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Abstract

We present the NNDC-BNL methodology for estimating neutron cross section covariances in
thermal, resolved resonance, unresolved resonance and fast neutron regions. The three key el-
ements of the methodology are Atlas of Neutron Resonances, nuclear reaction code EMPIRE,
and the Bayesian code implementing Kalman filter concept. The covariance data processing,
visualization and distribution capabilities are integral components of the NNDC methodol-
ogy. We illustrate its application on examples including relatively detailed evaluation of
covariances for two individual nuclei and massive production of simple covariance estimates
for 307 materials. Certain peculiarities regarding evaluation of covariances for resolved res-
onances and the consistency between resonance parameter uncertainties and thermal cross
section uncertainties are also discussed.



Summary

Covariances play important role in GNEP data adjustment project aiming to produce nu-
clear data library that should be used for all future neutronics simulations needed to develop
fast, Advanced Burner Reactor. The present document is a FY2008 milestone level 3 report
prepared by Brookhaven National Laboratory that leads GNEP covariance effort.

We provide summary of the National Nuclear Data Center (NNDC) methodology for gen-
erating neutron cross section covariances. Extensive activities regarding various aspects of
covariances have been carried out at the NNDC during the last year. Comprehensive ap-
proach adopted at the NNDC covers all essential steps that have to be performed in order to
provide reliable covariances to end users. These steps include: (i) estimation of covariances
using experimental data and nuclear reaction theory, (ii) storing covariances in the ENDF-6
format and processing them into the desired group structure, (iii) visualization of uncertain-
ties and correlations for verification and eventual comparison with other available estimates,
(iv) distribution through the NNDC web portal. This report provides a detailed description
of the NNDC covariance methodology as reported in seven papers/reports published in 2008
and attached here as Appendices.

Below we summarize salient points of these seven FY 2008 papers and reports:

EMPIRE code system - the NNDC has extended the EMPIRE code system to enable
estimating covariances in the thermal, resonance and fast neutron ranges, as described
in Appendix A. The Atlas of Neutron Resonances by Mughabghab is used as a pri-
mary source of information on uncertainties at low energies. The resulting resonance
parameter covariances are formatted in the ENDF-6 File 32, which allows to generate
cross sections covariances on any energy grid. In the fast neutron range our method-
ology is based on sensitivity calculations in the frame of various reaction models that
are contained in the EMPIRE code. These sensitivity matrices are used in the de-
terministic Kalman filter approach, which also allows to combine theory constraints
with experimental data. We compare this approach with the stochastic Monte Carlo
method, also available in the EMPIRE code system, and find that the two procedures
yield comparable results. In the same paper, we discuss a long-standing issue of un-
reasonably low uncertainties that result from certain Bayesian analyzes and we point
to the rigidity of a reaction model as one of the reasons. These finding, together with
the better understanding of cross correlations between different experiments, should
ensure reasonable magnitude of uncertainties in all cases.

Consistency between thermal and resonance region - particular attention has been
dedicated to the consistency of uncertainties for resonance parameters with the uncer-
tainty of the thermal cross sections. Often, the latter ones are very accurately measured
and propagating uncertainties of resonance parameters to the thermal region results in
a severe overestimation of the thermal cross section uncertainties. The opposite cases
are rare but do happen. To address this problem, a study presented in Appendix B

was initiated to achieve consistency for 15 actinides and 21 structural and coolant
moderator materials. This was realized by assigning uncertainties to the parameters of
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the negative-energy resonances and changing, if necessary, significantly the uncertain-
ties of the low-lying positive-energy resonances. The influence of correlations between
parameters on the derived uncertainties is examined and discussed in Appendix A.

Analysis of cross section covariances in the resolved resonance region - is presented
in Appendix C. In this work we studied how cross section uncertainties are affected by
the uncertainties of specific resonance parameters and their correlations. It turns out
that uncertainties of neutron-, radiative- and fission-widths are important, while the
uncertainties of resonance energies can be effectively neglected. We conclude that,
whenever possible, the correlations between neutron and radiative (fission) widths
should be taken into account. In general, however, there is no unambiguous way
of deducing these correlations from the Atlas of Neutron Resonances.

Examples of covariance estimates - examples of the practical application of the devel-
oped covariance methodology are given in Appendices D and E. In the former, we
describe estimates of neutron cross section covariances for 55Mn and 90Zr, in the full
energy range, considering the most important reaction channels, total, elastic, inelas-
tic, capture, and (n,2n). The experimental data were analyzed and both statistical and
systematic uncertainties were extracted from almost 30 selected experiments. The sen-
sitivity to model parameters was calculated by perturbation of parameters that define
the optical model potential, nuclear level densities and strength of the pre-equilibrium
emission. Then, the Bayesian code KALMAN was used to combine the sensitivity
analysis and the experiments.

In another work, described in Appendix E, we generated, for the first time, a very
comprehensive set of model based estimates of cross section covariance data in the
neutron energy range of 5 keV - 20 MeV. The covariance matrices were obtained for
307 materials, from 19F to 209Bi. Taking into account the large number of materials
studied, all of them were calculated using the same reaction models, default model
parameters and the same model parameters were varied to obtain sensitivity matrices.
Experimental data were consulted occasionally, only to guide the selection of global
uncertainties of model parameters.

Processing covariances - our efforts related to processing covariance data in the ENDF-6
format are described in Appendix F. The NNDC is using both available processing
codes, PUFF-IV (ORNL) and NJOY-99.259 (LANL), to process all new covariance
data. This step is considered to be a part of the Quality Assurance procedure, which
ensures that the new evaluations can be used in transport calculations. It allows also
for a visual inspection of uncertainties and correlation matrices that, otherwise, could
not easily be checked neither by the evaluators nor by the users.

Visualization of covariances - the NNDC is striving to provide users with an easy access
to the covariances in the evaluated nuclear data files through the NNDC web services.
To this end we are developing a new retrieval system called SIGMA. The most recent
version of SIGMA is capable of plotting cross section covariances in addition to their
retrieval. The details are reported in Appendix G.
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The nuclear reaction code EMPIRE has been extended to provide evaluation capabilities for neutron cross
section covariances in the thermal, resolved resonance, unresolved resonance and fast neutron regions. The
Atlas of Neutron Resonances by Mughabghab is used as a primary source of information on uncertainties at
low energies. Care is taken to ensure consistency among the resonance parameter uncertainties and those for
thermal cross sections. The resulting resonance parametercovariances are formatted in the ENDF-6 File 32.

In the fast neutron range our methodology is based on model calculations with the code EMPIRE combined
with experimental data through several available approaches. The model-based covariances can be obtained
using deterministic (Kalman) or stochastic (Monte Carlo) propagation of model parameter uncertainties. We
show that these two procedures yield comparable results. The Kalman filter and/or the generalized least square
fitting procedures are employed to incorporate experimental information. We compare the two approaches
analyzing results for the major reaction channels on89Y. We also discuss a long-standing issue of unreasonably
low uncertainties and link it to the rigidity of the model.

I. INTRODUCTION

In recent years there has been an increasing demand from
nuclear research, industry, safety and regulatory bodies for
best estimate predictions of system performance, such as the
design and operational parameters of nuclear reactors, to be
provided with their confidence bounds. Estimates of the accu-
racy of predictions of such integral quantities can be obtained
through the propagation of uncertainties in microscopic eval-
uated neutron cross section data.

A methodology for evaluating cross section covariance data
has therefore been developed within the EMPIRE code sys-
tem. The methodology covers the thermal energy, resolved
resonance, unresolved resonance and fast neutron regions and
builds on the following major components:

• Nuclear reaction model code EMPIRE [1]

• Atlas of Neutron Resonances [2]

• Kalman filter code [3] and Monte Carlo sampling [4].

