) o f  the i n t r i n s i c  spins o f  the odd 

p a r t i c l e s  should l i e  lower than t h a t  r e s u l t i n g  from t h e i r  a n t i p a r a l l e l  

( c  = 0) coupl ing. The on ly  present ly  known exception t o  t h i s  r u l e  i n  the 

doubly odd s t rong ly  deformed nuc le i  i s  166Ho, where the KT = 0- 
coupl i n g  o f  the two s ta tes  7/2-[523]p and 7/2+[633]n 1  i e s  below t h e i r  KT 

= 7- ( c  = 1)  coupl ing. Even here, though, the energy separat ion o f  these 

two band heads i s  on ly  ~6 keV, and a  de ta i l ed  treatment o f  the 

con t r i bu t i on  o f  add i t i ona l  res idua l  i n t e rac t i ons  can account f o r  t h i s  

s h i f t .  

Consequently, the evaluator  can f requen t l y  ra the r  severely r e s t r i c t  the 

number o f  JIT values t o  be considered f o r  l e ve l s  i n  deformed odd-odd 

nucl ides using t h i s  " ru le " .  While Ja assignments based s o l e l y  on these 

considerat ions should probably no t  be regarded as being based on "strong" 

arguments, the evaluator can have confidence i n  adopting values based on 

such considerat ions, espec ia l l y  if add i t i ona l  evidence i s  avai 1  able which 

helps support them. 

For the two-quasi p a r t i c l e  s ta tes  i n  the doubly even nuc le i  , i t  i s  expected 

t h a t  the  band w i t h  the c  = 0  coupl i ng  o f  the two p a r t i c l e  s ta tes  w i  11 1  i e  

lower than t h a t  having 1 = 1 (see, e.g. ,Ref. [3]. ) A1 though t h i s  appears 

t o  be co r rec t  i n  a  number o f  we1 1  s tud ied cases, the s i t u a t i o n  i s  l ess  

c lea r  than i n  the  odd-odd nucl ides. Th is  i s  due i n  la rge  measure t o  the 

f a c t  t h a t  these bands occur r e l a t i v e l y  h igh up (above the p a i r i n g  gap, o r  

,> 1-1.5 MeV), where the dens i ty  o f  s ta tes  i s  ra the r  h igh and i t  i s  o f t en  

d i f f i c u l t  t o  es tab l i sh  conf igura t ions f o r  the bands and t o  i d e n t i f y  both 

the c=O and c = l  coupl ings of the two o r b i t a l s .  A f u r t h e r  compl icat ion 

i n  these cases i s  the occurrence o f  v i b ra t i ona l  and other c o l l e c t i v e  

degrees of freedom i n  the general v i c i n i t y  o f  these two-quas ipar t ic le  

states;  and t h i s  can s i g n i f i c a n t l y  a l t e r  the  energies o f  those bands whose 

Ka values are the same as those o f  these c o l l e c t i v e  s ta tes .  

For doubly odd nucl ides,  the res idua l  neutron-proton i n t e r a c t i o n  can g i ve  



rise to an "odd-evenM shift of the levels of K=O bands, as discussed by 
Newby [l8]. Special care should be exercised in dealing with such bands, 

especially in attempting to quote realistic values of the band parameters 

for them. 

2. Allowed-Unhindered (au) Beta Transitions 

Where present in a decay scheme, a1 lowed-unhindered ( g )  $ transi tionst 

can be one of the most powerful tools avai lab1 e to an evaluator in deciding 

upon Jn and nucleonic-configuration assignments for nuclear states. The 

term "allowed-unhindered" denotes an allowed (i.e., AJ = 0, +1 with no 
change in parity) $ transition for which there is also no change in the 

asymptotic quantum numbers (i.e., N, n,, A) between the initial and 

final states of the transforming nucleon. Two such orbital pairs are of 

importance in the rare-earth region, namely 7/2-[523Ip and 5/2-1523], 

in the lower-mass portion of this region and 9/2-[514Ip and 7/2-[514In 

in the upper-mass portion. No such orbital pairs are as yet observed to 

play a similar role among the strongly deformed actinide nuclides and, 

thus, au $ decay is not yet an important process for the evaluator of 

these data. 

The identifying characteristic of an g $ transition is its small log ft 

value. It is not possible to establish a limit which uniquely separates 

all allowed-unhindered transitions from transitions that are not z. - 
Certainly, a1 1 transitions having log ft values (5.0 can be considered to 

be au. In addition, a number of au transitions have log ft values as large 
as 5.2 or 5.3. However, there are also some instances where transitions 

that are not au have log ft values as small as ~5.2. Thus, some care is 
required in establishing whether or not B transitions whose log ft values 
are >5.0 butz5.5 are in fact au. 

Once, however, it is established that a given $ transition is indeed 3, 

one is justified in concluding that one or the other of these orbital pairs 

is involved. This usually enables one to make quite well founded JIT and 

Unless otherwise specified, the symbol $ is used to denote both the 

8- and the e. c./$+ decay process. 
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con f igu ra t ion  assignments for  the i n i t i a l  and f i n a l  s ta tes .  With these 
establ ished, i t  i s  f requent ly  poss ib le  from them t o  es tab l i sh  Jn 

assignments for  other s ta tes  as we l l .  

Perhaps more i n t e res t i ng ,  however, i s  the s i t u a t i o n  i n  which one o f  the 

s ta tes  involved i n  the 8-decay process has a  more complicated s t ruc tu re .  

Here, the observation of an au 8  t r a n s i t i o n  makes i t  poss ib le  t o  - 
convincingly es tab l i sh  the presence of such a  s t ruc tu re .  For example, i n  
the $-decay o f  lG3Tb (JT = 3/2+, w i t h  a  3/2+[411] N i l sson-o rb i ta l  

assignment), a  s t a te  a t  G 8 4  keV i n  "IDy i s  observed t o  be populated 

v i a  a  8- t r a n s i t i o n  having l o g  f t  = 5.0. This t r a n s i t i o n  i s  c l e a r l y  au - 
and thus must take place between 5/2-[523], and 7/2-[523Ip. As 
discussed i n ,  e.g., Ref. [4], the on ly  p o s s i b i l i t y  f o r  t h i s  i s  t h a t  the 

f i n a l  s t a te  has KT = 1/2+, w i t h  ( a t  l e a s t  a  s izeable component o f )  the 

three-quasi p a r t i  c l  e  conf igurat ion 3/2+[411Ip + 5/2-[523], - 7/2- [523Ip. 

This three-quas ipar t ic le  conf igura t ion can be regarded as the two 

proton-quasi p a r t i c l e  conf igura t ion 3/2+[411Ip - 7/2-[523Ip coup1 ed t o  

the neutron s t a te  5/2-[523]. Since t h i s  two-proton con f igu ra t ion  i s  

pred ic ted [ I 91  t o  be the dominant component o f  the KT = 2- octupole 

phonon i n  t h i s  region o f  the deformed nuc le i ,  t h i s  KT = 1/2+ s t a t e  can be 

in te rp re ted  [4] as being a  K a  = 2- octupole v i b r a t i o n  b u i l t  on the 

l6 3Dy ground s t a t e ,  5/2-[523], . Since the 2- octupol e-v i  b r a t i  onal band 

i s  found t o  occur a t  re1 a t i v e l y  1 ow energies i n  the doubly even nucl ides i n  

t h i s  mass region ( a t  1.148 MeV i n  16=Dy [20], f o r  example), the  low value 

(884 keV) for  the energy o f  such an e x c i t a t i o n  i n  161Dy i s  reasonable. 

Note tha t ,  wh i le  the  ava i lab le  data on t h i s  f i n a l  s t a te  are c e r t a i n l y  

cons is tent  w i t h  J,Kn = 4 , i + ,  it, together w i t h  the  con f igu ra t ion  

assignment, could have been made so le l y  on the basis o f  the existence o f  

the k- t r a n s i t i o n  (and, o f  course, the lb3Tb  ground-state Jn 

value).  Again, the question o f  whether such an assignment can be regarded 

as being based on a  "strong" o r  on a  "weak" argument can be debated. We 

feel ,  however, t h a t  an evaluator  would be wel l  j u s t i f i e d  i n  consider ing i t  

t o  be " d e f i n i t e l y "  establ  i shed. 

Alpha Trans i t ions 

The so-cal led "favored" a t r a n s i t i o n s  (those f o r  which the hindrance 
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f ac to r  l i e s  between 1 and, say, 4 c f .  Ref. [5]) take p lace between 

nuclear  s t a t e s  having essen t ia l  l y  i d e n t i c a l  conf igura t ions .  Thus they make 

i t  poss ib le  t o  e s t a b l i s h  both Jn values and nucleonic con f igu ra t i on  

assignments f o r  a  g iven f i n a l  ( i n i t i a l )  s t a t e  i f  those o f  t he  i n i t i a l  

( f i n a l )  s t a t e  are  known. I n  the  doubly even ac t i n ides ,  t he  favored 

t r a n s i t i o n  i s  t h e  ground s t a t e  t o  ground s t a t e  t r a n s i t i o n ,  and t h e  

t r a n s i t i o n s  t o  the  members o f  t he  ground-state r o t a t i o n a l  band are  

charac ter ized by monotonical ly  increasing,  y e t  s t i l l  r e l a t i v e l y  small ,  

values o f  t he  hindrance f a c t o r .  

I n  the  odd-mass nuc le i ,  t he  band head fed  by the  favored a t r a n s i t i o n  

need n o t  be, and i n  most cases i s  no t ,  t h e  ground s ta te .  Again, however, 

t h e  members o f  t h i s  band ( t h e  favored band) w i l l  be f e d  by a t r a n s i t i o n s  

having r e l a t i v e l y  small a hindrance fac to rs ,  s i m p l i f y i n g  t h e i r  

i d e n t i f i c a t i o n .  If the  Jn value o f  t he  parent-nucl ide ground s t a t e  i s  

known, then those o f  t he  favored band are es tab l ished as w e l l .  Such a  

group o f  s ta tes  i n  t h e  daughter nucleus having "we l l  establ ished" Jn 

values u s u a l l y  makes i t poss ib le  t o  f i r m l y  e s t a b l i s h  Jn values f o r  many 

o f  t h e  o ther  observed s ta tes  as w e l l .  

