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BETA-ENERGY AVERAGING AND BETA SPECTRA

by

M. G. Stamatelatos and T. R. England

AESTRACT

‘-l-- “A simple yet highly accurate method for approximately calculating spec-
trum-averaged beta energies and beta spectra for radioactive nuclei is presen-
ted. This method should prove useful for users who wish to obtain accurate
answers without complicated calculations of Fermi functions, complex gamma
functions, and-time-consw.ingnumerical integrations as required by the more
exact theoretical expressions. Therefore, this method should be a good time-
saving alternative for investigators who need to make calculations involving
large numbers of nuclei (e.g., fission products) as well as for occasional
users interested in a restricted number of nuclides. The avexage beta-energy
values calculated by this method differ from those calculated by “exact”
methods by no more than 1% for nuclides with atomic numbers in the 20-100
range and which emit betas of energies up to --8 MeV. These include all fis-
sion products and the actinides, The beta-energy spectra calculated by the
present method are also of the same quality.

I. INTRODUCTION

The approximation discussed in this report waa

developed during studies of fission-product decay

properties but its usefulness ia not limited to fis-

sion products. Up until recently, because of lack

of sufficient data, many fission-product decay-heat

calculations were made by assigning some fixed

fraction (-1/3) of the ~- endpoint energy as aver-

age $- energy. With the increase in accuracy of

recent decay-heat experiments, the degree in

sophistication of theoretical calculations required

to compare with experiments has made such ballpark

estimates inadequate. Also, the continuous devel-

opment and improvement of evaluated fission-

product (ENDF/B-IV) datal has helped increase the

quality of average decay-energy calculations.

One of the simplest, yet fairly accurate

aPProximatfOns used for computing average beta ener-

gies in fission-product calculations is given in

Ref. (2). It was used Ln 1969 for data incorporated

in the CINDER code
2,3

and subsequently for most

ENDF/B-IV data.
1,4

Presented here is a superior

method not only for use with fission products but

also for a“ctinideswhere the older method partially

breaks down. The present method is quite accurate

for the entire atomic number range from 5 20 to

: 100 and for maximum beta energies up to . 8 MeV

agreeing with “exact” calculations to within 1%.

Also the spectra calculated by this method are very

good. In the course of developing the present meth–

od, we have calculated beta spectra and beta average

energies for all ENDF/B-IV fission-product nuclides

using the exact equations discussed below.

II. THEORETICAL BACKGROUND

Beta-decay theory has been in continuous devel-

opment since Fermi derived the first satisfactory
5

quantum mechanical theory. Therefore, a truly

exact theory does not exist and what is referred to

as exact in this report is the result of detailed

quantum mechanical solutions to Dirac’s equa~ion

for an electron in an electrostatic field. The sim-

ple expression derived below is an approximation to

the best available theoretical results that can be

used as a standard today and which are henceforth

referred to as “exact.”

1



The probability of beta emission with total

relativistic energy, in electron rest energy unita,

between W and W + dW is
6,7

N(Z,W) = CIM[2F(Z,W)K(W) W~fi(WO-W)2, (1)

where

F(Z,W) =electron density ratio

C = a constant

IM12 = the square modulus of the transition

matrix element

WO maximum value of W

K(W) = shape factor .

For allowed transitions, K(W) is equal to unity.

For first, second, and third forbidden unique tran-

sitions, respectively, the shape factor is given

by the following expressions

K1(W) = (W2-1) + (WO-W)2 , (2)

K2(W) = (W2-1)2 + (WO-W)4 +f(W2-l) (WO-W)2,(3)

K3(W) = (F-1)3 + (WO-W)6

[ 1+ 7 (W2-l)(WO-W)2 (wZ-l) + (WO-W)2. :4)

The electron density ratio, also referred to

aa the Fermi function F(Z,W),can be obtained by

solving the non-relativistic (Schr6dinger)or the

relativistic (Dirac) equation for an electron in the

electrostatic field of the nucleus. The Schr;dinger

equation for an electron in the point-charge field

of a nucleus Ze2/r yields the non-relativistic

expression:

FN(Z,W) =
2ry

~_e-2?ly ‘

where

y-w. k’
e2 1

a=rc ’i57

The corresponding

F(Z,W) iS:

= fine structure constant .

relativistic expression for

(5)

(6)

(7)

4(1 +;)

()

2a
FR(Z,W) =

[r(3+2a)12 R
eny (l?-l)s

xlr(li-5+iy)12 ,

.=--l s

A =~=
mc

386 x 10-13cm ,
c

e

(8)

(9)

(lo)

(12)

= the rationalized Compton wavelength of

an electron.

