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A simple yet highly accurate method for approximately calculating spec-
trum-averaged beta energies and beta spectra for radioactive nuclei is presen-
This method should prove useful for users who wish to obtain accurate
answers without complicated calculations of Fermi functions, complex gamma
functions, and time-consuming numerical integrations as required by the more
Therefore, this method should be a good time-
saving alternative for investigators who need to make calculations involving

The avexage beta-energy

These include all fis-

The beta-energy spectra calculated by the

o) large numbers of nuclei (e.g., fission products) as well as for occasional

==° ‘,,_ users interested in a restricted number of nuclides.
=R . values calculated by this method differ from those calculated by "exact"
EEEEESS ) methods by no more than 1% for nuclides with atomic numbers in the 20-100
=0__ range and which emit betas of energies up to ~8 MeV.
=E==m L sion products and the actinides.
=== - .- present method are also of the same quality.

I. INTRODUCTION

The approximation discussed in this report was
developed during studies of fission-product decay
properties but its usefulness is not limited to fis-—
sion products. Up until recently, because of lack
of sufficient data, many fission-product decay-heat
calculations were made by assigning some fixed
fraction (~1/3) of the 8 endpoint energy as aver-
age g energy. With the increase in accuracy of
recent decay-heat experiments, the degree in
sophistication of theoretical calculations required
to compare with experiments has made such ballpark
estimates inadequate. Also, the continuous devel-
opment and improvement of evaluated fission-
product (ENDF/B-1V) dat:a1 has helped increase the
quality of average decay-energy calculations.

One of the simplest, yet fairly accurate
approximations used for computing average beta ener-
gies in fission-product calculations is given in
Ref. (2). It was used in 1969 for data incorporated
in the C INDER codez’3

ENDF/B-1IV dat:a.l’4

and subsequently for most
Presented here is a superior

method not only for use with fission products but

also for actinides where the older method partially
breaks down. The present method is quite accurate

for the entire atomic number range from £ 20 to

> 100 and for maximum beta energies up to ~ 8 MeV
agreeing with "exact" calculations to within 1%.
Also the spectra calculated by this method are very
good. In the course of developing the present meth-
od, we have calculated beta spectra and beta average
energies for all ENDF/B-IV fission-product nuclides
using the exact equations discussed below.

II. THEORETICAL BACKGROUND

Beta-decay theory has been in continuous devel-
opment since Fermi derived the first satisfactory
quantum mechanical theory.5 Therefore, a truly
exact theory does not exist and what is referred to
as exact in this report is the result of detailed
quantum mechanical solutions to Dirac's equation
for an electron in an electrostatic field. The sim-
ple expression derived below is an approximation to
the best available theoretical results that can be
used as a standard today and which are henceforth

referred to as "exact."



The probability of beta emission with total
relativistic energy, in electron rest energy units,

between W and W + dW is6’7

N(z,W) = c|M|ZF(z, WKW W\ - 1)(w0—w)2, 1)
where

F(Z,W) = electron density ratio
C = a constant
[M|2 = the square modulus of the transition
matrix element
wo = maximum value of W
K(W) = shape factor .
For allowed transitioms, K(W) is equal to unity.
For first, second, and third forbidden unique tran-
sitions, respectively, the shape factor is given

by the following expression58

2 2
R ) = @) + Wy’ )
2 2 4 10,..2 2
ka0 = W2-1? + -t + 22t wn?, o)
K, = -1 + (uy-w®

+7 (wz-l)(wo—m2 [(wz-l) + (wo-W)’-] . 4)

The electron density ratio, also referred to
as the Fermi function F(Z,W),can be obtained by
solving the non-relativistic (SchrSdinger) or the
relativistic (Dirac) equation for am electron in the
electrostatic field of the nucleus. The Schrodinger
equation for an electron in the point-charge field

of a nucleus Zez/r ylelds the non-relativistic

expression:
F, (Z,W) = —2ny , (5)
N -2Ty
1-e
where
"W
y = az s (6)
W'-1
e2 1
o= = 137 = fine structure constant . )

The corresponding relativistic expression for

F(Z,W) is:

4l + 3 2s
Fp(Z,W) = — %z <—2—§> ™ (t-1)8

T3 + 28) |2\ Ae
2
X|T(1 + s + 1y) | ) (8
‘/ 2
s =%¥Y1- (2 -1 , 9
ho -13
Ac ity Pont 386 x 10 ““cm . (10)
e

= the rationalized Compton wavelength of

an electron,

A good expression for R, the nuclear radius, in
terms of the mass number was given by Elcon9 as

/3

- 0.941a7%

/3) x lO—lscm

R = (1.123a1 . (11)
The spectrum-averaged beta kinetic energy is

given by

W-l> =i 3 . (12)

F(z,W), as given by Eq. (8), makes Eq. (12) inte-
grable only by numerical techniques. For the

sake of simplicity and expediency, it is desirable
to have an analytically integrable form of F(Z,W)
which produces the probability of the W distribution
and average values of (W-1) in close agreement with
those obtainable from Eq. (8). Such a form, men-
tioned above, has been used earlier in the CINDER
code with success for average energies and also for
ENDF/B-1V data.1’4
uses a simplified non-relativistic expression for

F(Z,W):

In essence, this approximation

F(Z,W) = 21y . (13)

When Eqs. (13), (1), and (12) are combined, one

. 2
obtains,  after some algebra:



wo6 - zwo5 + 5w02 - bW, + 2
<W-1> = 5 2 , (14)
20y° - 100> + 15U - 6)

or in terms of kinetic energy in units of electron
1
rest energy, X:

2
X0 + 4X0 +5

2
2(xg + 5%q +10)

<x> = X (15)

0

where XO is the maximum value of X. We have found
Egs. (14) and (15) to be accurate for fission
products to within 37 of the exact value but the
average energies depart considerably from the
exact values in the actinide region. Also, the
spectra calculated with this method are not
satisfactory.

Other approximations have also been investi-
gated, like, for example, the Bethe—Bacherlo

approximation to |P(1 + 5 + iy)[zz

Ira+ | oF + p°

R

IT(1 +s + iy)]2

my 2,2 1.2
sinhmy |:(a z + 4)w

(16)

t
S Ll
—_—
&
.

This expression avoids complex gamma function cal-
culations but still requires numerical integration
of Eq. (12).

Another approximate expression of F(Z,W)
which avoids complex gamma function calculations
but still requires numerical integration of

Eq. (12) was given by Hall:ll

41 + 5 2s
F(Z,W) = ———2—2 i—R
[T(3 + 28)] c
1
s + 5
X [(s + 1)2 + yz]

X exp {2¢y - 2(s + 1) + st

6 [(s+ 1)% +y?

}. an

where

$ = arctan (___s ; l) . (18)

III. A NEW APPROXIMATE METHOD

After numerous attempts with the various
available approximations, we have found that we
can approximate the following product of math-
matically complicated functions by a second

order polynomial, i.e.,
28
F(z,0) YW - 1 <§—IZ>

. 2
= Ag(2) + A (W + A ()W, (19)

In terms of this approximation, Eq. (1) becomes

2s
N(W) = c]m]2 <§—R> n(W) (20)
c
where
2 2
n(W) = (&g + AW+ AW W Wy = WKW,

(21)

We can now write the average kinetic beta energy

as
0

<y - 1>= 1 _Wn(dw 1
0
n(W)dw

» (22)

1

which can be analytically integrated to give

for an allowed transition,

W-1> = > (23)

where

BO=%_+E+H N (24)

l=-(g+35+19) , (25)