Other instances i n  which s ta tes  may have r a t h e r  low values o f  t h e  a 

hindrance f a c t o r  inc lude 8 -v ib ra t i ona l  (KT = 0+) s ta tes  b u i l t  on the  

favored band and, f o r  "octupole-deformed" nuc le i ,  t he  pa r i t y -doub le t  band 

associated w i t h  the  favored band [21]. It should a l so  be kept  i n  mind t h a t  

C o r i o l i s  mix ing  (See II.C.5. below) w i t h  members o f  t he  favored band may 

cause some s t a t e s  t o  have a-hindrance f a c t o r s  t h a t  a re  much smal ler  than 

would otherwise have been expected ( f o r  t he  unmixed s t a t e ) .  

4. I n t e n s i t y  Re1 a t i onsh ips  

An i n t e r e s t i n g  aspect o f  t h e  s ta tes  i n  t h e  s t r o n g l y  deformed nuc l i des  i s  

the  exis tence o f  simple "geometr icaln (Clebsch-Gordan-coeff ic ient) 

r e l a t i o n s h i p s  among t h e  i n t e n s i t i e s  o f  p and y t r a n s i t i o n s  between 

s t a t e s  t h a t  a re  members o f  r o t a t i o n a l  bands. While these so-ca l led  Alaga 

r u l e s  [22] are o f  considerable i n t e r e s t  f o r  nuc lear -s t ruc ture  physics, 

these r e l a t i o n s h i p s  are  o f t e n  obscured o r  modi f ied  by o ther  e f f e c t s  t o  such 

an ex ten t  t h a t  t h e i r  simple p r e d i c t i o n s  are  f requen t l y  n o t  r e a l i z e d  i n  
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ac tua l  n u c l e i  . Since these confounding i n f l  uences must be expl  i c i  t l y  taken 

i n t o  account and s ince  t h i s  i s  f r e q u e n t l y  a  r a t h e r  complicated and 

time-consuming task ,  t h e  Alaga-ru l  e  r e l a t i o n s h i p s  a re  n o t  u s u a l l y  o f  much 

he lp  t o  an eva lua tor .  The p t r a n s i t i o n s ,  f o r  example, f r e q u e n t l y  i n v o l v e  

more than one angular-momentum value.  Fur ther ,  C o r i o l i s  m ix ing  o f  a  g iven 

band w i t h  one which i s  populated by an - au f3 t r a n s i t i o n  in t roduces an 

admixture which, through i t s  i n h e r e n t l y  l a r g e  @-decay m a t r i x  element, can 

s i g n i f i c a n t l y  d i s t o r t  t he  p red i c ted  p a t t e r n  o f  p feeding. 

For y-ray t r a n s i t i o n s ,  t h e  r e l a t i v e  i n t e n s i t i e s  o f  t h e  E l  t r a n s i t i o n s  

f rom a  g iven one-quas ipar t i c le  s t a t e  t o  var ious  members o f  t he  r o t a t i o n a l  

band b u i l t  on another such s t a t e  a re  known [4] t o  dev ia te  s i g n i f i c a n t l y  

f rom t h e  s imple Alaga-ru le p r e d i c t i o n s .  On t h e  o ther  hand, c o l l e c t i v e  E l  

t r a n s i t i o n s  appear t o  obey them q u i t e  w e l l .  Here, however, such 

t r a n s i t i o n s  most commonly take  p lace between octupole v i b r a t i o n a l  bands and 

t h e i r  associated ground-state bands; and t h e  s t rong C o r i o l i s  m ix ing  between 

oc tupo le -v ib ra t i ona l  bands in t roduces s t rong  changes i n  t he  observed 

y - ray  i n t e n s i t i e s  which must be e x p l i c i t l y  taken i n t o  account 

(see,e.g.,Refs.[13] and [23]) be fore  t h e  simple under ly ing  i n t e n s i t y  

p a t t e r n s  can be recovered. 

R e l a t i v e  M1 t r a n s i t i o n  p r o b a b i l i t i e s  from a  g iven i n i t i a l  s t a t e  t o  var ious  

members o f  a  r o t a t i o n a l  band can f r e q u e n t l y  be w e l l  accounted f o r ,  b u t  t he  

c o n t r i b u t i o n  t o  t h e  observed y - ray  i n t e n s i t i e s  from the  poss ib le  E2 

admixtures need t o  be taken i n t o  account i n  i n t e r p r e t i n g  such data. 

R e l a t i v e  i n te rband  E2 t r a n s i t i o n  p r o b a b i l i t i e s  a re  s t r o n g l y  dependent on 

C o r i o l i s  ( o r  o t h e r )  mix ing,  which may in t roduce the  very  l a r g e  m a t r i x  

elements associated w i t h  t h e  r o t a t i o n a l  E2 t r a n s i t i o n s .  The E2 t r a n s i t i o n s  

w i t h i n  a  r o t a t i o n a l  band are  genera l l y  we1 1  descr ibed by the  Alaga r u l e s .  

They can thus be used t o  c a l c u l a t e  M 1  admixtures i n  mixed i n t raband  Ml+E2 

t r a n s i t i o n s .  Whi le t h i s  i n fo rma t ion  i s  o f  considerable i n t e r e s t  f o r  

nuc lear  s t r u c t u r e  i t s  use as a  means o f  p r o v i d i n g  JIT assignments i s  

g e n e r a l l y  n o t  g rea t ,  s i nce  i t i s  u s u a l l y  necessary t o  e s t a b l i s h  these 

q u a n t i t i e s  be fore  c a r r y i n g  ou t  t h i s  ana lys is .  

The r o l e  o f  Alaga-ru le cons idera t ions  i n  making Ja assignments thus  seems 

t o  be r a t h e r  l i m i t e d .  The eva lua tor  should d e f i n i t e l y  exerc ise  c a r e f u l  
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judgment i n  app ly ing  them t o  s p e c i f i c  s i t u a t i o n s .  C a r e f u l l y  appl ied ,  they  

can occas iona l ly ,  perhaps f requen t l y ,  p rov ide  co r robo ra t i on  o f  assignments 

a r r i v e d  a t  f rom o ther  considerat ions.  

5. R o t a t i o n - P a r t i c l  e  (Cor io l  i s )  M i x i n g  

The i n f l  uence o f  r o t a t i  on-par t i  c l  e  (Cor i  01 i s )  coup1 i ng i n  the  1  ow-energy 

l e v e l  s t r u c t u r e  o f  s t r o n g l y  deformed nuc l i des  i s  f r e q u e n t l y  impor tan t  i n  

a r r i v i n g  a t  meaningful Jn  and ro ta t i ona l -band  assignments(see e.g.,[4]). 

While, i n  p r i n c i p l e ,  a  d e t a i l e d  Cor io l i s -m ix ing  ana lys i s  should be c a r r i e d  

o u t  f o r  any l e v e l  scheme f o r  which Jn  assignments a re  being proposed, 

such a  procedure i s  n o t  p r a c t i c a l  f o r  t he  mass-chain eva lua tor  (and f o r  

most o ther  nuc lear  p h y s i c i s t s  as w e l l ! ) .  However, t he re  a re  some s imple 

q u a l i t a t i v e  cons idera t ions  t h a t  f r e q u e n t l y  can be use fu l  t o  t he  eva lua tor  

i n  i n t e r p r e t i n g  level-scheme in fo rmat ion .  

The C o r i o l i s  i n t e r a c t i o n  couples s ta tes  having the  same values o f  JIT and 

K-values t h a t  d i f f e r  by 1 u n i t .  The m a t r i x  element f o r  t h i s  i n t e r a c t i o n  

can be w r i t t e n  [4] 

(For 

C 1+6 K 

i n t e r a c t i o n s  i n v o l v i n g  a  K=O band, an a d d i t i o n a l  f a c t o r  

0]1/2 - J 2  needs t o  be i n c l  uded i n  eq. ( 4  ,a). ) 

Here, R 2 / 2 3  serves as a  s o r t  o f  r o t a t i o n a l  constant,  g i v i n g  an o v e r a l l  

sca le  f o r  t he  i n t e r a c t i o n ,  and i s  genera l l y  g iven a  value equal,  o r  c lose,  

t o  t h e  r o t a t i o n a l  constant,  A, o f  t h e  r o t a t i n g  core. PK ~ + 1  i s  a  p a i r i n g  

f a c t o r ,  which i s  f r e q u e n t l y  n o t  too  d i f f e r e n t  from u n i t y .  The s t reng th  o f  

t h e  C o r i o l i s  m ix ing  i s  seen t o  be s t r o n g l y  J-dependent (as might  be 

expected).  

The dependence o f  t he  i n t e r a c t i o n  s t reng th  on the  nature o f  t he  nuclear  
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s ta tes  i nvol ved enters through the term AK, ~ + 1 .  Numerical tabu1 a t i  ons o f  

these mat r i x  elements appropr iate fo r  d i f f e r e n t  types o f  nuclear s ta tes  

have been pub1 ished [4,5,24]; and these make i t  poss ib le  t o  ca r r y  out  

quan t i t a t i ve  estimates o f  the e f f e c t s  o f  C o r i o l i s  mix ing i n  many simple 

s i t ua t i ons .  However, there are a  number o f  features o f  the C o r i o l i s  

i n t e r a c t i o n  t h a t  are f requent ly  he1 p fu l  i n  prov id ing usefu l  qua1 i t a t i v e  

ins igh ts .  F i r s t ,  the i n t e r a c t i o n  s t rength  depends s t rong ly  on the j -va lue 

o f  the spher ical  she1 1-model s t a t e  ( i  13/2, hll12, e tc . )  from which the 

Ni lsson o r b i t a l s  o r ig ina te .  With in a  given j - s h e l l  , the AK,K+~ var ies  

approximately as [ ( j - K )  ( j+K+ l ) ] t .  Consequently, w i t h i n  the so-cal l e d  
"unique-pari ty" s ta tes  (i13/2 neutrons and hI1i2 protons i n  the 

rare-ear th  region and j15/2 neutrons i n  the ac t i n i de  region) the 

Cor io l  is-mix ing e f f e c t s  are expected, and observed, t o  be q u i t e  large,  

espec ia l l y  among the o r b i t a l s  w i t h  the smaller K  values, I n  terms o f  the 
asymptotic quantum numbers o f  these o r b i t a l s ,  the f o l  lowing se lec t ion  r u l e s  

i nd i ca te  those bands f o r  which t h i s  coup1 i ng  i s  "unhinderedn: 

AN = 0; AK = +I; An, = -AA = 71. 