A good expression for R, the nuclear radius, in

terms of the maas number was given by Eltong aa

R = (1.123A1’3 - 0.941A-1’3) x 10-13cm . (11)

The spectrum-averaged beta kinetic energy ia

given by

J
‘o

NW (W)dW

<w-l> = 1
–1 .

J

‘o
N(W)dW

1

F(Z,W), as given by Eq. (8), makes Eq. (12) inte-

grable only by numerical techniques. For the

sake of simplicity and expediency, it is desirable

to have an analytically integrable form of F(Z,W)

which produces the probability of the W distribution

and average values of (W-1) in close agreement with

those obtainable from Eq. (8). Such a form, men-

tioned above, has been used earlier in the CINDER

code with success for average energies and alao for

ENDF/B-IV data.
1,4

In essence, this approximation

uses a simplified non-relativistic expression for

F(Z,W):

F(Z,W) = 2Try . (13)

When Eqs. (13), (l), and (12) are combined, one
2

obtains, after some algebra:



where

<w–l> =

6
‘o

- 2W05 + 5W02 -6WO+2
(14)

2(Wos - 10W02
,

+ 15w0 - 6)

or in terms of kinetic energy in units of electron
1

rest energy, X:

2
‘o

+4XO+5
<x> = x

0 2(X; + 5X0 +10)
, (15)

where X. is the maximum value of X. We have found

Eqs. (14) and (15) to be accurate for fission

products to within 3% of the exact value but the

average energies depart considerably from the

exact values in the actinide region. Also, the

spectra calculated with this method are not

satisfactory.

Other approximations have also been investi-
10

gated, like, for example, the Bethe-Bather

approximation to [r(l + s + iy)[2:

Ir(l+s +iy)12 =-Ir(l + iyj12 (Y2 +*)S

11s.—
4 . (16)

This expression avoids complex gamma function cal-

culation but still requires numerical integration

Of Eq. (12).

Another approximateexpression of F(Z,W)

which avoids complex gamma function calculations

but still requires numerical integration of

Eq. (12) was given by Hall:ll

4(1 +;)
F(Z,W) =

2R 2s

()lr(3+2s)12 T

x exp
{
21$y- 2(s + 1) +

S+l

}
, (17)

(j[(.9+ 1)2 +y2]

()6+1
$ =arctan _ ,

Y
(18)

III. A NEW APPROXIMATE METHOD

After numerous attempts with the varioua

available approximations, we have found that we

can approximate the following product of math-

ematicallycomplicated functions by a second

order polynomial, i.e.,

= AO(Z) +A1(Z)W +A2(Z)W2 , (19)

In terms of this approximation, Eq. (1) becomes

()

2s
N(W) = CIM12 ~ n(W) ,

c
(20)

where

n(W) = (A. + AIW + A2W2) W (W. – W)2K(W).

(21)

We can now write the average kinetic beta energy

as

r
o

<w_ ~,= 1 Wn(w)dw

r

-1 ,
0

1
n(W)dW

which can be analytically integrated to give

for an allowed transition,
.
I

r i

=0
‘iwo

<w–l> =
6 9

z Ciwoi
i= O

where

‘o ‘1 ‘2
‘O=5+%+G ‘

‘o ‘1 ‘2
B1.-(T+fi+i5) ,

(22)

(23)

(24)

(25)
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‘o ‘1 ‘2
B2=F+~+~

s
‘1 ‘2

Q2 ‘Z6+Z6 ‘ (42)(26)

(27)

A.

Q3 ‘k
(43)

B3=0

‘O+ A1+A2
‘o = 3 > (44)

‘o
‘4 =-Z

(28)

(29)

,
‘o ‘1 ‘2

P1=E+F-+T n (45)

B .AO -*1
5 30 s ‘1 ‘2

‘2”m+fi s (46)

‘1 - ‘-2
B6 = GO >

‘2
‘7 ’17X s

co=-
(

‘o ‘1 ‘2~+r+— )
61’

‘o ‘1 =2.—+—+ —,
c1 3 2 5

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

P3=6
(47)

Further simplification in terms of the number

of coefficients required results when (X) is written

in the following form

5a. + 4alXo + a2X02 + 8a3X03
<p.x

“)

10aQ + 5a1XQ + a2X02 + 7a3X03 ‘

(48)(‘o Al+> )c2=-~+3 4 ‘

where
C3=0 ,

s

s

.

a.
=AO+A1+.A2 , (49)

‘o
C4 ‘=

‘o
3A2

al =
~+A1+~ (50)

*
‘1

Cs=m

‘2
c6=~

a2
=A1+3A2 , (51)

When A. =A2=OandA1= 1, Eq. (23) reduces,

as expected, to Eq. (14).