A A A
0 1 2 A, A
= - g = 4 == 1 2
B, - +35+ 5% , (26) Q=% * 20 s (42)
Ay
Q =155 (43)
53 =0 , ¥3)) 3 105 ’
A A A
+ M+
A P = g, (44)
B, = - T3 s (28) A A A
B W B
ettty o (45)
Ao _ Al
230t 10 , (46)
A A
1 -"72 A
B, = ——5— (30) 2
6 60 4 = £
P3 = %0 (47
7 105 ? Further simplification in terms of the number
. (AO . A1 N A2\ of coefficients required results when (X) is written
= -\t +== 32
0 4 S 6 7 ° (32) in the following form
2A A 2A
-_0,1 .72 Sa, + 4a,X. + 2 3
o 3 t7 * 5 , (33) < - x4 o * 42Xy + aX, ; 8a,X, ]
2( 10a, + 3\
-tk ) (1020 * seat * ety + 7a5”)
where
Cy =0 , (35)
c ‘A_o ag = Ayt A tA, (49)
4= 12 , (36)
A A 3A
1 -0 2
€5 = 30 ’ (37 a =3 th*t7 , (50
A
2
c, === (38)
6 60 -
a, = Al + 3A2 , (51)
When Ao = A2 = 0 and Al = 1, Bq. (23) reduces, AZ
as expected, to Eq. (14). a3 =17 . (52)
Alternately, Eq. (23) can be expressed
in terms of kinetic energy in mec2 units: Actually, a3 is a redundant coefficlent because
a, + a, ~2a
3 A a, = 0 2771 . - (53)
2 : QX i 12
i~0
<X >= X, §=o , 39
i Eq. (48) can be easily calculated even on a pocket
P
iXO calculator provided the ay coefficients or the
i=0
Ai coefficients are known as a function of the
atomic number Z.
where The coefficients AO’ Al, and A2 were least-—
squares fitted as a function of Z and the results
Ao . Al N A2 are shown in Table I. Coefficlents ao, al, a5,
Q0 = — 1 , (40) and a, ean, of course, be calculated from Ao, A1 N
A A A and A, using Eqs. (49) to (52). The results

0 1 2
Ql =30 + 15 + 15 , (41) are given, for convenience, in Table II.
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=2,.3857E~0@3
=243421E=03
*2,3379E~B3
»2,28B7E203
»242523E=B3
20241 4ErS3
*242371E=03
»2,2407€Ee23
*2,2514E-D3
~232686EB3
«2,2936E=03
*2¢3257E=33
*2.3650E=023
*2,3114E»BS
=2, 0650E=0B3
*2,5257E=83
=2:5936E=B3
v2,6679E~03
v2,75060F=0%
*2,8386E°33
»2.9343FE~03
«3,0371E=DY
n3,1U6UEB3
*»3,2621E=03
*3,3858E=0%
°3.5103E-03
»3,6590En03
“347907E=-063
r3,9393EwB3
=Y DOILE=RD
4 ,2SU3E=03
-0,4202E~03
=U8,59{4E=QA3
'0.76865'93
v0,3500E=0%
*S¢336U4E~D]
»5,3279E=B3
*5,5229E=03
=5,7214E=G3

Z
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TABLE 11

(CONTINUATJON)