Among the "non-unique-parity' s tates,  these ru l es  are s t i l l  q u i t e  usefu l ,  

i n  t h a t  the l a rges t  i n t r i n s i c  C o r i o l i s  mat r i x  elements tend t o  occur 

between Ni lsson s ta tes  o r i g i n a t i n g  from the same spher ical  she l l  model 

s ta te .  However, i n  these cases, there  i s  genera l ly  a  considerable amount 

o f  deformati  on-dependent j - m i  x i  ng, which diminishes t h i s  s e l e c t i v i t y  t o  

some extent .  

I n  the doubly even nucl ides, the octupol e-v i  b ra t iona l  bands a1 1  conta in  

s izeable components o f  the unique-par i ty  o r b i t a l s  i n  t h e i r  

two-quasi p a r t i  c l  e  makeup. Hence, they are expected 1241, and indeed found, 

t o  possess la rge  values o f  AK ~ + 1 .  

I n  add i t i on  t o  the pronounced e f f e c t s  on the energy-level s t r uc tu re  o f  

r o t a t i o n a l  bands when the Cor io l is -mix ing mat r i x  elements are la rge,  such 

mixing, even when ra ther  weak, can s i g n i f i c a n t l y  a f f e c t  c e r t a i n  l e v e l  

p roper t ies  when the admixture ca r r i es  w i t h  i t  a l a rge  mat r i x  element f o r  

t h a t  process. Some examples o f  t h i s  are the fo l l ow ing .  I n  i n t e r p r e t i n g  



t h e  i n t e n s i t i e s  o f  p t r a n s i t i o n s  feed ing  members o f  a  g iven r o t a t i o n a l  

band, i t  i s  tempt ing t o  ignore  the  possi  b i  1  i t y  o f  smal l  admixtures o f  o ther  

con f i gu ra t i ons ;  and t h i s  i s  j u s t i f i e d  i f  t h e  t r a n s i t i o n  p r o b a b i l i t y  t o  t h e  

admixed c o n f i g u r a t i o n  i s  comparable i n  magnitude t o  t h a t  o f  t he  p r i n c i p a l  

con f i gu ra t i on .  However, i f  one o f  t he  poss ib le  admixed con f i gu ra t i ons  i s  

connected t o  the  $-decaying s t a t e  v i a  an allowed-unhindered m a t r i x  

element, then i t  may have a  pronounced e f f e c t  on the  p i n t e n s i t i e s  and 

thus  needs t o  be considered i n  order  t o  understand the  data. 

S i m i l a r l y ,  i n  ana lyz ing  a - t rans i  t i o n  i n t e n s i t i e s ,  Co r io l  i s  m ix ing  o f  

var ious  s ta tes ,  e s p e c i a l l y  i f  expected t o  be weak, can u s u a l l y  be 

neglected.  However, i f  the  mix ing  can in t roduce even smal l  amounts o f  t h e  

"favored" band i n t o  the  s t a t e s  under cons idera t ion ,  then i t i s  impor tan t  t o  

take  such m ix ing  i n t o  account. I n  f a c t ,  t he  observat ion o f  "unexpectedly" 

smal l  values o f  t he  a hindrance f a c t o r s  i n  bands where o n l y  l a r g e  values 

a re  expected i s  f r e q u e n t l y  s t rong  evidence f o r  t he  presence o f  such mix ing;  

and t h i s  may prov ide  the  eva lua tor  w i t h  h e l p f u l  i n fo rma t ion  when 

cons ider ing  Ja and c o n f i g u r a t i o n  assignments (as i 1 l u s t r a t e d  f o r  225Ra 

i n  the  f o l l o w i n g  sec t i on ) .  

In te rband E2 t r a n s i t i o n  p r o b a b i l i t i e s ,  espec ia l l y ,  can be g r e a t l y  

i n f l uenced  by C o r i o l i s  mix ing.  When two bands are  mixed by the  C o r i o l i s  

i n t e r a c t i o n  the  admixtures i n  each s t a t e  g i ve  r i s e  t o  the  very  l a r g e  E2 

m a t r i x  elements associated w i t h  the  nuclear  r o t a t i o n a l  motion. Since the  

i n t r i n s i c  " s i n g l e - p a r t i c l e "  in te rband E2 t r a n s i t i o n  p r o b a b i l i t i e s  a re  

u s u a l l y  smal l ,  t h e  observed E2 t r a n s i t i o n  p r o b a b i l i t i e s  may be dominated by 

the  c o n t r i b u t i o n s  from the  Cor io l i s -mixed con f i gu ra t i ons .  (Since the  

i n t raband  M 1  t r a n s i t i o n  p r o b a b i l i t i e s  do n o t  show such a  c o l l e c t i v e  

enhancement, C o r i o l i s  mix ing,  e s p e c i a l l y  when weak, u s u a l l y  does n o t  

s i g n i f i c a n t l y  a f f e c t  them.) 

Consequently, when analyz ing nuc lea r -s t ruc tu re  data on the  s t r o n g l y  

deformed n u c l e i ,  i t  i s  impor tan t  t o  consider t he  e f f e c t s  o f  C o r i o l i s  

mix ing.  



111. An Example: Rotational Bands in 225Ra 

As an example of how some of the considerations presented in Sects. I and 

I1  can be applied to the analysis of a "real-life" case, we discuss some of 

the features of the rotational-band structure of 225Ra. A portion of the 
low-energy level scheme of this nuclide is shown in Fig. 1. These data are 
taken from a recent study [l] of the a-decay of 229Th. 

A. The KT = 3/2+ Band at 149.8 keV. 

The Jn = 3/2+ and 5/2+ assignments for the 149.8- and 179.7-keV levels, 
respectively, appear well established [I]. From the spacing of these two 
levels we compute the value A = 5.97 keV, using the expression EJ = AJ(J+l). 
Then, we calculate 221.5 keV as the expected position of the Jn = 7/2+ 
member of this band. This is quite close to the position of a level at 
220.5 keV (although it also is not too far from a level at 226.9 keV), and 

it is thus tempting to assign this level as the expected 7/2+ state (as has 

tentatively been done in Ref. [25]). From these two energy-1 eve1 spacings, 
we use eq.(l) to obtain the following values for the parameters A and B: 

A = 6.16 keV and B = -23.9 eV. From these, we calculate the position of 

the  9/2+ member of this band to be 267.2 keV, quite close to the energy of 

an observed level at 267.97 keV. Thus, from this analysis, it appears that 

we are dealing with a rather "we11 behaved" Kn = 3/2+ band whose band 

members up to 9/2+ are identified and whose level energies are well fit 

using a simple two-parameter formula with parameter values of A = 6.16 keV 

and B = -23.9 eV. 

However, there are problems associated with this simple picture; and for 
. 

reasons they present, the authors of Ref. [l] have proposed a quite 

different set of Ja assignments. Briefly, due to Coriolis mixing with 

the near-lying "favored" Kn = 5/2+ band, the a-hindrance factor to the 
7/2+ member of this band should be rather small , in contrast to the 
observed va1 ue o f  %270 to the 220-keV level . A1 so the y-decay pattern 
of the nearby 226.9-keV state is not what one would expect for a J,Kn = 
7/2, 3/2+ state. 



The neares t  candidate f o r  t h e  7/2+ band member (which, because of i t s  

expected smal l  a hindrance f a c t o r ,  should be populated)  i s  a l e v e l  a t  

243.50 keV, which has an a hindrance f a c t o r  o f  14 and a y-decay p a t t e r n  

t h a t  i s  q u i t e  c o n s i s t e n t  w i t h  Jn  = 7/2+. Such an assignment imp1 i e s  a 

q u i t e  d i f f e r e n t  band s t r u c t u r e  than the  "s imple"  one presented above. To 

see t o  what e x t e n t  i t  i s  reasonable, t h e  ro ta t iona l -parameter  a n a l y s i s  

proceeds as f o l l o w s .  From t h e  5/2+ - 3/2+ and 7/2+ - 5/2+ l e v e l  spacings, 

va lues o f  5.97 keV and 9.11 kev, respec t i ve l y ,  a re  computed f o r  t h e  

parameter A. T h i s  l a r g e  d i f f e r e n c e  i n d i c a t e s  a r a t h e r  d i s t o r t e d  band. 