The EMPIRE code is a key element in a broader effort pursued
by the NNDC in developing covariance capabilities. This ef-
fort, that started with covariances in the fast neutron region,
currently covers also the resonance region and extends to co-
variance visualization [5] and processing [6].

EMPIRE provides a natural environment for implement-
ing the covariance evaluation capabilities. It is built around
a physics core designed for modeling low- to-intermediate-
energy nuclear reactions. It incorporates an extensive setof
nuclear reaction models able to describe all relevant reaction
mechanisms, each of them conveniently coupled to the up-to-
date library of input model parameters [7]. The code is also
suitable for massive calculations, is easy to use, has readily
available default input values for all parameters, and is ap-
plicable to a wide range of target nuclei and incident neutron
energies from about 1 keV to 150 MeV. Results may be stored

in ENDF-6 format and subsequently plotted against experi-
mental data for verification.

EMPIRE now includes a newly-developed resonance mod-
ule that extends its covariance capability to the thermal and
resonance ranges. The module utilizes the recently published
Atlas of Neutron Resonances [2], a monumental work by S.F.
Mughabghab containing the resonance parameters frequently
adopted by many evaluations in major evaluated data libraries.
The resonance module contains an electronic version of these
resonance parameters along with modernized versions of the
legacy codes used to develop and maintain the Atlas. In ad-
dition, the Atlas contains parameter uncertainties and theres-
onance module was extended to utilize this information for
producing covariances in the thermal and epithermal regions.

The generation of covariances at the NNDC is based on
the deterministic Kalman filter technique, which is used in
the thermal and resonance range as well as in the fast neu-
tron range. The IAEA developers, who work only in the
fast region, opted for the stochastic Monte Carlo (MC) pro-
cedure to generate the model-prior, coupled to the general-
ized least-squares code GANDR [8] to include the experi-
mental data. There are several fundamental and operational
differences between the two methods. MC propagates un-
certainties of model parameters by means of random sam-
pling while deterministic propagation of uncertainties, using
the first-order Taylor expansion, is used in the Kalman ap-
proach. Accordingly, higher-order effects are included inMC
but not in Kalman. The two approaches currently also differ
regarding treatment of experimental data; it is naturally in-
cluded in Kalman whereas a generalized least squares code
GANDR must be run with the MC generated model-based
prior as input.

The paper is organized as follows. In Chapter II we describe
covariance methodology. Then, in Chapter III we discuss the
resonance region, followed by Chapter IV devoted to fast neu-
trons. In Chapter V we summarize our covariance evaluations.



II COVARIANCE METHODOLOGY IN EMPIRE A EMPIRE-KALMAN approach

Conclusions are given in Chapter VI.

II. COVARIANCE METHODOLOGY IN EMPIRE

A. EMPIRE-KALMAN approach

The Kalman filter technique is used both in the resonance
and in the fast neutron region. It is based on minimum vari-
ance estimation and naturally combines covariances of model
parameters, of experimental data and of cross sections. This
universality is a major advantage of the method. KALMAN
uses measurements along with their uncertainties to constrain
covariances of the model parameters via the sensitivity matrix.
Then, the final cross section covariances are calculated from
the updated covariances for model parameters. This proce-
dure consistently accounts for the experimental uncertainties
and the uncertainties of the model parameters ensuring that
the final cross section uncertainties are at least as good as the
smaller of the two. We emphasize that under the term ‘reac-
tion model’ we mean also the resonance region described by
models such as the Multi-Level Breit-Wigner formalism.

The key ingredient of the method is the sensitivity matrix,
which represents complex nuclear reaction calculations. If we
denote the combination of nuclear reaction models as an oper-
atorM̂ that transforms the vector of model parametersp into a
vector of cross sectionsσ(p) for a specific reaction channel,
then the sensitivity matrixS can be interpreted as the linear
term in the expansion of the operatorM̂,

M̂p = σ(p)

M̂(p + δp) = σ(p) + Sδp + . . . (1)

We use ‘hat’ to stress that̂M is the operator rather than a
matrix. In practice, the elementssi,j of the sensitivity matrix
are calculated numerically as partial derivatives of the cross
sectionsσ at the energyEi with respect to the parameterpj,

si,j =
∂σ(Ei,p)

∂pj

. (2)

In case of covariance determination, the initial values of the
parameters,p1, are already optimized,i.e., when used in
the model calculations they provide the evaluated cross sec-
tions. Their covariance matrixP1 is assumed to be diagonal
while the uncertainties of the parameters are estimated using
systematics, independent measurements or educated guesses.
The model-based covariance matrix (prior) for the cross sec-
tions,C1, can be obtained through a simple error propagation
formula,

C1 = SP1S
T , (3)

where superscript T indicates a transposed matrix.
The experimental data, if available, are included through a

sequential update of the parameter vectorp and the related

covariance matrixP as

pn+1 = pn + PnSTQn(σexp
n − σ(pn))

(4)

Pn+1 = Pn − PnSTQnSPn .

Here,

Qn = (Cn + Cexp
n )−1 , (5)

n denotes thenth step in the evaluation process related to the
sequential inclusion of thenth experimental data set, vector
pn+1 contains the improved values of the parameters start-
ing from the vectorpn, andPn+1 is the updated covariance
matrix of the parameterspn+1. TheC

exp
n is the cross section

covariance matrix for thenth experiment. The updated (pos-
terior) covariance matrix for the cross sections is obtained by
replacingP1 with Pn+1 in Eq. (3),

Cn+1 = SPn+1S
T . (6)

The updating procedure described above is often called
Bayesian, although Eqs. (4-6) can be derived without any ref-
erence to the Bayes theorem as shown in Ref. [9].

The experimental covariance matrix,C
exp
n , is usually non-

diagonal, due to the correlations among various energy points
Ei. Assuming that systematic experimental uncertainties are
fully correlated, the matrix elements are expressed through
the statistical,∆staσ

exp
n , and systematic,∆sysσ

exp
n , experimen-

tal uncertainties. This yields

nc
exp
i,i = (∆staσexp

n (Ei))
2 + (∆staσexp

n (Ei))
2 (7)

and, fori 6= k,

nc
exp
i,k = ∆sysσexp

n (Ei) × ∆sysσexp
n (Ek) . (8)

An important technical issue, which has to be addressed in
most of the covariance methods, is ensuring that the energy
grid, Ei, for the model calculations and experimental data is
the same to enable matrix operations in Eqs. (4-6). In the
KALMAN code this is achieved by bi-spline interpolation of
model cross sections and sensitivity matrices.

The above description can easily be generalized to account
for correlations among different experiments. To this end one
should construct a single vector containing all experimental
points and the related covariance matrix, which now may con-
tain blocks correlating different experiments. Only one update
is needed in such a case but the covariance matrices are much
bigger (in the current implementation of the Kalman filter the
model-based covariance matrix is expanded to match the ex-
perimental one).

The quality and consistency of the evaluated cross sections
can be assessed by scalar quantity

χ2 =
∑

n

(σexp
n − σ(pfin))

T(Cexp
n )−1(σexp

n − σ(pfin)) , (9)

wherepfin is the final set of model parameters. A value of
χ2 per degree of freedom exceeding unity indicates underes-
timation of the evaluated uncertainties. It is a fairly common
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III RESONANCE REGION B EMPIRE-MC approach

practice to multiply such uncertainties by a square root ofχ2

per degree of freedom to address this issue.
The evaluator may choose to perform a sequential update

using experimental data for several/all reactions or just for a
single one. In the former case, all considered reactions are
correlated and unique set of parameters along with the related
covariance matrix are produced. On the other hand, poor ex-
perimental data in one reaction channel can negatively influ-
ence predictions for other channels.