Alternately, Eq. (23) can be expressed

in terms of kinetic energy in meC2 units:

A2
a3=fi “

(52)

Actually, a3 is a redundant coefficient because

a. + a2-2a1

a3 = 12
. (53)3

z
QiXO’

<x>= x i=O
’33

7 (39)

Eq. (48) can be easily calculated even on a pocket

calculator provided the ai coefficients or the

Ai coefficients are known as a function of the

atomic number Z.

The coefficients Ao, Al, and A2 were least-

squares fitted as a function of Z and the results

are shown in Table I. Coefficients ao, al, a2,

and ax can, of course, be calculated from Ao, Al ,

and A2 using Eqs. (49) to (52). The results
are given, for convenience, in Table II.

z i
‘ixo

i= o

where

Q. =
Aoi-%+A2

12 ,

Q1
‘o ‘1 ‘2

“m+E+m ‘

(40)

(41)
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3
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7
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I,9581E+E40 -9,7357E-03

l,96@7E+30 v9,65L3@EP03
l,85?5E+t10 -7,8929E-L33
l,8572E+0@ -7,7571F-03
$,82U3F+12ti *7,11a7E~03
l,801BE+130 ‘6,4814E-03
!,7855E+0k3 v5,9B79E-~3
i,7930E+L30 *5,8a95E-03
l,7740E+Q0 ‘5,2607E-@3
l,7816F+E10 -5,B814E-@3
l,7744E+~ti -0,b88k!E*03
l,783iE+00 -~84979F-03
l,79!@E+0tj -0q3i393E-03
l,80@lEtf!a -U,l164E-03
l,8093Eti20 -3,9214E=03
1,8185E+NV -3,7257EP03
l,8287E+@0 -3,53’77E-03
l,8387E+00 ~3,34fiBE-03
l,85P”?E+8@ -3,15ai3E-03
l,8679F+0U -3,0493E-03
l,87Q6E+@0 V288664E-03
1,9B2uE+c33 -2,81~0E*03
l,923VE+0kl ●2,7371E-k73
l,9426E+@Q =2V6529EVO$
l,9625E+f10 PI?,5593EF03

l,9642E+tf0 ‘?,4943E-@3
2,t1077E+@0 -2,436UEwB3
2,U3L38E+00 =2,3857E-03
2,1ii556E+!3kJ -2,34Z1E-B3
2,0811E+a0 *2,3@79Ev03
2,1062E+130 *2,2807Ev0~
2,132fJE+i30 ~2025?\E-03
2,1599E+00 -2824i4ET03
2,1B80E+0tI v2,2371E-93
2,2169E+@@ -2,24fi7EP03
2,2454E+00 v2,2514E-B3
2,2757E+I?ci -2,26R6E*B3
2,3057E+Bu -2,2936E-03
2,3373E+@0 *2,3257Ew~3
2,3687E+0ti ‘2,3650EP03
2,3997E+PB ~2,tJl14E~05
2,4325E+tiZI -2,06SOE-03
2,56U9E+(3B *2,5257E-03
i?,498jE+k18 ‘2e5Q36E-03
2,5319E+0il *2,6679E-B3
2,5655E+f10 v2,7500E*U~
2,5998E+00 *2,R386E*03
2,65f18EtfIU ●2,Q343FP03
2,6694E+00 *3,C137iEW0s
2,7k138E+n0 w3,1464Ew03
2,73~oE+f18 T3,2621E-03
2,7738E+0k3 T3,3850E-03
2,8DQ4E+(10 -3,5jiJ3E-(33
.2,8~37E+20 -3,65n8Evf13
2,8738E+0d w3,79t!7E-03
2,9135E+P8 V3tQ3’33EW03
2,9L19JE+E0 w4tL1936E-B3
2,Q833E+08 -u,25~3E-03
3,z174E+fiti ‘0,U2?18E-B3
3,05!2E+(30 -~,59\4Ew83
3,t3847E+E0 ‘0,768bE-P/J
3,!l&31E+ua wL!,Q5BklE-flS
3,15f13E+(i8 *5,j364E*03
3,18i2E+0ti P5,5279E-B3
3,.213kIE+0d -5e522’?E-~3
3,2427E+00 -5,7214E-(33