I n  view o f  these q u i t e  d i f f e r e n t  A v a l u e s , i t  i s  n o t  reasonable t o  "f it" t h e  

l e v e l  energ ies by i n c l u d i n g  a B term i n  t h e  ana l ys i s .  Rather, i t  appears 

more reasonable t o  t r y  t h e  terms A and A 3  i n  e q . ( l ) .  Doing t h i s ,  we 

o b t a i n  A = 7.02 keV and A 3  = -174 eV. Using these, we c a l c u l a t e  t h e  

energy o f  t h e  9/2+ band member t o  be 275.4 keV, n o t  t o o  f a r  f rom an 

e s t a b l i s h e d  l e v e l  a t  272.27 keV, whose y-decay p r o p e r t i e s  a re  n o t  

i n c o n s i s t e n t  w i t h  Jn  = 9/2+ ( c f .  F ig.1) .  Assuming t h a t  t h i s  l a t t e r  

s t a t e  i s  t h e  Jn  = 9/2+ member o f  t h e  band, we can compute va lues f o r  3 

parameters. I n c l u d i n g  a B term, we compute A = 7.13 keV, A 3  = -180 eV 

and B = -9.08 eV. Although we have no ex tens ive  "systemat ics"  he lp  judge 

whether o r  n o t  t h i s  va lue  o f  A 3  i s  reasonable, we no te  t h a t ,  s i nce  t h e  

KIT = 3/2+ band can be d i r e c t l y  C o r i o l i s  coupled t o  Kn = 1/2+ bands and 

s ince  these u s u a l l y  have nonzero decoupl ing parameters, i t  may be 

r e l a t i v e l y  l a rge .  The value i n f e r r e d  f o r  B i s  now r a t h e r  smal l  and, thus, 

n o t  unreasonable. [An o b j e c t i o n  t o  ass ign ing  t h e  272-keV s t a t e  as t h e  9/2+ 

member o f  t h i s  band i s  t h e  r a t h e r  l a r g e  va lue  ( ~ 2 0 0 )  o f  t h e  h indrance 

f a c t o r  o f  t h e  a t r a n s i t i o n  feed ing  t h i s  s t a t e .  Since t h e  3,Kn = 9/2, 

3/2+ s t a t e  should be C o r i o l i s  mixed w i t h  t h e  9/2+ member o f  t h e  " favored"  

Kn = 5/2+ band, whose bandhead l i e s  a t  236.7 keV, a cons iderab ly  smal le r  

va lue  o f  t h i s  a hindrance f a c t o r  i s  expected. J 

The eva lua to r  would be j u s t i f i e d ,  i n  our opin ion,  i n  ass ign ing  t h e  

243.50-keV l e v e l  as t h e  7/2+ member o f  t h i s  Kn = 3/2+ band and 

t e n t a t i v e l y  ass ign ing  t h e  272.27-keV s t a t e  as t h e  Jn  = 9/2+ band member. 

The band parameters g iven  f o r  t h e  band should be A and A 3 ,  w i t h  

respec t i ve  va lues o f  7.02 keV and -174 eV ( o r  -0.174 keV), w i t h  a comment 

2 3 



t h a t  they were computed from the energies of the f i r s t  th ree band members. 

Since the 9/2+ assignment can be regarded as on ly  ten ta t i ve ,  i t  would 

probably no t  be appropr iate t o  l i s t  a  value f o r  B (although, s ince i t  i s  

small ,  the  evaluator  can have some confidence t h a t  the l i s t e d  band 

parameters are no t  unreasonable). 

The foregoing ana lys is  serves t o  i l l u s t r a t e  a  number o f  important  po in ts .  

F i r s t ,  the use o f  the most obvious, and simple, ro ta t iona l -band 

energy-spacing considerat ions, w i thout  other in format ion on the l eve l  

proper t ies ,  l e d  t o  a  p i c t u r e  o f  the s t r uc tu re  o f  the 3/2+ band t h a t  

appeared qu i t e  p laus ib le ,  w i t h  "reasonable" values f o r  the parameters A and 

8. Second, however, the considerat ion o f  add i t i ona l  in format ion t h a t  was 

ava i lab le  l e d  t o  a  qu i t e  d i f f e r e n t  p i c t u r e  o f  the s t r uc tu re  o f  t h i s  

r o t a t i o n a l  band. Had these add i t i ona l  data no t  been ava i lab le ,  the 

evaluator  could have qu i t e  reasonably been l e d  t o  make " incor rec t "  JIT and 

band assignments t h a t  would have been considered t o  have been based on 

"reasonable" considerat ions. Third,  i t  should be emphasized t h a t  the  
question o f  which, i f  indeed e i t he r ,  o f  these two p i c t u res  o f  the  

r o ta t i ona l  band s t ruc tu re  o f  t h i s  3/2+ band . is  co r rec t  i s  open a t  t h i s  t ime 

(although the 'A,A3 - approach" i s  d e f i n i t e l y  favored by the authors o f  

Ref. [ I ] ) .  As such, t h i s  s i t u a t i o n  serves again t o  i l l u s t r a t e  the quandry 

which the  evaluator  faces when he or she attempts t o  reso lve apparently 

d iscrepant data i n  order t o  a r r i v e  a t  the  ' co r rec t "  conclusion. However, 

here, as i s  so f requent ly  the  case i n  the  s t rong ly  deformed nuc le i ,  the 

r e l a t i v e  simp1 i c i  t y  o f  the  angular momentum coup1 i ng  scheme permits these 

questions t o  be considered a t  a  deeper l eve l  o f  soph is t i ca t ion  than would 

be poss ib le  i n  nuc l ides where these s imp l i f y i ng  features d i d  no t  occur. 

B. The Kv=1/2+ Ground-State Band 

We now consider the ground-state band, which has KT = 1/2+. The spins o f  

the s ta tes  up through 9/2+ (see Fig.1) appear we l l  establ ished a t  t h i s  t ime 

[I]. The band s t ruc tu re  departs markedly from a simple J (J+ l )  energy-level 

spacing pat tern ,  i nd i ca t i ng  i n  t h i s  case a large,  and pos i t i ve ,  value f o r  

the decoupl i ng parameter. For t h i s  d i s t o r t e d  band s t ruc tu re ,  the  f o l  1  owing 

questions n a t u r a l l y  ar ise :  (1)  what are the  band parameters; and ( 2 )  are  

h igher-spin members of t h i s  band exc i ted  i n  the  229Th a decay and, i f  

so, what are t h e i r  energies? 
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S t a r t i n g  w i t h  the  customary two-parameter expression f o r  K=1/2 bands [ c f .  

es. ( 3 ) l ,  

and us ing  the  energies o f  t he  Ja = 3/2+ and 5/2+ band members (namely, 

42.75 and 25.41 keV), one computes 5.39 keV and +1.65, r e s p e c t i v e l y ,  fo r  A 

and 5. From these, t he  energies o f  t h e  Jn = 7/2+ and 9/2+ members of t he  

band are  c a l c u l a t e d  t o  be 125.5 keV and 93.8 keV, respec t i ve l y .  The 

agreement between these ca l cu la ted  values and the  observed l e v e l  energies 

o f  111.57 and 100.5 keV, respec t i ve l y ,  i s  n o t  very  good, p a r t i c u l a r l y  i n  

view o f  t h e  f a c t  t h a t  t h e  d i f f e r e n c e  i n  t h e  ca l cu la ted  7/2+ and 9/2+ l e v e l  

energies i s  %32 keV, w h i l e  t he  observed separat ion i s  o n l y  ~ 1 1  keV. 

If, instead,  one uses the  observed 1/2+,7/2+ and 9/2+ l e v e l  energies t o  

determine values f o r  A and a, he obta ins  A = 5.28 keV and 5 = +1.23. With 

these parameter values, t he  energies o f  t he  3/2+ and 5/2+ l e v e l s  a re  

c a l c u l a t e d  t o  be 35.3 keV and 29.2 keV, respec t i ve l y ,  which i s  n o t  very  

good agreement. (Th is  i s  re f l ec ted ,  o f  course, i n  the  s i g n i f i c a n t l y  

d i f f e r e n t  va lue of t he  decoupl i n g  parameter from t h i s  c a l c u l a t i o n .  ) 

It might  be argued the  absolute d i f f e rences  between the  c a l c u l a t e d  and 

observed l e v e l  energies o f  t he  3/2+ and 5/2+ s t a t e s  are  r e a l l y  n o t  a l l  that 
l a r g e  ( o n l y  7.4 and 3.8 keV, r e s p e c t i v e l y )  and consequently one should n o t  

worry about them. However, t he  spacing between these two s t a t e s  ( a  

r e f l e c t i o n  o f  t h e  c o n t r i b u t i o n  from the  r o t a t i o n a l  energy) i s  p o o r l y  

p r e d i c t e d  ( 6  keV ca l cu la ted  vs. 17 keV observed), e s p e c i a l l y  cons ider ing  

the  low energies involved.  

The use o f  t he  term BX2 ( t h e  one cus tomar i l y  assumed t o  be nex t  i n  

importance i n  a  K  = 1/2 band) does n o t  he lp  the  s i t u a t i o n .  For example, i f  

one uses t h e  energies o f  t he  1/2+ through 7/2+ s t a t e s  t o  determine t h e  

parameters A, B  and 2 ,  he obta ins  the  f o l l o w i n g  values: 

S ta tes  used Deduced parameter Ja and energy ( i n  keV) o f  s t a t e  

i n  t he  f i t  va l  ues n o t  inc luded i n  the  f i t  

A(keV) a B(eV) ca l cu la ted  observed 

1/2+ - 7/2+ 6.17 +1.38 -97.1 9/2+: 55.9 100.5 



On the  o ther  hand, if one uses the  1/2+, 3/2+, 5/2+ and 9/2+ s t a t e s  t o  

determine t h e  parameter values, a q u i t e  d i f f e r e n t  s e t  o f  va lues i s  

obtained, as shown above. Not only are these se ts  "unacceptably '  d i f f e r e n t  

b u t  a lso,  r a t h e r  than o b t a i n i n g  a b e t t e r  f it, the  f i t  i s  cons iderab ly  

worsened. Furthermore, i t  can be shown t h a t  i n c l u d i n g  a C X 3  term i n  the  

ana lys i s  does n o t  r e a l l y  "so lve"  t he  problem. I n  t h i s  case, t h e  f o u r  
parameters can f i t  the  four energy spacings exac t l y ,  b u t  t he  r e s u l t i n g  

parameters, namely B = +280 eV and C = -8 eV, a re  so l a r g e  t h a t  they  can be 

regarded as being p h y s i c a l l y  unreasonable. 

It i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  magnitude o f  t he  7/2+ - 9/2+ l e v e l  

spacing i s  smal le r  than t h a t  o f  t he  3/2+ and 5/2+ s ta tes .  Th i s  s i  t u a t  
cannot be reproduced, f o r  any choice o f  parameters i n  t he  s imple 

two-parameter formula (eq . (5 ) ) .  If one wants t o  account f o r  t h i s  f a c t  
phenomenological ly a t  l e a s t ,  another term must be considered which, li 

the  decoupl ing parameter, has an a l t e r n a t i n g  dependence on l e v e l  sp in .  