We note that EMPIRE-KALMAN system is a general and
powerful tool for evaluation of nuclear reactions. In addition
to covariance calculations it may also be used to adjust model
parameters to reproduce experimental cross sections and other
observables within the selected reaction models and initial un-
certainties of model parameters. Therefore, the Kalman filter
can be used throughout the whole evaluation procedure to en-
sure consistency between cross sections, model parameters,
and related covariance matrices.

B. EMPIRE-MC approach

The Monte-Carlo (MC) method is used in EMPIRE only
in the fast neutron region. Its application to determination of
covariances for the nuclear reaction observables is very trans-
parent [4]. First, model input parameters that play a significant
role in defining reaction observables of interest are identified.
Then, the EMPIRE code is run a number of times with rel-
evant input parameters being drawn randomly within the as-
sumed limits around the central (optimal) values of the param-
eters. Typically, a flat distribution is used for drawing butthere
is also a provision for the Gaussian one. Each such calculation
covers the desired incident energy range and produces full set
of cross sections, spectra, angular distributions and other ob-
servables. Standard statistical methods are used to obtainco-
variances for the calculated quantities automatically including
cross-reactions correlations. The same approach can also be
used for estimating cross-correlations between any two quan-
tities.

The MC calculations are conceptually straightforward and
free of certain simplifying assumptions,e.g., the assumption
of a linear response of the observables to the variation of pa-
rameters, which is inherent in the KALMAN method. There is
no need for a preliminary sensitivity calculation and the com-
puting time is independent of the employed number of model
parameters. These advantages come at a price - the number
of required calculations is in the range of hundreds and the
convergence of the results has to be demonstrated.

The standard implementation of the MC method has no pro-
vision for incorporating experimental data; the uncertainties
and correlations depend only on the assumed uncertainties of
the model parameters. However, the so-obtained covariance
matrix can be used as a prior in a full analysis by the general-
ized least-squares method, taking experimental data and their
uncertainties rigorously into account,e.g., the GANDR sys-
tem had been used in recent IAEA evaluations. Furthermore,
the model-based covariances obtained with the MC method
constitute a reliable benchmark for validating the faster but

FIG. 1: Graphic user interface (GUI) of the EMPIRE resonancemod-
ule. The buttons for covariance calculations are in the lower part.

linear-model calculations with KALMAN code.

III. RESONANCE REGION

A. EMPIRE resonance module

A new module for evaluating neutron cross sections in the
resonance region automates most of the evaluation procedures
and can be executed within EMPIRE or as a stand-alone pro-
gram. It includes a graphic user interface (see Fig. 1) and
a number of codes and scripts that read individual, as well
as average, resonance parameters from the Atlas of Neutron
Resonances [2] and other physical constants from RIPL-2 [7].
This allows performing a statistical analysis of the available
resonances and computing cross sections in the resolved and
unresolved resonance regions which are then compared with
experimental data. The module also provides an ENDF-6 for-
matted file for a resonance region and various plots for verify-
ing the procedure.

The PTANAL and WRIURR codes [10] constitute the com-
putational core of the module. PTANAL assigns missing
angular momentum and spin values to resonances using the
Bayesian method and a random assignment method, respec-
tively. It also assigns the mean radiative width to resonances
with unknownΓγ . In addition, the reduced resonance widths
are analyzed and fit with the Porter-Thomas distribution. The
WRIURR code, starting from the Atlas values, constructs en-
ergy dependent average resonance parameters for the unre-
solved region and stores them in ENDF-6 format. All these
tasks are executed with simple mouse clicks.

The reader is referred to Ref. [2] for more detailed explana-
tion of the physics and mathematical formalism involved. The
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III RESONANCE REGION A EMPIRE resonance module

fundamental roles of this new module are to preserve know-
how accumulated over several decades by S. Mughabghab and
to make it available in a modern computer environment. This
will allow us to continue with the maintenance of the Atlas of
Neutron Resonances in future.

B. EMPIRE resonance covariance module

Initially, we took advantage of the fact that resonances are
well described by a model such as Multilevel-Breit-Wigner
(MLBW) with parameters fully deduced from experiments.
Considering that often also their uncertainties were known, we
extended the approach already developed for the fast region
that was based on the propagation of parameter uncertainties
into MF33 cross section uncertainties and correlations. This
approach was used for producing covariances for89Y, 99Tc
and191,193Ir included in ENDF/B-VII.0 [11].

More recently, we realized that more straightforward ap-
proach would be to utilize MF32 representation of resonance
parameter covariances and leave production of cross section
covariances to the processing codes such as NJOY-99 and
PUFF-IV. An initial study along these lines is available [12].

Following the above idea the resonance module has been
extended to permit generation of MF32 covariances (see lower
part of the Fig. 1). This is achieved in several steps:

• Uncertainties for resonance parameters and thermal val-
ues are retrieved from the electronic version of the At-
las. The missing information is supplied by making use
of systematics or estimates. These uncertainties are put
into an MF=32 file of resonance parameter covariances
in the compact representation. This initial matrix is di-
agonal since no correlations are provided in the Atlas.

• The correlations between various parameters are es-
timated. In general, these are correlations for
the same resonance, discussed in more detail by
Mughabghab [13].

• The resonance parameter uncertainties are adjusted so
that the uncertainties of thermal values are reproduced,
as discussed below.

The resonance module has been designed to ensure con-
sistency among thermal cross section uncertainties and un-
certainties of the resonance parameters, a feature that was
not addressed during the development of the Atlas database.
Thermal cross sections are usually measured with higher ac-
curacy than resonance parameters. In order to take advantage
of their superior precision while still ensuring internal consis-
tency of the estimated covariances, we have coupled the res-
onance module with the Kalman filter code, which allows for
an objective adjustment of the original uncertainties. We il-
lustrate such adjustment on the two extreme cases of neutron
capture on55Mn and90Zr. In the case of55Mn the thermal
capture cross section is known with the accuracy of 0.37%,
which is far better than the precision of the resonance param-
eters. 90Zr is a rare exception, in which the uncertainties in
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FIG. 2: Uncertainties of90Zr(n, γ) cross sections. Compared is the
direct propagation of the uncertainties of the resonance parameters
reported in the Atlas (red), adjustment in which non-zero uncertain-
ties were assigned to widths of the bound resonance (green) and the
group-wise representation obtained with PUFF-IV (blue). The rec-
ommended uncertainty of the thermal value is also shown.

the resonance region are about three times smaller than for
the thermal capture (20%).

The case of90Zr is relatively straightforward - since prop-
agation of the uncertainties of positive resonances to the ther-
mal region falls short of the experimental capture uncertainty
(see Fig. 2), we impose uncertainties of the neutron and radia-
tive widths of the bound resonance. The original Atlas uncer-
tainties of the positive resonances are preserved and thereis
no need for any correlations among parameters. The result-
ing uncertainties shown in Fig. 2 are in point-wise form. The
same data in group form were taken from the contribution by
Arcilla et al. [6]. The agreement is perfect in the thermal re-
gion, in which the cross sections are strongly correlated. In the
region of resolved resonances the point-wise data are higher
than the group uncertainties due to statistical averaging over
uncorrelated resonances.

To address an inconsistency observed in the case of55Mn
we considered three scenarios:

1. Adjustment of the resonance parameter uncertainties
without invoking correlations among the parameters.

2. Adjustment of the positive-energy resonances using
Kalman filter technique, which implies considering a
full covariance matrix of the parameters.

3. The same as in point 2 but including also bound
(negative-energy) resonances in the analysis.

Detailed discussion of the first scenario, along with its ap-
plication to the neutron radiative capture on55Mn, was done
by Mughabghab and Obložinský [13]. Restricting adjustment
to the parameter uncertainties led to a considerable modifica-
tion of the Atlas data.