aO al az a3 Z
5391574080 H.3731E200 3 ,2722E+00 =5,9243E-03 67
SeSU62E+Q0 U, U663E400 I,3006E408 =6,3293E~73 68
B,7043E4¢008 4,5%99E+00 3I,3268E+Q0d =b,3371EwA3 69
S.8663E+08  U,6555E+00 3,3530E¢08 =6,5471E~05 78
6,R320E+00 B,7521E+NG 3I,3772E+03 26,47564E=-03 71
6,2024E¢00 U,BS5A1L+0Y I,400R3E+00 =6.9TAYE~D3 72
6o3764E+00 U4,9496E+RB 3,4222F+P0 =7,1857E=23 73
6.5550E+08 5,28%5M6E¢00 3,4422E+00 =7 40AJE~Q3 74
6, T375E400 S,1522E400 3,460SE+400 =T7.6071E=23 75
6,9235E+00 S54,2547E+0g 3,UTHSE+AR T ,B214E=-03 76
TelU6E+08 543589E408 3, U9NBE+AQ =B, N2R6E=RY 77
Te3087E+488 S,4630E+0AQ 3,S5S021E42Q =8,2357E=03 78
TeSOBYE+NB S545693E+00 3,5117E+0Q »B,43578-03 79
TeT134E40Q S 6761E+080 3,51BIE¢Q0 =8,6357E=83 a8
Te921UE+30 S$,7836E+00 3,5222E+020 *8,8286E=03 81
B¢1359E+008 5.8933E+88 3,524T7E+a@ =9,C071E=083 82
B8.3534E+00 6.,0026E¢B8 3,5232E+p8 *9,1857EwB3 83
BySTH2E+DBD b1 125E+00 3,5182E+04 *9,3571EwD3 84
B, BOSSE+QD 6,2217E+80 3,505SE+AB =9.4643E~03 85
9.0367E+02 6,3350E+08 3,4981E+r@ =~9,66U3E~D3 86
Qe2750E+A0 6,U4TVEAY I,482¢E+Q8 *9,785T7E=03 87
9:.5162E+¢00 6,5588F+00 3,4626E+00 ~9,91U3EwDD 88
9, 76U3E+AD b,6735E+08 3,0419E+A0 =1,RAp80E~02 89
14001BE+31 6,7866EvA0 3,4133E+00 c§,08136E-02 99
1.0276E+01 6,9202E+0Q 3,3810E+00 »1,R214E~02 91
$1¢0539E+48) T4Q13IBE¢RB8  3,3446F¢00 ={,0271E~02 92
1,0808E¢+@8 7T,1270E+00 3,302)E¢Q7 ¢ ,03087Ee02 93
101V8QE+0) T7,2402E¢@0 3,255S5E¢00 *{,0321Ew02 9¢
1o13S59E¢01  T7,3S529E+@3 3,202BE+nd =1,08314E=Q2 95
101642E+0) T,4655E¢00 3,1450E+80 »{,0286E=n2 9%
1¢1931E401 7T,5777E+08 3,081dE+00 ~1,0229E=02 97
1¢222U4E+8) T,6890E+00 3,0§12¢E+00 »1,0143E~22 98
102521E+@1 T47992E+08 2,936SE+R0 e§,n036ExA2 99
1¢2B2SE+QY  T.9092E¢PO 2,8545E+¢P3 ~9,8929E~03 100
1¢3128E¢38 B,715DE¢¥0Q 2,7662E+00 *»9,7143E=D3 191

Finally, coefficients ays al’ and a, were where coefficients 254 through a,c are given in

approximated by least-squares fitting to explicit Table 1IX. Coefficient a, can be calculated from

3
functions of Z: Eq. (53) in terms of ag, a;s and ay.
For forbidden unique transitions, the average
i i kinetic beta energy can again be calculated from
a, = a,.2 > (54) .
0 01 equations ]ljke (23) or (39) in terms of coeffi-
i=0 cients Ao, Al, and A2 or 2y a1 and 82. For exam-
ple, for first forbidden unique transitions, the
5 average kinetic beta energy can be calculated from
a, = E alizi , (55) Egqs. (1), (2),and (22) and the result, after a
good deal of algebra,ls
i=0
4
i
X
a, = a + a,,2 + a 22 :g;; Fi'o
2 20 21 22 x> = Xg — , (57)
- 2 :2 : i
+agjexp [ 824(2 - 825) ] . (56) quo
1=0



where

Iv.

specific nuclide is given by:

9

fos

Ay 4 B 4 Ay

15

1
50 (SAO + 7Al + 9A2)

105 (AO + 3Al + 6A2)

1 17
(Al +'—1:A

0+ A+ 4
3

3l

(=]
(=]

2
105 (A *+ 48,
A

—2
105

BETA SPECTRA

(S T " I S I -]

2)

)

(9A0 + llAl + 13A2)

Y (3A0 + 8Al + 15A2)