B1 term, v i z .  

( - 1 ) J + 1 / 2 ( ~ + 1 / 2 ) ~ l ~ ,  

on 

e 

The 

i s  t h e  l o g i c a l  choice fo r  cons idera t ion .  I f  one inc ludes  i t  and excludes 
the  8X2 term ( t h a t  i s ,  one uses A, 2 and El), he f i n d s  a good fit t o  

the  1/2+ - 9/2+ l e v e l  energies. Using, f o r  example, t he  1/2+ - 7/2+ l e v e l  

energies t o  determine the  th ree  parameters and then computing t h e  energy of 

t h e  9/2+ s ta te ,  one f i n d s  t h a t  t h e  p r e d i c t e d  9/2+ energy i s  104.8 keV, vs. 

t h e  100.5 keV observed. With t h e  r e c o g n i t i o n  o f  t h e  importance o f  a 

"81 term" i n  t h e  ana lys is ,  we can proceed t o  use the  energies o f  t he  

1/2+ - 9/2+ s t a t e s  t o  determine values f o r  t he  f o u r  parameters A, 5 ,  B, and 

B1. The values obta ined are  as fo l l ows :  

A = 5.11 keV; 2 = +1.89; B = -8.5 eV and B i  = -178 eV. 

Note t h a t ,  now, t h e  deduced value o f  B i s  much smal le r  (and more 

reasonable) than before and a l s o  t h a t  t h e  decoupl i n g  parameter i s  

d i f f e r e n t .  O f  course, t h e  energies o f  t h e  1/2+ through 9/2+ s t a t e s  a re  now 

fit exac t l y .  The r e s u l t i n g  four-parameter r o t a t i o n a l  energy-1 eve1 fo rmula  

p r e d i c t s  t he  energies o f  some o f  t he  h igher -sp in  members o f  t h i s  band t o  be 

11/2+, 197.6 keV; 13/2+, 227.7 keV; and 15/2+, 283.8 keV. Whi le t h e  

c a l c u l a t i o n  o f  t h e  h igher  l e v e l s  w i t h  these parameter va lues may n o t  be 

j u s t i f i e d ,  i t  might  be hoped t h a t  t h i s  p r e d i c t i o n  i s  good enough t o  be 

usefu l .  There i s  as y e t  no evidence f o r  a s t a t e  near 197.6 keV t h a t  can be 



i d e n t i f i e d  as 11/2+; and, a l though the re  i s  a s t a t e  a t  284.4 keV ( n o t  shown 

i n  F i g . l ) ,  near t h e  expected p o s i t i o n  o f  t h e  15/2+ s t a t e ,  i t s  decay 

p r o p e r t i e s  [I] c l e a r l y  i n d i c a t e  t h a t  i t  does n o t  have Jn=15/2+. There 

i s ,  however, a s t a t e  a t  226.9 keV which i s  an e x c e l l e n t  candidate f o r  t h e  

Jn = 13/2+ band member. I t s  y-decay p a t t e r n  ( o n l y  one de-exci t i n g  y 

ray, t o  t he  9/2+ s t a t e )  i s  j u s t  what one would expect f o r  a 13/2+ s t a t e .  

Consequently, we f e e l  j u s t i f i e d  i n  making a Jn assignment o f  13/2+ t o  t h e  

226.93 keV s t a t e .  Whether t h i s  Jn  = 13/2+ assignment should be regarded 

as being based on *s t rongu,  o r  on "weak", cons idera t ions  i s ,  perhaps, a 

ma t te r  o f  t a s t e  but ,  i n  t he  view o f  t he  authors o f  Ref. [I], a prudent 

eva lua tor  would be w e l l  j u s t i f i e d  i n  making it. Note, i n  p a r t i c u l a r ,  t h a t  

i n  reg ions  o f  t he  Nuc l ide  Chart where s t r o n g l y  deformed nuclear  shapes do 

n o t  occur, and e q . ( l )  i s  thus n o t  app l icab le ,  t he re  would have been 

e s s e n t i a l l y  no r e a l  bas i s  f o r  concluding t h a t  t he  226.9-keV s t a t e  had Jn 

= 13/2+. 

C. The Kn = 1/2- Band 

The nega t i ve -pa r i t y  s t a t e s  below 130 keV i n  225Ra ( c f .  F ig.1)  can be 

i n t e r p r e t e d  q u i t e  r e a d i l y  as members o f  a Kn = 1/2- band, b u i l t  on the  

Jn  = 1/2- s t a t e  a t  55.13 keV. Here, i n  con t ras t  w i t h  the  1/2+ band, 

va lues deduced f o r  t he  var ious  parameters i n  t he  r o t a t i o n a l  energy-level 

expression are  much l e s s  dependent on which l e v e l s  a re  chosen t o  determine 

them. A "B1 term" i s  found t o  be necessary here a lso .  With the  

energies o f  t he  1/2- - 7/2- l e v e l s  used t o  determine values f o r  t he  

parameters A, - a and B1, t he  ca l cu la ted  energy f o r  t he  9/2- member o f  

t h e  band i s  220.8 keV. Th i s  i s  q u i t e  c lose  t o  the  energy o f  an observed 

l e v e l  a t  220.5 keV. The y-decay p r o p e r t i e s  o f  t h i s  s t a t e  agree q u i t e  

w e l l  w i t h  those expected f o r  a Jn  = 9/2- s ta te .  [As discussed i n  Sect. 

111. A, above, t h i s  l e v e l  had been t e n t a t i v e l y  assigned i n  some s tud ies  as 

t h e  7/2+ member of a Kn = 3/2+ band, b u t  such an assignment i s  most 

1 i k e l y  i n c o r r e c t  .] 

With t h e  220.51-keV l e v e l  thus i d e n t i f i e d  as the  Ja = 9/2- member o f  t h i s  

Kn = 1/2- band, one can use these f o u r  energy-level spacings t o  determine 

values f o r  t h e  f o u r  band parameters A, a, B and B1. The values thus 

obta ined are  

A = 5.11 keV, = -2.56, B = -3.8 eV and B1 = +64.3 eV. 
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From these, t he  f o l l o w i n g  energies are  c a l c u l a t e d  f o r  t h e  Jn=11/2- - 15/2- 

s ta tes :  11i.2-, 151.1; 13/2-, 348.2; and 15/2-, 276.3. Although no evidence 

f o r  any o f  these s t a t e s  i s  ( n o t  unexpectedly) repo r ted  i n  t he  y-decay 

s tudy  o f  Ref . [ l ] ,  i t  i s  proposed from a recen t  ( ~ , a ) - r e a c t i o n  s tudy  

[26], t h a t  t h e  15/2- s t a t e  occurs a t  274 keV, i n  e x c e l l e n t  agreement 

( e s p e c i a l l y  i n  1 i g h t  o f  t he  experimental  u n c e r t a i n t i e s )  w i t h  t h e  c a l c u l a t e d  

va lue  o f  276 keV. Th i s  lends some support  t o  t he  r e s u l t s  o f  t he  

ro ta t i ona l -band  ana lys is .  It a lso ,  perhaps, s t rengthens t h e  e v a l u a t o r ' s  

conf idence i n  ass ign ing  JIT = 9/2- t o  t he  220.5-keV l e v e l .  I n  our 

op in ion ,  an eva lua tor  would be w e l l  j u s t i f i e d  i n  making such an assignment 

t o  t h e  220.5-keV l e v e l  and i n  l i s t i n g  as parameters f o r  t h e  KT = 1/2- 

band t h e  f o u r  va lues g iven above. 

D. The KIT = 5/2+, "Favored" Band 

The KIT = 5/2+ band a t  236.7 keV i s  t he  "favored" band i n  the  a decay of 

229Th and, as such, i s  probably t h e  most f i r m l y  es tab l i shed  band i n  

225Ra. Because o f  t he  small values o f  t h e  hindrance f a c t o r s  o f  t h e  a 

t r a n s i t i o n s  feed ing  the  236.7- and 267.9-keV l e v e l s ,  we f e e l  t h a t  t he  JIT 

.assignments o f  5/2+f' and 7/2+, respec t i ve l y ,  a re  l1cer ta in l1 and t h a t  t he  

9/2+ and 11/2+ assignments, respec t i ve l y ,  t o  t he  321.8- and the  390.3-keV 

l e v e l s  a re  w e l l  es tab l ished.  

The determinat ion  o f  r e a l  i s t i c  va lues o f  t h e  r o t a t i o n a l  band parameters f o r  

t h i s  band, however, presents d i f f i c u l t i e s .  There i s  a considerable amount 

o f  "s tagger ing"  w i t h i n  t h i s  band, as evidenced by the  f a c t  t h a t  t h e  7/2+ - 
5/2+ and 9/2+ - 7/2+ energy d i f f e r e n c e s  g i v e  r i s e  t o  p red i c ted  values f o r  A 

o f  4.47 keV and 5.98 keV, respec t i ve l y .  I f  one, recogn iz ing  t h i s ,  uses a 

two-parameter form o f  e q . ( l ) ,  i n c l u d i n g  t h e  parameters A and A s ,  t o  

descr ibe  t h e  band, he ob ta ins  f rom the  energies o f  t he  5/2+ - 9/2+ s t a t e s  

t h e  values A = 4.85 keV and A s  = -3.14 eV. A1 though these cannot be 

regarded as being unreasonable (note, i n  p a r t i c u l a r ,  t h a t  t h e  magnitude o f  

As i s  cons iderab ly  smal le r  than t h a t  deduced f o r  A 3  i n  111. A 

above), they  p r e d i c t  a value o f  346.1 keV f o r  t he  energy o f  t he  11/2+ 

member o f  t h e  band, whereas the  observed energy o f  t h i s  s t a t e  i s  390.3 

The ground s t a t e  o f  229Th has JIT = 5/2+, w i t h  t h e  most probable 

Ni  1 sson-orbi  t a l  assignment being 5/2+[633]. 
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keV. I f  one ignores  f o r  t he  moment the  need f o r  an A S  term ( o r  some 

term w i t h  an a l t e r n a t i n g  dependence on J )  and uses on l y  A and B parameters 

t o  descr ibe t h i s  band, t he  energies o f  t he  5/2+ - 9/2+ s t a t e s  y i e l d  

values o f  3.34 keV and +94.1 eV, respec t i ve l y ,  f o r  A and B. Th is  va lue of 

B i s  regarded as being unreasonably large,on the  grounds t h a t  t he  r e s u l t i n g  

value o f  t he  term BX' i s  n o t  very  much smal le r  than t h a t  o f  AX. For 

example, f o r  E71Z - E5/2, i t  i s  rough ly  one - th i rd  the  s i z e  o f  AX and, 

f o r  Eg12 - E5/2, i t  i s  %60% as l a rge .  For t he  use o f  e q . ( l )  ( w i t h  

o n l y  a small number o f  parameters) t o  be j u s t i f i e d ,  t he  c o n t r i b u t i o n  o f  t he  

0 (and success ive ly  h igher  o rde r )  terms must be much smal le r  than t h a t  o f  

t h e  A term. 