In the second scenario we extend the above analysis by al-
lowing correlations among resonance parameters, but restrict
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FIG. 3: Uncertainties of55Mn(n, γ) cross sections. Direct propaga-
tion of the uncertainties of the resonance parameters reported in the
Atlas (red) is compared with the results of the adjustment procedure
with bound resonances excluded (green) and included (blue)in the
analysis. The recommended uncertainty of the thermal valueis also
shown.

the analysis to the positive resonances. Fig. 3 shows that the
adjustment brings uncertainties at the thermal energy intoa
perfect agreement with the experimental uncertainty. Inspec-
tion of the adjusted uncertainties in Table I (A1 column) in-
dicates very small changes compared to the initial uncertain-
ties (Atlas column). Only the radiative width uncertainty for
the third resonance was changed significantly, by a factor of
0.3. The reduction of the capture cross section uncertaintyat
the thermal energy was obtained by introducing strong anti-
correlations between the radiative widths of the three consid-
ered resonances.

The third scenario brings bound resonance(s) into the play,
and treats them on the same footing as the positive-energy res-
onances. The generous initial uncertainties of the parameters
for the two bound resonances (50% for the widths and 5% for
the energies) are assumed to redirect the Kalman filter em-
phasis from the real resonances to the bound ones. Actually,
the first bound and the first positive resonances are the ma-
jor players contributing 27% and 59% of the thermal capture
cross section, respectively. The results are plotted in Fig. 3,
while the respective relative resonance parameters and their
uncertainties are listed in columns A2 of Table I.

As in the second scenario, the Kalman filter makes use
of the additional degrees of freedom and ensures low uncer-
tainty in the thermal region by introducing anti-correlation
among widths of bound resonances and widths of positive
resonances, while correlations between radiative widths for
the positive resonances are negligible. This treatment is con-
sistent with the actual motivation for invoking negative reso-
nances.

Fig. 4 shows the cross section correlation matrix obtained
within this approach. The thermal region appears to be fully
correlated, while the resolved resonances tend to be uncorre-
lated. Apart from the transitional region around 10 eV there
are no correlations between the thermal and resolved reso-

TABLE I: Relative values and uncertainties of55Mn resonance
parameters for the two bound and the first three positive-energy
resonances. A1 refers to values obtained when only the first three
positive resonances were allowed to be varied, while A2 values were
obtained when also the two bound resonances were included inthe
adjustment. The uncertainties of Ref. [2] are labeled as Atlas. The
negative resonance numbers indicate bound resonances, E0 stands
for the resonance energy,Γn andΓγ for the neutron and radiative
width, respectively.

Res. Relative Value Uncertainty (%)
# A1 A2 Atlas A1 A2
-2 E0 1.000 1.000 0.00 0.00 4.99

Γn 1.000 1.031 0.00 0.00 48.71
Γγ 1.000 1.030 0.00 0.00 48.41

-1 E0 1.000 1.007 0.00 0.00 4.87
Γn 1.000 1.317 0.00 0.00 28.29
Γγ 1.000 1.317 0.00 0.00 28.29

1 E0 .999 .999 .30 .30 .30
Γn 1.015 1.001 2.19 2.11 2.18
Γγ 1.130 1.009 6.45 4.64 6.31

2 E0 .999 1.000 .18 .18 .18
Γn 1.004 1.000 4.44 4.42 4.44
Γγ 1.119 1.008 22.98 20.31 22.77

3 E0 .999 .999 .22 .22 .22
Γn 1.018 1.001 5.22 5.09 5.21
Γγ 2.011 1.075 38.24 12.36 34.77

FIG. 4: Cross section correlations for55Mn(n, γ) in the low energy
region for the full adjustment scenario (A2, Table I). The thermal
region (bottom-left, in yellow) is fully correlated.

nance regions.

In spite of limited experience with the adjustment, we tend
to favor the latter scenario. It achieves the consistency of
uncertainties while minimizing changes to the original Atlas
values and avoiding anti-correlations between positive reso-
nances.
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89Y+n reactions. Calculated uncertainties result from the variation
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IV. FAST NEUTRON REGION

A. Comparison of model-based covariances obtained with
Monte Carlo and KALMAN

It is of fundamental importance to compare KALMAN and
MC approaches and understand any differences. The EM-
PIRE code was employed to perform nuclear reaction calcu-
lations, which enter both approaches, keeping inputs in both
methods identical. Thus, the potential source of discrepan-
cies, inevitable if two different reaction codes were used,was
avoided. Calculations were performed for total, elastic, in-
elastic, (n,2n), capture, (n,p) and (n,α) reactions on89Y up
to an incident energy of 20 MeV. The same uncertainties of
model parameters were assumed and the MC parameters were
sampled from a Gaussian distribution.

We have compared uncertainties of the considered cross
sections resulting from the variation of a single model param-
eter. Fig. 5 shows such a comparison for one of the key pa-
rameters - depth of the real part of the optical potential. There
is a reasonable agreement between model-based uncertainties
obtained using the MC and KALMAN methods. Also, for
the remaining parameters the results are close to each other.
The only exception is the preequilibrium strength, for which
the non-negligible differences were obtained. The reason for
this discrepancy might be related to the fact that the relatively
strong variation (20%) used in the calculations, together with
the Gaussian distribution, allowed for values considerably far
from the central value in the MC simulations. Because of this,
the MC results may be demonstrating sensitivity to the non-
linear dependence of the cross sections on the parameters.

Fig. 6 compares correlation matrices for the total cross sec-
tions. Again, both methods yield essentially equivalent results
- the chess-board like pattern in the correlation matrix is the
same in both methods. Only the transition between negative
and positive correlations above 10 MeV is more gradual in the
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FIG. 6: Comparison of the model-based cross section correlations for
89Y(n,tot) obtained with KALMAN (top) and Monte Carlo (bottom)
methods. The correlations result from the variations of thereal depth
of the optical potential.

MC than in the KALMAN approach.
These numerical tests indicate that, in absence of experi-

mental data, both methods are practically equivalent as long
as the non-linearity (higher-order) effects in the KALMAN
approach are taken into account. We found that to minimize
the impact of non-linearity, the sensitivity matrix shouldbe
calculated using model parameter variations that are closeto
the parameter uncertainties.

B. Inclusion of experimental data

Inclusion of experimental data into the covariance deter-
mination still appears to be a major issue. The KALMAN
method accounts for them naturally but suffers from the gen-
eral deficiency of all least squares type approaches - uncer-
tainties tend to reach values that are considered far too small
if very many experimental data are included in the analysis.
One practical remedy to this problem is to prevent uncertain-
ties of the model parameters to fall below some sensible limit
(say 3%). While this procedure is simple and effective, it in-
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tion channels.

troduces a highly arbitrary component into the estimation of
uncertainties. In the present comparison we have refrained
from resorting to this solution.

The classical formulation of the MC approach does not ac-
count for the experimental data. Thus, in the present study,the
prior (model-based cross section covariance), obtained with
the EMPIRE-MC calculations, was fed into the Generalized
Least Squares code ZOTT incorporated in a more general
GANDR system by D.W. Muir [8]. In the following we re-
fer to this approach as EMPIRE-MC-GANDR. The same nu-
clear reaction input was used to produce sensitivity matrices
for KALMAN and the MC based priors for GANDR.