:
3

:
b
7
B

J
11
12
13
14

::
17
18
19

;;
2’2
23
24
2s
2’0
Z7
28
29
30

::
33
34
35

:!
38
39
48

:;
43
44
45
46
47
a8
49
50
51
32
53
54
55
56
57
58
59
60
61
62
63
64
65
66



TABLE ~1
(C ONTINIJATJOI{)

a. a2 a3
z

“-m ---.--.” “*”” W..--.” . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . “

5,391 j?+ofl
5,5462 E+tlu
5,7043E+00
5,8b63E+f10
6,032uE+fi0
6,2tI?4E+cj@
6@3761JE+@a
6C5554E+08
6,737!jE+LIti
6,9235E+@0
7e1146E+0@
7,3087E+Bkl
7,5B89E+@0
7,7131E+0a
7,9214E+@@

8,!359E+0L4
8,3534E+@0
8,57baE+oa
8,8f155E+@0
9,0S67E+00
9,27SaE+t10
Ve5162E+@0
9,7643E+@0
lmUkIIBE+nl
l,a276E+Ul
j,0539E+Pl
l,Flt30flKt01
1,1u80E+01
!,!359E+o;
!,1642E+01
1,1931E+01
1,22Z4E+01
!,2521E+fll
f,28251Z+G31
l,3128Et!zI~

#,3731E+00
4,U663E+00
U,5EJ99E+0ti
4,6555E+130
fJ,752jE+B0
4,8501E+(31J
UV9U96E+00
50125116E+00
5,1522E+E4B
S,25ti7E+B$J
5,35i19EtokJ
5,463BE+~0
5,5693E+00
S,676jE+0ti
5,7836E+0u
5,8933E+@0
6,0iJ26E+00
6,!125E+flk3
6,.2.2J7E+D0
6,335flE+00
6,447aE+flLI
6,5588E+@0
6,6735E+0@
6,7d66E+f10
6,9cPZIE+r?kl
7,@138E+0kI
7,f270E+00
7,2402E+P0
7,3529E+@0
7,4655E+00
7,5777E+00
7,689tiE+00
7,79912E+f10
7,90QZE+B0
8,0~50Et00

3,2722E+00 ‘5,Q243E-03
3e5Q@6E+03 -6, !zq3E-f13
3,3268E+0i! v6,3371Ev@3
3,3538E+135 -6~5Li71E-OS
3,S772F+03 v6,756UE-@3
3,40V13E+@0 -6.97flUE-@3
3,4222F+BB 07,1857E-@3
3,4422E+ULI ‘7,4k3fii3Eu03
3,46615Et@0 -7,6U71E-P3
3,U765E+flIJ v7,8214E-133
3,U9F18E+(a0 ‘8,f12U6E~@~
3,5@2\E+t0 ‘8,2357E-Q3
3,5117E+R8 v8,4357F-f13
S,5183E+(IQ F8,6357E-03
3,5222E+@0 ●8,82F!6E-03
3,52U7E+f10 ‘9.(3B71E-B3
3,5232F+i?@ ~9,1857Ev03
3g5182E+0d *9,3571Ew03
3,5055E+FIFI ‘9,4643E-03
3@4981E+PB -9.6643E~03
3,482tiE+clij ~9,7857E-03
3,fJ626E+0kj -9,9\U3E-03
3,u419E+@kj Fl,@b90E-02
3,u133E+flB Pl,@136E-02
3,3810E+c31zI ~l,0z14E-f12
3,3446E+0k! ‘!,0Z71E-@2
3,302jE+Ftl Tl,C1387Ee02
3,2555E+oL! ~l,@321E’*P2
3,Z0ZBE+f10 ‘l,031UE-02
3,1450E+00 vl,02U6E-Gi2
3,0t!14E+@u ‘l,0229E-02
3,0~20E+00 nl,CI143E*02
2,9365E+f10 Fl,~036E-f12
2,854SE+0il -9c8929E-03
2,7660E+00 ~9,7\u3E-03

67
68
69
7Q
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

lcln
Ial

Finally, coefficients ao, al, and a2 were where coefficients aO. through a25 are given in

Table III. Coefficient a3 can be calculated fromapproximated by least-squares fitting to explicit

functions of Z: Eq. (53) in terms of ao, al, and a2.

For forbidden unique transitions, the average
4

kinetic beta energy can again be calculated fromz i
a. = aOiz ‘

(54)

i=O

eqUatiOnS like (23) or (39) in terms of coeffi-

cients Ao> Al, and A or a
2 o’ al‘

and a
2.