One can, o f  course, use a l l  t h ree  o f  these parameters and f i t  the  energies 

o f  t h e  5/2+ through the  11/2+ band members exac t l y .  Th i s  y i e l d s  t h e  

f o l l o w i n g  values: A = 3.78 keV, B = +66.9 eV and A 5  = -0.91 eV. Again, 

t h e  value o f  B appears unreasonably la rge ,  and, o f  course, w i t h  these th ree  

values t h e  a b i l  i t y  o f  eq. ( 1 )  t o  p r e d i c t  t he  energies of h igher -sp in  members 

o f  t h i s  band i s  h i g h l y  quest ionable. 

Thus, w h i l e  t he  Jn  assignments o f  t he  f i r s t  f o u r  members o f  t h i s  band 

appear q u i t e  w e l l  establ ished,  t he  energy r e l a t i o n s h i p  among the  band 

members cannot be described us ing  reasonable values o f  t he  r o t a t i o n a l  

parameters. Th i s  may r e f l e c t  t he  presence o f  s t rong C o r i o l i s  m ix ing  o f  

t h i s  bands w i t h  o ther  posi  t i v e - p a r i  t y  bands i n  225Ra. To exp lore  t h i s  

p o s s i b i l i t y  i n  d e t a i l ,  however, l i e s  ou ts ide  the  usual scope o f  an A-chain 

eva lua t ion .  Consequently, i t  i s  recommended t h a t  t he  eva lua tor  s imply 

p o i n t  t h i s  ou t  and n o t  attempt t o  "adopt" any ro ta t iona l -parameter  values 

f o r  t h i s  band. 

E. Concluding Remarks 

I n  t h e  preceding d iscuss ion  i n  t h i s  Sect ion, we have i l l u s t r a t e d  some o f  

t he  s t reng ths  and p o t e n t i a l  p i t f a l l s  i n  us ing  eq. (1) t o  analyze t h e  

energy-l  eve1 s t r u c t u r e  o f  r o t a t i o n a l  bands ( a t  1 ow r o t a t i o n a l  frequencies) 

i n  t h e  s t r o n g l y  deformed n u c l e i .  Th i s  approach has l e d  [I] t o  a proposed 

p i c t u r e  o f  t h e  low-energy r o t a t i o n a l  band s t r u c t u r e  o f  225Ra t h a t  d i f f e r s  



cons iderab ly  from t h a t  a v a i l a b l e  p rev ious l y .  It has n o t  l e d  t o  any new 

proposals regard ing  the  KT = 5/2+ band, b u t  i t  has served t o  p o i n t  o u t  

t h a t  a more d e t a i l e d  ana lys i s  o f  t h i s  band and i t s  coupl ings t o  o the r  bands 

i s  needed before  any conclus ions can be drawn regard ing  t h e  o r i g i n  o f  t h e  

problems encountered i n  t r y i n g  t o  o b t a i n  reasonable values o f  i t s  band 

parameters. 

It should be noted, i n  passing, t h a t  t h e  eva lua t i on  procedure descr ibed i n  

t h i s  Sect ion has n o t  e x p l i c i t l y  r e l i e d  f o r  i t s  v a l i d i t y  on the  correctness 

o f  t h e  assumption t h a t  225Ra i s  an "octupole-deformed" nucleus. However, 

t h e  experimental  evidence thus f a r  a v a i l a b l e  on 225Ra i s  cons i s ten t  w i t h  

t h i s  hypothesis .  The f a c t  t h a t  t he  ground-state band has KIT = 1/2+, f o r  

example, i s  s t r o n g l y  suggest ive o f  a s t a b l e  octupole deformation, s ince,  

otherwise,  t h e  lowest  1/2+ band i n  225Ra i s  expected t o  occur r a t h e r  h igh  

up i n  t he  l e v e l  scheme ($0.8 MeV). S i m i l a r l y ,  the  low energy o f  t he  KIT 

= 1/2- band f i n d s  a na tu ra l  exp lanat ion  as t h e  p a r i t y - d o u b l e t  pa r tne r  o f  

t h e  1/2+ band. The values o f  t he  decoupl i n g  parameters o f  these two bands 

are, as expected f o r  a p a r i t y  doublet ,  comparable i n  magnitude b u t  oppos i te  

i n  s ign.  Fur ther ,  they  a re  q u i t e  d i f f e r e n t  f rom the  values t h a t  would be 

expected f o r  any o f  t h e  re f lec t ion-symmetr ic  K = 1/2 bands. I n  t h i s  

regard, t h e  use o f  a "Bl-term1' i n  t he  ana lys i s  has l e d  t o  " b e t t e r "  

est imates o f  these two decoupling-parameter values, e s p e c i a l l y  f o r  t h e  1/2+ 

band, than would have been obta ined by neg lec t i ng  it; and these two values 

a re  cons iderab ly  c l o s e r  together  than t h e  e a r l i e r  est imates. However, t h e  

octupol  e-deformed coup1 i ng scheme has expl i c i  tl y a f f e c t e d  the  conclus ions 

drawn from t h e  ana lys is ,  i n  t h a t  no "Mi lsson" o r b i t a l  assignments have been 

proposed f o r  any o f  t h e  bands. 

I n  any event, i t  i s  hoped t h a t  t h i s  d iscuss ion  w i l l  be h e l p f u l  t o  t he  

mass-chain eva lua tor  i n  us ing  these ideas as one p o t e n t i a l l y  powerfu l  t o o l  

f o r  choosing among a1 t e r n a t i v e  Ja values i n  t h e  eval u a t i  on o f  compl i cated 

energy- level  schemes i n  the  s t r o n g l y  deformed nuc l ides .  
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APPENDIX 

SUMMARY 

The l e v e l  schemes o f  s t r o n g l y  deformed n u c l e i  possess a  number o f  f ea tu res  t h a t  

can m a t e r i a l l y  a s s i s t  t he  eva lua tor  i n  making Jn and nuc leon ic -con f i gu ra t i on  

assignments. The ex is tence of w e l l  developed r o t a t i o n a l  bands, w i t h  t h e i r  
i n h e r e n t l y  s imple r e l a t i o n s h i p  between l e v e l  energy and spin,  t h e  ex tens ive  

systemat ics and r e l a t i v e l y  simple make-up o f  t h e  i n t r i n s i c  s t a t e s  upon which 

these bands are  b u i l t ,  and a  number o f  simp1 i f y i n g  fea tu res  o f  t h e  

angular-momentum coup l ing  scheme t h a t  occur because o f  t he  ex is tence o f  t he  

deformation a1 1  combine t o  permi t  t he  know1 edgeabl e  eval  ua to r  t o  deduce q u i t e  

re1  i a b l e  Jn assignments from data s u f f i c i e n t l y  meager t h a t  one cou ld  draw 

almost no conclus ions f rom them i f  t h e  n u c l i d e  f o r  which they  were a v a i l a b l e  was 

not  deformed. 

It i s  d i f f i c u l t  to ' f rame a  compact s e t  o f  r u l e s  f o r  Jn assignments t h a t  can be 

app l i ed  w i t h o u t  except ion i n  these s i t u a t i o n s .  However, i t  i s  poss ib le  t o  l a y  

o u t  general cons idera t ions  t o  a s s i s t  t he  eva lua tor  i n  t he  t a s k  o f  a r r i v i n g  a t  

r e l i a b l e  JIT assignments f o r  l e v e l s  i n  t he  s t r o n g l y  deformed nuc l ides .  Below, 

we summarize some o f  these. Those fea tu res  o f  t h e  nuc lear  s t r u c t u r e  o f  t h e  

s t r o n g l y  deformed n u c l e i  upon which they  a re  based a re  discussed i n  t h e  e a r l i e r  

sec t i ons  o f  t h i s  document. 



A. Level Energies and Quantum Numbers 

The f o l l o w i n g  expression i s  recommended f o r  use i n  desc r ib ing  the  l e v e l  energies 

w i t h i n  a r o t a t i o n a l  band a t  low r o t a t i o n a l  f requencies:  

E(J,K) = EK + AX + BX' +... 

( - 1 ) J + 1 / 2 ( ~ + $ ) { ~ l  + BiX +- . . I  , 

( - ~ ) J + ~ J ( J + ~ ) { A ~ + B ~ x + . - - }  , 

+ ( - I ) ~ + ~ / ~ ( J - ~ )  ( J + t ) ( J + 3 / 2 ) { ~ 3  + B3X +- . . }  , 

(-1)J(~-1)~(~+1)(~+2)(~4 + BsX + - . I  , 9 etc. ,  
where X = J ( J + ~ ) - K ~ .  

f o r  K = 1/2 

f o r  K = 1 

f o r  K = 3/2 

f o r  K = 2, 

For K = 1/2 bands, t he  decoupl i n g  parameter, a, i s  r e l a t e d  t o  the  parameter 

A 1  through the  expression A 1  = Aa. 