Fig. 7 illustrates effect of including experimental uncertain-
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FIG. 9: The correlation matrix for the89Y(n,2n) reaction obtained
with KALMAN using full set of experimental data for all reaction
channels (top). The same for MC method (bottom).

ties of the89Y(n,2n) reaction estimated using the two meth-
ods. The pure model-based predictions are very similar. As
expected, adding experimental data reduces uncertaintiesin
both methods, but the reduction in the KALMAN approach is
stronger than in the GANDR method. Inclusion of the exper-
imental data for all the remaining channels (including nearly
1000 points for total) reduces (n,2n) uncertainties by about
30% in GANDR. In KALMAN this difference is practically
negligible around 14-15 MeV,i.e., in the range in which many
(n,2n) measurements are available as can be seen in Fig. 8.
This figure shows also the effect of including all experimental
data on the posterior cross sections. Additional experimen-
tal points constrain model parameters so that the fit is slightly
worse than in the case of using (n,2n) data only. There is
a considerable advantage in reproducing all reaction chan-
nels simultaneously with the same set of model parameters,
as cross correlations among various reaction channels are also
produced.

Fig. 9 presents correlation matrices obtained with the two
methods. The comparison is to some extent obscured by the
low energy resolution in the case of GANDR, but the general
structure of the two matrices can be considered similar. In
the KALMAN matrix one notes relatively weak correlations
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all reaction channels (black).

below 15 MeV due to a large number of experimental data
available in this region. At higher energies, the correlations
are stronger as expected for the model dominated cases. The
anticorrelations observed above 28 MeV can be explained as
due to the preequilibrium emission that decreases (n,2n) cross
sections in the maximum of the excitation function and in-
creases them in the high energy tail.

Finally, in Fig. 10 we show93Nb(n,tot) and illustrate effect
of including experimental data on the uncertainties of the to-
tal cross section using the KALMAN method. We note that
2.8% systematic error was assumed for all experiments but no
cross correlations were allowed. Using the extended set of
Abfalterer data (more than 400 points) the uncertainties are of
the order of 1.5%. Adding about 200 points by Foster brings
them down to about 1%, and including the remaining exper-
iments results in a further reduction to about 0.75%. Many
experimentalists would consider such low uncertainties asun-
realistic.

C. Avoiding unreasonably low uncertainties

Quite often, Kalman filter analysis involving a vast amount
of experimental data results in uncertainties that are far lower
than systematic uncertainties even of the most precise mea-
surement. This happens in spite of the fact that proper exper-
imental covariances, accounting for systematic uncertainties,
are supplied as an input to the KALMAN code.

One of the sources of the problem is the implicit Kalman
filter assumption that the model itself is perfect. Thus, any
uncertainties in model calculations are only due to the uncer-
tainties of the model parameters. Often, the shape of a cal-
culated excitation function is constrained. We illustratethis
point on the example of the93Nb(n,tot) reaction in Fig. 11.
The depth and radius of the real part of the optical model po-
tential are essentially determining the shape and magnitude of

93Nb(n,tot)
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FIG. 11: Effect of 5% variation of the depth of the real optical po-
tential on the93Nb(n,tot) cross section. The baseline values are in
red.

the total cross section. The two quantities are known to be
strongly correlated, therefore it is sufficient to consideronly
one of them. In Fig. 11 we show the change of total cross
section in response to the variation of the real potential depth
by 5%. One observes that this does not provide for scaling of
the absolute value of the cross section. Such scaling is actu-
ally the degree of freedom that would be needed to accommo-
date systematic uncertainties in the measurements that in most
cases amount to scaling cross sections up and down without
changing its shape. Lack of this possibility might have a dra-
matic effect on parameter uncertainties - any scaling of the
cross section appears incompatible with the model calcula-
tions since it can not be reproduced by any sensible variation
of the model parameters. If the model were perfect we would
have to conclude that the systematic experimental uncertain-
ties are overestimated. To avoid such a reduction we introduce
intrinsic model uncertainty by defining a fictitious model pa-
rameter,pmod, that multiplies model predicted cross sections.
The prior value of this parameter is one.

Our preliminary studies indicate that the Kalman filter ad-
justs the uncertainty of the fictitious model parameter,∆pmod,
to reproduce the smallest systematic uncertainty. Thus, ifthe
whole energy range is adequately covered by the experimen-
tal data the final result is well-defined. In the energy ranges
without measurements the result, to some extent, depends on
the initial (assumed) uncertainty of the new parameter,∆pmod.
Naturally, if no experimental data are available the discussed
contribution to the uncertainty is defined by∆pmod. In such a
case, however, the cross section uncertainties are determined
primarly by the propagation of uncertainties of the genuine
model parameters, which are much larger than the intrinsic
model uncertainties. The latter can, therefore, be neglected
especially since there should be no uncertainties small enough
to raise any concern. The procedure is particularly useful to
simulate intrinsic uncertainties in the optical model,i.e., it is
meant to be applied to the total cross sections. These are often
very well measured which, combined with the rigid shape of
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the optical model predictions, results in extremely low uncer-
tainties. There is no need to invoke such a procedure for other
nuclear reaction models, e.g., compound nucleus and preequi-
librium emission, since their formulations include parameters
which, to a large extent, provide for a scaling degree of free-
dom.

A conceptually similar solution, correlated sampling of
energy-dependent scaling parameters, has also been adopted
for the MC approach in EMPIRE. In this way, the minimum
uncertainty of the calculated cross-section is limited by the un-
certainty of the scaling parameter which is taken as the model
uncertainty.

An additional source of low uncertainties has been dis-
cussed in the contribution by Leeb [14] to the present Work-
shop - neglecting correlations among numerous experiments
implies statistical independence of the respective systematic
uncertainties and leads to reducing final uncertainty belowin-
dividual systematic uncertainty. We refer to the original paper
by Leeb for a description of an approximate method allowing
one to avoid this source of underestimation.

V. APPLICATION TO COVARIANCE EVALUATIONS

The EMPIRE-KALMAN and EMPIRE-MC-GANDR sys-
tem has been extensively applied for the generation of co-
variance data. We mention here covariances for 13 materi-
als, 89Y, 99Tc, 152−158,160Gd, 191,193Ir and 232Th, included
in the new ENDF/B-VII.0 library [11] released in 2006. In
addition, there was a considerable effort to deliver prelimi-
nary covariances for the WPEC Subgroup 26 which resulted
in covariance estimates for 36 materials. The more recent
large-scale project was initiated by the U.S. Nuclear Critical-
ity Safety Program to provide a ‘low-fidelity’, but complete,
set of covariances that could be used to exercise processing
methodologies and tools [15].

New evaluations for a full set of stable tungsten isotopes,
180,182−184,186W, in the neutron energy range up to 150 MeV
were produced [16], with the covariance matrices generated
using the EMPIRE-MC-GANDR approach. The NNDC pro-
duced new covariances for55Mn and90Zr in the fast neutron
region using EMPIRE-KALMAN technique [17].

The NNDC and LANL are cooperating in preparation of
covariances for the ENDF/B-VII.0 data adjustment within the
GNEP project. This activity involves about 100 materials rel-
evant to the design of the innovative fast actinide burner reac-
tors.

VI. CONCLUSIONS

There has been considerable activity to reestablish covari-
ance capabilities within the nuclear data comunity. Qualitative
progress became possible due to the availability of advanced
nuclear reaction codes supported by the comprehensive li-
braries of input parameters (RIPL) and by the compilation of
resonance parameters (Atlas). The cross section covariance
capabilities of the EMPIRE code cover the full energy range

relevant to applications, including thermal, resonance and fast
neutron regions. This puts EMPIRE in a unique position to
provide complete sets of covariance data for most of the nu-
clei, such as the fission products and structural materials.The
code is also well capable of treating actinides. The modules
for estimating covariances for neutron multiplicities andfor
fission spectra are integrated into the EMPIRE code but need
adequate parametrization.