COEFFICIENTS FOR EQUATIONS 54 -~ 56

TABLE III

s

%01 811 824
3.3321E-02 9.6243E-01 1.3837E+00
4.4126E-02 1.5766E-02 ~6.9268E-03
9.3870E-05 4.3264E-04 ~3.8474E-04
4.8527E-06 1.1359E~07 6.0824E+00
2.6034E-08 3.8335E-08 2.8856E~04
— ~2.8872E-10 1.0401E+02
X
1+ 1
(58)
N, = E, N(X)dX,
(59) Xy
i=0, M, (68)
(60) where xi is the i-th group boundary kinetic energy
in electron rest energy units Eo, and M is the
number of groups. The spectrum can be constructed
(61) either by numerically integrating Eq. (68) M times
with the "exact" value of N(X) or by analytically
integrating Eq. (68) with the approximate value
(62) of N(X) as given by Eqs. (20) and (21). The
cumulative group spectrum of nuclide mixtures is
(63) given by:
J
Xj+1
S, = E (o} N.(X)dX,
. (64) 0 i f i
3=1
xi
, (65) i=0, M , (69)
where subscript j is the index of a specific
nuclide having atomic concentration Cj and J is
(66) the total number of nuclides involved.
(67) v. COMPARISONS AND DISCUSSION

The beta spectrum in a multigroup form for a

The results obtained by the new method, Eq.
(48), were compared with results obtained by
numerically integrating Eq. (12) with F(Z,W) given
by Eq. (8).

complex gamma function calculating routines and

The latter "exact" method has required

accurate numerical integration techniques. The
numerical integrations were performed with a

variable-grid Simpson routine permitting any



TABLE IV

AVERAGE BETA ENERGY COMPARISONS OF THE EXACT AND APPROXIMATE METHOD

Mux, B
z\l.“m:sy 101‘ eV 10S ev 106 eV

Evect Eq. (48) 7 Dif€. Exact Eq. (48) % Diff, Exact Eq. {(48) % DIiff.
21 2.514+03 2.521+03 0.251 2.720+04 2,697+04 0.851 3.703+05 3.731+05 0.754
26 2,513+03 2.518+03 0.196 2.6814+04 2.6764+04 0.202 3.653+05 3.661+05 0.219
31 2.513+03 2.517+03 0.143 2.658+04 2.661+C4 0.130 3.609+05 3.605+05 0.115
36 2.513+03 2,516+03 0.103 2.643+04 2.651+04 0.271 3.569+05 3.558+05 0.299
41 2.513+03 2.515+03 0.073 2.634+04 2.642+04 0.304 3.533405 3.519405 0.372
46 2.513403 2.514403 0.051 2.628+04 2.636+04 0.278 3.499+05 3.486+05 0.371
51 2.513+03 2.513403 0.034 2. 624404 2.630+04 0.224 3.468+05 3.456+05 0.327
56 2.512+03 2.513+03 0.020 2.621+04 2.625+04 0.157 3.438+05 3.429+05 0.270
61 2.512403 2,.512403 0.009 2.618+04 2.621+04 0.089 3.409+05 3.402+05 0.219
66 2,512+03 2.512+03 0.000 2.616+04 2.616+04 0.023 3.381+05 3.375+05 0.191
71 2.512+03 2.512+03 0.007 2.613+04 2.6124+04 0.038 3.353+05 3.347405 0.193
76 2.511+03 2.511+03 0.013 2.610+04 2.610+06 0.092 3.325+05 3.318405 0.227
81 2.511+03 2.511+03 0.018 2.607+04 2.604404 0.137 3.296+05 3.287+05 0.284
86 2,511+03 2.510+03 0.021 2.604+04 2.600+04 0.173 3.266+05 3.254+05 0.350
91 2.510+03 2.510+03 0.024 2.600+04 2.595+04 0.197 3.233+05 3.221+05 0.398
96 2.510+03 2.510+03 0.025 2.596+04 2.591+04 0.208 3.200+05 3.186+05 0.397

arbitrary user-required accuracy.

This method has

2. T. R. England, "An Investigation of Fission

proved quite tedious and very time-consuming by
comparison with Eq. (48) which can be easily im-
When Eq. (48)
was used with the coefficients given either by
fables I or II, or by Egqs. (54)-(56) and Table III,

plemented with a pocket calculator.

the calculated average kinetic beta energies were
found to be well within 1% of the exact values for
nuclides with atomic numbers in the range <20 to
»100 and for maximum kinetic beta energies of up
.o ~8 MeV (see Table IV), This range includes all
fission-product nuclides and the actinides. The
spectra calculated by this method are also very

good.
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