For "we1 l-behaved1' r o t a t i o n a l  bands, t he  c o e f f i c i e n t s  B and C a re  expected t o  be 

smal l ,  o f  t he  order  o f  magnitude B/A % and C/B % Typ ica l  

va lues f o r  t he  r o t a t i o n a l  constant  A, a re  % 12 keV i n  t h e  ra re -ea r th  reg ion  

and %6 keV i n  t h e  a c t i n i d e  region,  a l though s izeab le  departures from these are  

observed. Other than t h a t  they are  o f  t he  order  o f  magnitude o f  u n i t y ,  no 

general statement can be made regard ing  " t y p i c a l  " values o f  t he  decoupl i n g  

parameter. They depend s t r o n g l y  on the  c o n f i g u r a t i o n  o f  t he  K = 3 band under 

cons idera t ion ;  and, i n  f a c t ,  knowledge o f  t h e  decoupl ing parameter g ives  a good 

i n s i g h t  i n t o  the  c o n f i g u r a t i o n  assignment o f  t he  band. The parameters A 2 ~  a re  

expected t o  decrease r a p i d l y  w i t h  i nc reas ing  K-value, b u t  no ex tens ive  

systemat ics o f  such values i s  a v a i l a b l e  a t  present .  Evaluators should be 

encouraged t o  g i v e  more a t t e n t i o n  i n  t h e i r  analyses o f  ro ta t i ona l -band  s t r u c t u r e  

t o  t h e  i n f l u e n c e  o f  A2K-type terms, e s p e c i a l l y  f o r  those bands having smal ler.  

va lues o f  K (say, 5/2 o r  l e s s ) ,  where the  i n f l uence  o f  such terms i s  more 

pronounced. 

In t he  ana lys i s  o f  "h igh-spin"  s ta tes  ( those genera l l y  access ib le  o n l y  t o  

in-beam spectroscopy o r  heavy-ion-induced Coulomb e x c i t a t i o n ) ,  use o f  t he  



r o t a t i o n a l  energy- level  formula above t o  deduce band parameters i s  genera l l y  n o t  

j u s t i f i e d  and can 1 ead t o  "unphysi ca l  'I conclusions. A t  t h e  h igh  r o t a t i o n a l  

frequencies associated w i t h  such s ta tes ,  t he  appropr ia te  quantum number i s  no 

longer  K b u t  r a t h e r  t h e  "s ignature" ,  a ( toge the r  w i t h  the  p a r i t y ) .  The 

f o l l o w i n g  r e l a t i o n s  e x i s t  between a and the  t o t a l  angular momentum, J: 

a =  0, J = 0 , 2 , 4 , . ,  

a =  1, J = 1 , 3 , 5 , . ,  

a = +1/2, J  = 1/2, 5/2, 9/2 ..., 
a = -1/2, J = 3/2, 7/2, 11/2 .... 

For nucl  i des  t h a t  a re  be1 ieved t o  have r e f 1  ection-asymmetri c  ( "oc tupo l  e-deformed") 

shapes, t h e  quantum number associated w i t h  t h e  appropr ia te  nuclear  symmetry i s ,  

i n s t e a d  o f  t h e  s ignature ,  t he  "simplexn, - s. The Ja values t h a t  occur i n  

r o t a t i o n a l  bands charac ter ized by t h e  d i f f e r e n t  va lues o f  t h e  simplex are:  

s = 0, JIT = 0+, I-, 2+, 3-, ..., 
s = 1, Jn = 0-, 1+, 2-, 3+ ..., 
s = + i ,  JIT = 1/2+, 3/2-, 5/2+, 7/2-. . . , and 

s = -i , JIT = 1/2-, 3/2+, 5/2-, 7/2+. . . . 

B. Gallaqher-Moszkowski Rules 

I n  p r e d i c t i n g  t h e  r e l a t i v e  o rde r ing  o f  t he  two con f i gu ra t i ons  r e s u l t i n g  from the  

p a r a l l e l  (C = 1 )  and a n t i p a r a l l e l  ( c  = 0 )  coup l ing  o f  t he  i n t r i n s i c - s p i n  

p r o j e c t i o n s  o f  t h e  two odd ( q u a s i ) p a r t i c l e s  i n  doubly odd deformed nuc l ides ,  t he  

Gallagher-Moszkowski r u l e s  i n d i c a t e  t h a t  t h e  c = 1 coup l ing  should l i e  lower.  I n  

doubly even nuc l ides ,  t he  opposi te should be the  case. I n  t h e  doubly odd nuc l ides ,  

o n l y  one except ion  t o  these " ru les "  i s  p r e s e n t l y  known. Consequently, i n  ana lyz ing  

t h e  l e v e l  s t r u c t u r e  o f  these nuc l ides ,  t he  eva lua tor  can, w i t h  some degree o f  

conf idence assume, i n  t h e  absence o f  o ther  in fo rmat ion ,  t h a t  t he  

c = 1 coup l ing  w i l l  l i e  lower. There are, however, a number o f  compl ica t ing  

fac to rs  i n  t he  l e v e l  s t r u c t u r e  o f  doubly even n u c l e i  which, i n  t h e  absence o f  o ther  

in format ion,  make these cons idera t ions  o f  r e l a t i v e l y  l i m i t e d  use i n  t h e  eva lua t i on  

o f  da ta  on these nuc l ides .  



C. Allowed-Unhindered Beta Transitions 

Allowed-unhindered (z) fi transitions are ones in which the asymptotic quantum 

numbers of the initial-and final-state orbitals of the transforming nucleon are 

the same. Their systematic occurrence thus far appears confined to the 

"rare-earth1' region and uniquely establishes the presence of either the orbital 

pair 7/2-[523]p, 512-[523]n or 912-[514]p, 7/2-[514]n. With this know1 edge, and 

the relatively simple angular-momentum coup1 ing rules that apply, it is usually 

possible not only to make definitive Jn assignments but also to provide 

entirely reliable configuration assignments to the states involved. Beta 

transitions in this region having log ft values of 5.0 or less can be 

confidently assigned as being c. In addition, many au transitions are observed 
which have log ft values as large as 4.5. However, as regards Jn and 

configuration assignments, some caution must be exercised in classifying as au 
newly encountered fi transitions whose log ft values lie between 55.0 and 

G . 5 ,  since a few cases are known were p transitions with log ft values as 

low as s5.2 do not take place between one or the other of these two orbital 

pairs. 

D. Favored Alpha Transitions 

"Favored" a transitions involve no change in nucleonic configuration between 

the i ni ti a1 and final states. In the doubly even nucl ides such transitions take 

place between the ground states of the parent and daughter nucleus, while in the 

odd-A and doubly odd nuclides the final state is generally an excited state. 

The characteristic feature of favored a transitions in these latter two 

categories of nuclei is an a hindrance factor in the range from unity to 

~ 4 .  The observation of a favored a transition is, thus, a strong basis for 

making both Jn and nucleonic-configuration assignments. Further, the members 

of the so-called "favored" band (the band built on the state fed by the favored 

trani ti on) are fed by a transitions whose hindrance factors, a1 though 

increasing monotonically with final -state spin, are nonetheless sti 1 1  relatively 

small and, hence, usually readily identifiable. In analyzing a-hindrance-factor 

information provide Jn and nucleonic-configuration assignments, however, it needs 

to be kept in mind that other phenomena can also give rise to small hindrance 

factors. These include Coriolis mixing with the favored band, the presence of 

octupol e deformation and fi vibrational excitations bui 1 t on the favored band. 



E. A1 aga-Rul e Considerations 

The Alaga rules, which relate the relative values of the reduced transition 

probabilities of various decay processes from an initial state to various final 

states that are members of the same rotational band, are usually of little use 

to the evaluator in arriving at Jn assignments. This results primarily 
because the essential simplicity of the ideas underlying them is frequently 

masked by other effects which are difficult to take explicit account of. 

Consequently, their usefulness usually lies in providing corroboration to 

assignments proposed from other considerations. The intraband E2 transitions 
represent one exception to this statement. It is found that the reduced 
transition probabilities of these transitions are well described by the 

Alaga-rule predictions; and the evaluator can use this observation to infer 

E2/M1 mixing ratios for intraband cascade transitions (for which AJ = 1) when 
both the cascade y ray and its corresponding crossover (AJ = 2) y ray are 

observed. Another potential exception may be the El transition probabilities 

when col 1 ective effects (e .g . , octupol e vibrations, ref1 ection asymmetry) are 
important. Careful attention should be given to the analysis of such 

situations, but an emerging body of evidence suggests that one can use the Alaga 

rules to draw correct conclusions i n  such s i tua t ions .  

F. Rotation-Particle (Coriol i s )  Coup1 ing 

In evaluating nuclear structure data for strongly deformed nuclei, it is 

important to keep in mind that rotation-particle (Coriolis) coupling may have a 

significant effect on certain 1 eve1 properties. A1 though a proper analysis of 

such effects requires calculations utilizing large computer-based codes, there 

are simple qualitative considerations which can frequently provide sufficient 

insight to permit the evaluator to draw meaningful conclusions from the data 

without the necessity of such cal cul ati ons. The Cori 01 is interaction mixes 

states having the same Jn values and K values that differ by one unit, and 
this mixing increases with decreasing separation of the states. It is strongest 

among states that originate from the same spherical shell-model state, and 

increases with increasing j value (and for a given j, decreasing K value). It 

is, thus, especially strong among the so-called "unique-parity" states (i.e., 

iI3l2 neutrons and h1112 protons in the rare-earth region and j15/2 neutrons 



in the actinides). In these cases the selection rules in the asymptotic quantum 

numbers for "unhindered" Coriolis coupling are AN = 0, AnZ = -AA = +I. In 

addition to the large distortions that are produced in the level structure of rotational 

bands through strong Coriolis mixing, even weak mixing can produce pronounced effects on 

various nuclear properties when the mixing brings in a large matrix element for the 

associated process. Examples of these include a-hindrance factors, @-decay log ft 

values and B(E2) values when the mixing introduces the unusually large matrix elements 

associated with favored a decay, - au p transitions and intraband E2 transitions, 

respectively. 