The resonance module of EMPIRE closes the gap between
the evaluated neutron resonance data for 381 isotopes con-
tained in the Atlas of Neutron Resonances and applications
by bringing Atlas data into the evaluated nuclear data files.In
particular, the module produces covariances of the resonance
parameters in the MF32 compact representation. When doing
this, the module allows adjustment of the parameter uncertain-
ties in order to ensure consistency with the uncertainties of the
thermal cross sections. We have discussed several strategies
for imposing such consistency and found that in most cases in-
voking correlations among positive and negative (bound) res-
onances is the least intrusive solution.

In the fast neutron region we discussed two complemen-
tary methods implemented in EMPIRE for determining co-
variances. The Kalman filter approach is based on variance
minimization while the stochastic one is based on the Monte
Carlo sampling followed by the GANDR least-squares fitting
of experimental data. We have compared both approaches
and concluded that model-based covariances obtained with
the two methods are practically equivalent. There is also a
possibility of using KALMAN generated model-based prior
with the GANDR code.

Very serious concerns were raised regarding extremely low
uncertainties resulting from the least-squares analysis using
model-generated priors. We believe that these low uncertain-
ties arise, in part, from the rigidity of the model predictions,
i.e., intrinsic model uncertainties which are not accounted for
in the procedure. Our numerical experiments indicate that
adding new degrees of freedom to the model has a desired ef-
fect on the output uncertainties and might be used to eliminate
this deficiency.

The EMPIRE code system is entering a stage at which it
can effectively be used for production of covariance data.
Still, there is a number of issues that should be addressed. In
the resonance region these include accounting for the uncer-
tainties of the resonance integrals, and possible correlations
among positive resonance parameters. The methodology
in the unresolved resonance region should be addressed by
adding capability to utilize average resonance parameters. In
the fast neutron range, we should be seeking better insight
into intrinsic model uncertainties and expand the space of
perturbed parameters,e.g., we should include the energy
dependence on the model parameters. Protracted activities
along these lines should eventually provide an extensive and
consistent set of model parameters. Last, but not least, is
the long standing problem of analyzing experimental data in
order to extract critical information regarding statistical and
systematic errors associated with these measurements, which
are decisive in determining evaluated data.
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In the Atlas of Neutron Resonances, special care was expended to ensure that the resonance parameter infor-

mation reproduces the various measured thermal cross sections, as well as the infinite dilute resonance integrals

for Z = 1-100. In contrast, the uncertainties of the recommended quantities do not match those generated from

the uncertainties of the resonance parameters. To address this problem, the present study was initiated to achieve

consistency for 15 actinides and 21 structural and coolant moderator materials. This is realized by assigning

uncertainties to the parameters of the negative-energy resonances and changing, if necessary, significantly the

uncertainties of the low-lying positive-energy resonances. The influence of correlations between parameters on

the derived uncertainties is examined and discussed.

I. INTRODUCTION

The National Nuclear Data Center produced a set of pre-

liminary neutron covariance estimates for the international

project, Nuclear Data Needs for Reactor Systems. The project

is sponsored by the OECD Nuclear Energy Agency (NEA),

Paris, under the Subgroup 26 of the International Working

Party on Evaluation Cooperation (WPEC), chaired by M. Sal-

vatores, ANL and CEA Cadarache. These preliminary co-

variances are described in the recent BNL report [1]. The

project is interested in 53 materials (isotopes) which include

19 actinides and 34 structural, coolant and moderator materi-

als. Out of them, the NNDC produced covariance estimates

for 36 materials.

In the low-energy region, the NNDC used the method de-

veloped by BNL and LANL [2] that combines the recent in-

formation in the Atlas of Neutron Resonances [3] and the

Bayesian code Kalman by Kawano and Shibata [4]. The idea

of this approach is to use uncertainties of various parameters

given in Ref. [3] and propagate them to cross section covari-

ances. This can be done in two ways. First, one starts with

cross sections and produces covariances straight in ENDF-6

file MF33 [1]. Second, as proposed in Ref. [5], one works

purely with resonance parameters, produces covariances in

MF32 and leaves up to processing codes the generation of

cross section covariances.

As emphasized in [3], the absolute values of various rec-

ommended quantities, such as thermal capture, fission and

scattering cross sections, as well as capture and fission res-

onance integrals, exhibit internal consistency with values cal-

culated from the resonance parameters. However, no attempt

was made to achieve consistencies between the various uncer-

tainties of these quantities. Such inconsistencies would then

propagate into the resulting cross section covariances render-

ing them less reliable.

In this study, consistencies between uncertainties of ther-

mal cross sections and resonance parameters for capture and

fission, but not scattering, cross sections were achieved for

the following 36 nuclei: 19F, 23Na, 27Al, 28Si, 52Cr, 55Mn,
56,57Fe, 58Ni, 90,91,92,94Zr, 166,167,168,170Er, 206,207,208Pb,

∗Corresponding author: mugabgab@bnl.gov

209Bi, 233,234,236U, 237Np, 238,240,241,242Pu, 241,242m,243Am

and 242,243,244,245Cm.
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FIG. 1: Novel systematics for the average capture widths [6]. The

ratio of the p-wave and s-wave radiative widths, displayed as a func-

tion of mass number, is designated by a solid green line. The p-wave

strength function S1, multiplied by 0.4 × 104, is shown by a broken

red line.

II. METHODOLOGY

In this section, a brief account of the methodology and pro-

cedure considered in the analysis of covariances is presented.

• The starting point of the uncertainty analysis is an ex-

amination of the electronic file of the resonance param-

eters [3] in question to search for missing information.

• Where entries of the individual resonance parameters,

such as radiative or scattering widths, are absent due to

lack of measurements, then data based on the system-

atics described in [3] or other sources are supplied or

estimated.

• In addition to the average resonance parameters and the

systematics reported in [3], a recent detailed study [6]



III SOME SOURCES OF CORRELATIONS

revealed for the first time a novel relationship between

the average p- and s-wave radiative widths, as illus-

trated in Fig. 1. The observed structures for the ratio

of the p-wave to s-wave radiative widths, Γγp/Γγs, at

mass numbers 90 and 114 are associated with the split-

ting of the 3p single-particle state into its 3p1/2 and

3p3/2 components due to the nuclear spin-orbit interac-

tion. Since these peaks are correlated with the p-wave

strength function (Fig. 1), the p-wave radiative widths

in the mass region 80-120 exhibit non-statistical effects

in the neutron radiative capture mechanism. The back-

ground term for the ratio is interpreted in terms of the

contribution of the giant dipole resonance to the cap-

ture process [6]. This significant information can be

utilized in determining either the s- or p-wave radiative

widths, when one is known with better accuracy than

the other. Furthermore, for certain nuclei where infor-

mation is lacking, scattering widths can be estimated

from the reported measured capture kernels.

• The Atlas file is then converted into an ENDF-6 format

with the aid of the computer program PTANAL [7]. In

this procedure, average s- and p-wave radiative widths

are supplied when such data is missing, and spin assign-

ments of resonances of undetermined values are ran-

domly made with the condition that the (2J+1) law for

level density is followed.

• The utility code RECENT and a PSY-325 program are

applied to determine the various contributions to the

thermal cross sections and resonance integrals from in-

dividual resonances.

• The reported uncertainties of the thermal cross sections

are attributed to the uncertainties of the bound levels

and/or few low-energy resonances.

• Adjustments of the resonance parameter uncertainties

are carried out iteratively until the calculated uncertain-

ties of the thermal capture or fission cross sections con-

verge to the measured ones.

The total uncertainty of the capture (fission) cross section in

terms of the uncertainties of the individual resonance param-

eters, E0, Γn, Γγ , and Γf , is expressed by Eq.(1) and Eq.(2),

when correlations do not exist between the parameters; other-

wise, additional terms, such as Eq.(3) and Eq.(4), have to be

considered.