For exsm-

ple, for first forbidden unique transitions, the

average kinetic beta energy can be calculated from5

E i
al = aliz ‘

(55)
Eqs. (1), (2),and (22) and the result, after a

good deal of algebra,is
i=o

4

x
i

Pi50

<x> = x
i=o

04 9 (57)

z
qlx.o=

1=0

2
az = azo + azlz + a22z

+a23exp
[ 1
-a24(z - a25)2 , (56)



TABLE III

COEFFICIENTS FOR EQUATIONS .54- 56

~ aoi ali a?i

6 3.3321E-02 9.6243E-01 1.3837E+O0

1 4,4126E-02 1.5766E-02 -6.9268E-03

2 9.3870E-05 4.3264E-04 -3.8474E-04

3 4.8527E-06 1.1359E-07 6.0824E+O0

4 2.6034E-08 3.8335E-08 2.8856E-04

5 — -2.8872E-1O 1.0401E+02

where

‘O+*1+A2
P. = 15 $

PI =& (5A0 + 7Al + 9A2) ,

2p2=—
105 (~ + 3*1 + 6A2) ,

1
P3 ‘fi(*1+~2) ,

A2

P4=~ )

‘O+%+A2
q. = 6

ql =; (9A0 + lIA1

,

+ 13A2) ,

qz =6 (3A0 + 8A1+ 15A2) ,

q3 ‘~ (*1 + 4A2) ,

‘2
qk=~ .

Iv. BETA SPECTEA

The beta spectrum in a multigroup form for a

specific nuclide is given by:

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

“i + 1

Ni = E.
\

N(X)&,

xi

i- O, M , (68)

where X~ is the i-th group boundary kinetic energy

in electron rest energy units ‘o‘ and U is the

number of groups. The spectrum can be constructed

either by numerically integrating Eq. (68) M times

with the “exact” value of N(X) or by analytically

integrating Eq. (68) with the approximate value

of N(X) as given

cumulative group

given by:

j=l

i=o,l’4

by Eqs. (20) and (21). The

spectrum of nuclide mixtures is

x.

1

1+1

c~
Nj(X)d&

‘i

7 (69)

where subscript j is the index of a specific

nuclide having atomic concentration C
j
and J ia

the total number of nuclides involved.

v. COMPARISONS AND DISCUSSION

The results obtained by the new method, Eq.

(48), were compared with results obtained by

numerically integrating Eq. (12) with F(Z,W) given

by Eq. (8). The latter “exact” method has required

complex gamma function calculating routines and

accurate numerical integration techniques. The

numerical integrations were performed with a

variable-grid Simpson routine permitting any



Mix. B-

2=

21

26

31

36

41

46

51

56

61

66

71

76

81

86

91

96

AVERAGE BETA ENERGY

104 eV

TABLE

COMPARISONS OF

IV

THE EXACT AND APPROXIMA’rflMETHOD

Enmt

2.514+03

2,513+03

2.513+03

2.513+03

2.513+03

2.513+03

2.513+03

2.512+03

2.512+03

2.512+03

2.512+03

2.511+03

2.511+03

2.511+03

2.51O+O3

2.510+03

E3d4!!Q
2.521+03

2.518+03

2.517+03

2.516+03

2.515+03

2.514+03

2.513+03

2.513+03

2.512+03

2.512+03

2.512+03

2.511+03

2.511+03

2.51OH33

2.510+03

2.510t03

Z Di.ff.

0.251

0.196

0.143

0.103

0.073

0.051

0.034

0.020

0.009

0.000

0.007

0.013

0.018

0.021

0.024

0.025

105 eV—
Exact

2.72W04

2.681+04

2.658+04

2.643+04

2.634+o4

2.628+04

2.624+04

2.621+04

2.618+04

2.616+04

2.613+04

2.610+04

2.607+04

2.604+04

2.600+04

2.596+04

arbitrary user-required accuracy. This method has

proved quite tedious and very time-consumingby

comparison with Eq. (48) which can be easily im-

plemented with a pocket calculator. When Eq. (48)

was used with the coefficients given either by

~CablesI or II, or by Eqs. (54)-(56) and Table III,

the calculated average kinetic beta energies were

found to be well within 1% of the exact values for

nuclides with atomic numbers in the range s20 to

L1OO and for maximum kinetic be”taenergies of up

to -8 MeV (see Table LV), This range includes all

fission-product nuclides and the actinides. The

spectra calculated by this method are also very

good.
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