Figure 1 .  Partial level scheme of "'Ra, as  reported in a recent study o f  
the 229Th a decay (Ref. [I]). 
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1. THE CONCEPT OF a HINDRANCE FACTOR 

The probability for a decay depends primarily on two factors: (a) 

the difference in the nuclear structure configurations between the 

parent and the daughter nuclear states, and (b) the energy of the a 

particle. The dependence on energy is very strong (for example, for 

ground-state to ground-state decays of even-even isotopes, changing the 

energy from Ea = 4 MeV to Ea = 8 MeV reduces the partial a half-life, 

Tli2(a), by 20 orders of magnitude). Our main interest in the Nuclear 
'lT 

Data Network is in the effects of nuclear structure on a decay (J and 

configuration assignments); therefore, it is useful to define the con- 

cept of %F which is related to the experimental a intensity I,, but 

with the energy dependence (as well as the weaker Z and A dependence) 

removed. This is quite similar to the procedures adopted for B decay 

(the use of log ft's) and y decay (the use of Weisskopf units for reduced 

transition probabilities). 

In even-even nuclei the strongest a transitions are the 0+ -+ 0+ 

g.s. -+ g.s. transitions (they range from 65% to over 99% of total 

decay). By definition, HF = 1 for these a branches. All other HF's 

are calculated relative to the 0+ -t O+ HF's (for example, in the mass 

region A >214 the HF's for 0+ +- 2+ first excited state vary smoothly as 

a function of A from 0.9 to 4.0, see ref. 2). 

In odd-A and odd-odd nuclei, the HF is defined relative to the HF's 

for g.s. -+ g.s. transitions in the neighboring even-even nuclei (see 

section 3). 

2. THE USE OF orHF IN NUCLEAR DATA EVALUATIONS 

The a HF 's exhibit remarkable regularities. 2' These systematic 

features are the basis for their usefulness in evaluations (again in 

close analogy to the use of log ft's and reduced transition probabilities 



as well as of spectroscopic factors) . The main uses are for (a) J n  and 

configuration assignments and (b) estimation of unknown a-decay branches. 

l a. J n  assignments. The Summary of Bases for Spin and Parity Assignments in 

NDS contains two strong rules (#33 and #34) based on a decay for J n  assignments; 

however, more arguments could be suggested based on the systematic trends 

discussed in references 2 and 3. 

It is clear from ref. 2 that in the deformed actinide region, all ro- 

tational bands have very characteristic a 's. For favored bands i.e., the 
HF 

same configuration in parent and daughter levels (It is assumed that the bands 

are not strongly mixed.), the aHF1s may be calculated easily using the ro- 

tational model. The agreement with experiments is usually within a factor of 

3 (for L = 2 transitions the agreement is usually better than 50%). Con- 

sidering the %4 orders of magnitude spread in measured aHF1s, this agreement 

as well as the systematic trends in non-favored transitions (effects of L- 

transfer, spin flip, Nilsson configuration changes, Coriolis coupling) are 

very useful for J' and configuration assignments. Clearly, our JT rules #31 

and #32 for rotational bands should be updated; a 's are no less useful than HF 
level energies in establishing assignment of a level to a rotational band. 

3 The systematic trends in the closed-shell lead region are no less 

impressive. For example, a-decay HF's from parent 3p1/2 to daughters 3p1/2, 

3p3/2 and 2f5/2 are the same to within %20% for Po, Rn, and Ra isotopes. 
201 

Similar agreement is apparent: in the 2f5/2 parents decays to Po, 203~0, 

and 205~o; in the 2g9/2 parents decays to 209~b, 209~o, '"~n, 213~a; and in 

the lh9/2 parents decays to 207~1, 209~1, 
207Bi 211Bi 213Bi, and 21SAt 

9 9 

The consistency is not as good, but still impressive in the odd-odd nuclei: 

the decay of (*lh9/2) (X!gg/Z) 1- and (Vh9/2) (v2g9/2) 9- parents. Clearly, our 

J" assignment weak argument #4  can be strengthened when supporting aHF 

information is available. 

b. Estimation of unknown a decay branches. The same systematic trends of a 

decay that were pointed out in references 2 and 3 can also be used to estimate 

unknown a branches. One type of application is to estimate an intensity of a 

single branch which was not measured but may be of importance to the mass- 

chain evaluation. For example, we estimated the 209~o . branch to the 5/2 
g.s. of 205~b at 20%. Experimentally it was not possible yet to resolve this 



branch from the favored 80% a to the 1/2- state. This estimate is relevant to 

the calculation of Qa of 209~o as well as to the degree of usefulness of 209~o 

as an a energy standard. Another example is the estimate of I to 2+ states 
a 

in a number of heavy elements based on interpolation of the very smooth 

variation of %F1s in this region. This estimate is essential for the correct 

calculation of the radius parameter used to calculate % F 1 ~  for the whole 

region (see section 3). 

The second type of application is the estimate of %a, i.e., the total a- 

decay branching of ground states or isomers in cases where this branching is 

not known experimentally. The key to these estimates is the systematics of 

favored a transitions, which are usually by far the most intense and determine 

to a large extent the total a-decay branching. (The exceptions are cases 

where the favored level in the daughter is very high in energy.) 

In the case of even-even ground-state a decays, the smooth systematic 

trends of the radius parameter (section 3) determine the main O+ -+ O+ I . The a 
second strongest transition usually is the 0+ to first-excited 2+ state; this 

can be estimated quite reliably from the systematic trend of 2+ HF1s. Often 

the above 2 branches account for over 99% of the total a decay. 

For odd-A and odd-odd nuclei, the estimates of %a can be quite reliable 

provided that the level energy of the favored configuration in the daughter is 

known. In odd-A nuclei, such estimates may be reliable to 220% when Qa is 

well known. In odd-odd nuclei (where less good data are available), the 

reliability may be ?SO%. For example, in the mass region A = 191 through 213 

for all 50 cases of odd-A favored a's, HF1s vary from 1.1 to 1.6 for J#1/2 

and from 1.4 to 2.2 for 5.112. For odd-odd nuclides the favored aHF1s vary 

from 1.5 to 2.5 (except for 5+ states which are probably of mixed config- 

uration). In transition regions (where the deformation changes rapidly), 

there are significant differences between the parent and the "favored" 

daughter configurations; as a result, the "favored" a 's are larger. 
HF 

Uncertainties in Q, of 200-400 keV correspond to an order of magnitude 

uncertainty in a calculated T (a). Even in cases of such large uncertain- 
11 2 

ties, the estimate of %a may still be useful. For example, the estimate 

%a << 1 syst may indicate that %E Q, 100; thus, log ft's could be calculated. 

Table 5 of reference 3 lists the %a and Qa values for 186 < A < 223; flsyst" - - 



indicates the values derived from systematics of 
%F and of Q respectively. 

a ' 
(For graphical representation of Qa values see, for example, reference 4.) In 

a few cases, TlIZ could be estimated for ground states and isomers. Table 6 of 

reference 3 lists the individual HF values, including the ones derived from 

the systematic trends, and the Ia values deduced from the HF values. In cases 

of strong configuration mixing, the estimates are less reliable; however, for 

strong a branches, the sensitivity of a (and therefore of I ) to configura- HF a 
tion mixing is much smaller than the corresponding sensitivity of log ft 

values, of reduced transition probabilities, and in many cases of magnetic 

moments . 

3. CALCULATION OF aHF 

The calculation of aHF in NDS is based on the spin-independent equations 
5 of Preston and is essentially the same as the calculations done for the sixth 

and seventh editions of the Table of isotopes6 (1967 and 1978). 

a. For even-even nuclei, the HF1s of excited states are inversely propor- 

tional to I, and are normalized to the value HF = 1 for the O+ -r O+ g.s. to 

g . s . transition. The computer program7 removes the energy dependence (which 

is calculated from the input Qa and E(leve1) in the daughter). The uncer- 

tainties in the parent a branching, and Qa cancel out, because of the 

method of normalization. If the level energies are accurate (say, AE - < 5 

keV), the uncertainty in HF will be the same as the fractional uncertainty 

in Ia. 

In addition to HF, the computer program calculates the parameter, R~ ' 
(roughly equivalent to the nuclear radius) from Qa, T1/2(a), and Ia to the 

g.s. (Z and A also enter in). It is useful for evaluators to keep track of 

the Ro systematics in the region of their responsibility. In my experience 

(in the lead and actinide regions) the Ro values for each element lie on 

fairly smooth curves, the exception being sharp breaks at the closed shells 

N = 126 and N = 152. 

b. For odd-A and odd-odd nuclei, the HF1s are also inversely proportional to 

I,, but the normalization is to the neighboring nuclei. The Ro parameter 



has to be included in the input to the computer program. Usually for odd-A 

isotopes, the Ro will be the average of the two nearest even-even neighbors, 

and for odd-odd isotopes the average of the four nearest even-even neighbors. 

If the Rots for some (or all) of the neighbors are not known, then interpola- 

tion or extrapolation is needed. Our experience at Oak Ridge is that human 

interpolations (or extrapolations) are preferable to computer algorithms for 

this purpose. The uncertainties in aHF are usually much larger than in the 

case of even-even nuclei for the following reasons: There is the additional 

uncertainty in R parameter; the uncertainties in Q and T (parent) as well 0 a 1/ 2 
as in the a-branching of the parent, do not cancel out. Typical uncertainties 

are, for example, 3 keV in Qa of 5 MeV resulting in ~ 4 %  uncertainty in HF, ARo 

of 0.01 resulting in ~ 2 0 %  uncertainty in HF, and of course linear dependence 

on uncertainties in I and TlI2(a). a 
In contrast to most calculations of log ftts, we do not have to worry 

here about unplaced transitions. In fact, a 's can be calculated from Ea, HF 

Ia' and Z without any knowledge of the decay scheme. However, the interpreta- 

tion of the results of aHF calculations demands considerable experience and 

detailed knowledge of nuclear structure. 
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