Since a large number of resonance uncertainties contribute

to the scattering uncertainty, only the capture and fission un-

certainties were treated in this study; for an explanation, refer

to Eq.(1.9) and Eq.(1.14) in [3].

At the start, the correlations between the parameters were

not considered; their effects are studied later on for some nu-

clei. Also in this study, the Breit-Wigner relations for cap-

ture and fission are utilized for the determination of the partial

derivatives in Eqs. (1-4).

(∆σγ)2 =

(
∂σγ

∂E0

∆E0

)2

+

(
∂σγ

∂Γn

∆Γn

)2

+

(
∂σγ

∂Γγ

∆Γγ

)2

+

(
∂σγ

∂Γf

∆Γf

)2

(1)

(∆σf )2 =

(
∂σf

∂E0

∆E0

)2

+

(
∂σf

∂Γn

∆Γn

)2

+

(
∂σf

∂Γγ

∆Γγ

)2

+

(
∂σf

∂Γf

∆Γf

)2

. (2)

The calculated uncertainties for the thermal capture and fis-

sion cross sections due to all the individual s-wave resonances,

reported in [3], are determined by these relations and then

combined in quadratures to obtain the total uncertainty.

When correlations do exist between the various resonance

parameters, such as between Γγ and Γn or Γf and Γγ , then

the following additional terms, Eqs. (3)-(4) have to be added

to Eqs. (1-2)

(Γγ , Γn) = 2

(
∂σγ

∂Γn

∆Γn

)(
∂σγ

∂Γγ

∆Γγ

)
ρ(Γγ , Γn) , (3)

(Γf , Γγ) = 2

(
∂σf

∂Γf

∆Γf

)(
∂σf

∂Γγ

∆Γγ

)
ρ(Γf ,Γγ) , (4)

where ρ(Γγ , Γn) and ρ(Γf , Γγ) are the correlation coeffi-

cients between Γγ and Γn or between Γf and Γγ , respectively.

The origin of these types of correlations is discussed briefly in

the following section.

III. SOME SOURCES OF CORRELATIONS

In this section, a brief discussion of the sources of corre-

lations between the various parameters, emanating from the

analysis of the measurements, is presented.

• In capture measurements when the experimental reso-

lution function is larger than the natural width of a res-

onance, area analysis yields a capture kernel, defined

by Aγ= gΓnΓγ/Γ, where g is the statistical spin fac-

tor. If Aγ < gΓγ , then a scattering width can be eval-

uated from this relation by assuming an average cap-

ture width, derived from the systematics [3, 6], and a

2



IV RESULTS

spin value for the considered resonance. In this case,

ρ(Γn, Γγ) is negative.

• In combined capture and fission measurements, cap-

ture and fission kernels are determined, in which case

Γf/Γγ is found. The fission widths are subsequently

derived on the basis of an assumed average capture

width, as, for example, in the case of the isotopic

curium measurements of [8]. In this case ρ(Γf , Γγ) is

positive.

• Neutron sensitivity corrections, applied to capture mea-

surements, are generally made with the help of the rela-

tion

Γexp
γ = Γγ + kΓn ,

where k is obtained experimentally. If k is not de-

termined correctly, then ρ(Γn,Γγ) can be positive. A

Γγ-Γn correlation analysis, as well as theoretical cal-

culations [9], has to be performed to determine as to

whether the correlation exists. If affirmed, a determina-

tion has to be made as to whether it is due to neutron

sensitivity or valence capture [9].

• In determining the parameters of bound levels, for nu-

clei where the positive-energy resonances also con-

tribute significantly to the thermal capture cross section,

then a negative correlation exists between the parame-

ters of the positive-energy and bound resonances. Rela-

tions similar to those of Eqs. (3-4) can be employed to

take into account their effects on the uncertainties.

IV. RESULTS

Our experience in the adjustment procedure is presented

and the outstanding issues resulting from the present analy-

sis are discussed for the following nuclei: 55Mn, 56Fe, and
167Er.

A. 55Mn

Adopted as a standard in neutron activation analysis, the

thermal capture cross section of 55Mn, σ0
γ = 13.36 ± 0.05

b (0.37%), is measured with high accuracy. As noted in a

footnote in the Atlas [3], the adoption of the capture widths

measured at ORNL [10], which were the only available data

at the time, leads to a calculated resonance capture integral

of 11.7 b. This value is discrepant with a measured value of

13.4±0.5 b [3]. To resolve this discrepancy, adjustments in

the capture widths of [10] were made; the results are shown in

column 5 of Table I.

In addition, two bound s-wave levels with spins 2 and 3 are

invoked in order to account for the coherent and incoherent

scattering amplitudes of 55Mn. The contributions to the ther-

mal capture cross section due to the bound levels, as well as

the 3 positive-energy resonances, are presented in the last col-

umn of Table I. With these parameters and those in [3] above
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FIG. 2: The measured capture cross section of 55Mn in the energy

region 0.01 to 300 eV. The solid line represents the present calcula-

tions based on the resonance parameters of Table I and in Ref. [3]

above 2.4 keV.

3 keV, the calculated capture cross section in the energy region

from 0.01 eV to 20 keV is displayed in Fig. 2 and is compared

with the measurements of [11] below 300 eV.

TABLE I: 55Mn resonances and their contribution to the thermal

capture cross section. In the present notation, a = data from the

Atlas [3], and b = quantities evaluated in the present study. The

energy uncertainty of the 337.3 eV resonance is altered from 1.0

eV [3] to 0.7 eV.

E0 (eV)a 2gΓn (eV)a 2gΓn (eV)b Γγ(eV)a Γγ (eV)b σγ (b)b

-16150 6255 6255 .75 ±.0% .79±.0 0.32

-202 1.15 1.15 .75 ±.0% .79±.0 3.38

337.3 ±0.7 18.3 ±2.2% 18.3±.2% .31 ±6.5% .40±.0 7.44

1099 ± 2.0 18.0 ±4.0% 18.0 ±.4% .435 ±23.0% .40±.0 1.50

2327 ± 5.0 460 ±5.2% 460 ±.2% .34 ±38.2% .40±.0 0.17

To account for a 0.37% uncertainty in the thermal capture

cross section, the uncertainties of the resonance parameters

have to be drastically reduced. It is significant to note that

consistency between the two uncertainties can be achieved by

changing the energy uncertainty of the resonance at 337.1 eV

from 1.0 eV to 0.7 eV.

This procedure presents an outstanding issue. To overcome

this problem, one can invoke an anti-correlation between the

parameters of the positive-energy and bound levels, which can

alleviate this problem. Such a procedure entailed imposing

large uncertainties on the parameters of the bound parameters

while retaining, with minor adjustments, the uncertainties of

the positive energy resonances as reported in [3]. The latter

procedure is justifiable on physical grounds. For details, refer

to [12].

3



V CORRELATION EFFECTS ON CALCULATED UNCERTAINTIES A 55Mn

B. 56Fe

In this simple case, the thermal capture cross section sec-

tion of 56Fe, σ0
γ = 2.59±0.14 b, is dominated by a bound level,

specified at an energy of -6.52 keV. The positive-energy res-

onance contributions due to all resonances up to an energy of

850 keV is only 0.09 b [3]. The pointwise capture cross sec-

tion in the energy region 0.007 eV to 1.41 keV was measured

by [13]. The computed and measured cross sections are de-

picted in Fig. 3. Note that the resonance at 1.147 keV has a

p-wave assignment, and hence does not have a contribution to

the thermal capture cross section of 56Fe.

The 5.4% uncertainty of the thermal capture cross section

can be propagated by assigning a 3.82% uncertainty to both

the scattering and capture widths of the bound level only. The

positive-energy resonances then maintain their original un-

certainties [3]. In this case, it is not necessary to invoke an

anti-correlation between the bound and positive energy reso-

nances.

At this point, we point out the similarity of the capture cross

sections of 52Cr and 56Fe in that both are dominated by bound

levels; refer to the discussion in section V.
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FIG. 3: The measured capture cross of 56Fe in the energy region

0.01-3000 eV [13]. The solid line represents the calculations on the

basis of the resonance parameters of the Atlas [3].

C. 167Er

The thermal capture cross section of 167Er, σ0
γ = 649±8

b(1.2%) is dominated by two positive-energy resonances at

0.460 eV and 0.584 eV. The scattering and capture widths of

these two resonances are determined recently [14] by apply-

ing shape fit analysis to the transmission data, obtained for a

natural Er sample in the energy region from 0.03-20 eV. To
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FIG. 4: The measured capture cross of 167Er in the energy region

from 0.001 to 10 eV. The solid line represents the calculations on the

basis of the resonance parameters of the Atlas [3].

TABLE II: 167Er resonances and their contribution to the thermal

capture cross section. The two quantities in parentheses in columns

2 and 3 are the % uncertainties in the Atlas and the present study,

respectively.

E0 (eV) 2gΓn (meV) Γγ(meV) σγ (b)

-23.6 117 (0.0, 10.0)% 88.0 (0.0, 11.0)% 7.9

0.460 ±0.002 0.3031 (0.33, 0.33)% 87.12 (0.2, 0.4)% 423

0.584 ±0.001 0.2163 (0.46, 0.46)% 86.20 (0.4, 0.4)% 161

propagate a 1.2% uncertainty for σ0
γ , the uncertainties of the

capture widths of the bound level and the resonance at 0.460

eV were changed as shown in column 3 of Table II. The uncer-

tainties of the scattering widths were maintained at the Atlas

values.

V. CORRELATION EFFECTS ON CALCULATED

UNCERTAINTIES

A correlation analysis between capture and scatter-

ing widths for the following nuclei 52Cr, 55Mn, 56Fe,
167Er and 237Np was carried out. The correlation co-

efficients are, respectively, 0.63±0.09 (8 s-wave reso-

nances), 0.700±0.001 (49), 0.20±0.58 (10), 0.35±0.01 (54),

0.12±0.12 (147). Note that the significance levels for 52Cr

and 56Fe are high and null, respectively. For this reason, 56Fe

is replaced by 52Cr in this analysis. In addition, we believe

that the high significance level of the correlation coefficient

for 55Mn is due to neutron sensitivity correction and not aris-

ing from valence capture.

The effects of the correlation between the capture and scat-

4
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TABLE III: Effects of correlations between Γγ and Γn on the

thermal capture cross section uncertainties of 52Cr, 55Mn, and
237Np for three values of the correlation coefficients, 0.0, -1.0, and

1.0.

nucleus σγ (b) ∆σγ (b) ∆σγ (b) ∆σγ (b)

ρ(Γγ , Γn) 0.0 -1.0 +1.0
52Cr 0.86±0.02 0.020 0.018 0.023
55Mn 13.36±0.05 0.047 0.047 0.049
237Np 178.7±3.0 3.0 1.6 4.0

tering widths of the same resonance on the capture uncertain-

ties for three nuclei, 52Cr, 55Mn, and 237Np, were studied and

summarized in Table III. The case for ρ(Γγ , Γn) = 0 corre-

sponds to the results of the main study with no correlations,

where the calculated uncertainties reproduce those of the rec-

ommendations [3]. In columns 4 and 5 of Table III are the

results for ρ(Γγ , Γn)= -1 or +1. As shown, the correlations

produce negligible effects for 52Cr, 55Mn. This is a result

of the fact that the final adjusted uncertainties for the capture

widths are set to zero; refer to Eq.(3). On the other hand, a

non-negligible change occurs in the uncertainties of 237Np.

VI. CONCLUSIONS

Internal consistency between the uncertainties of thermal

capture and fission cross sections and the uncertainties of res-

onance parameters is achieved for 15 actinides and 21 coolant

and structural materials. This was realized by re-assigning un-

certainties to the parameters of bound levels and low-energy

resonances. If the major contribution to the thermal capture

cross section is due to the positive-energy resonances, then

their uncertainties are significantly changed from values re-

ported in [3]; this pauses certain challenge as to what extent

these changes are physically justifiable. Such a situation can

be resolved by invoking an anti-correlation between the bound

and positive energy resonances, as determined for 55Mn [12].

In other cases, where the thermal capture cross section is

dominated by bound levels, as in 52Cr and 56Fe, the uncer-

tainties of the positive-energy resonances are unaffected from

those reported in [3]. The correlations between parameters of

the same resonance are studied and their effect on the adjusted

uncertainties is determined for some cases
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Estimated 55Mn and 90Zr cross section covariances in the fast neutron energy region
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National Nuclear Data Center, Brookhaven National Laboratory, Upton, NY 11973-5000

(Dated: August 27, 2008)

We completed estimates of neutron cross section covariances for55Mn and90Zr, from keV range to 25 MeV,
considering the most important reaction channels, total, elastic, inelastic, capture, and (n,2n). The nuclear reac-
tion model code EMPIRE was used to calculate sensitivity to model parameters by perturbation of parameters
that define the optical model potential, nuclear level densities and strengthof the pre-equilibrium emission.
The sensitivity analysis was performed with the set of parameters which reproduces the ENDF/B-VII.0 cross
sections. The experimental data were analyzed and both statistical and systematic uncertainties were extracted
from almost 30 selected experiments. Then, the Bayesian code KALMANwas used to combine the sensitivity
analysis and the experiments to obtain the evaluated covariance matrices.

I. INTRODUCTION

Neutron cross section covariances are highly demanded by
applications, probably the most prominent being the Global
Nuclear Energy Partnership (GNEP) and the U.S. Nuclear
Criticality Safety Program (NCSP). In GNEP, improved nu-
clear concepts are being considered with fuel and reactor char-
acteristics that are well outside the design envelope of existing
and prior systems. Therefore, a wide effort in advanced sim-
ulations must be preceded with the adequate adjustment of
the recently released ENDF/B-VII.0 library [1]. Nuclear data
covariances (uncertainties and correlations) are essential for
such adjustment. NCSP is developing computational tools to
enhance criticality safety predictive capabilities. For testing
these tools an extensive amount of covariance data is needed,
giving rise to the recent “low-fidelity project” [2].

This project was charged to provide a rough set of covari-
ances covering all relevant reaction channels for all 393 mate-
rials in the ENDF/B-VII.0 library, emphasizing completeness
rather than precision. In addition, NCSP needs high-quality
covariances for specific materials, such as55Mn and 90Zr.
This need was partly met by the new ORNL evaluation of
55Mn in the resonance region [3], including also55Mn(n,γ)
dosimetry reaction for which covariance re-evaluation is re-
quired [4].

The present work is addressing covariances for55Mn and
90Zr in the fast neutron region. Although the low-fidelity
project was useful starting point, we made an important step
forward by including almost 30 sets of experimental data.

The paper is organized as follows. In Section II, we de-
scribe the methodology used to produce the cross section co-
variances, while Section III and IV discuss, respectively,the
results and the conclusions.

II. METHODOLOGY

Our methodology is based on the nuclear reaction model
code EMPIRE [5], Bayesian code KALMAN [6] and due in-

∗Electronic address: pigni@bnl.gov; http://www.nndc.bnl.
gov/nndcpeople/pigni.html

clusion of experimental data, see adjacent paper for more de-
tails [7]. The EMPIRE code system incorporates an extensive
set of nuclear reaction models capable of describing all rele-
vant reaction mechanisms, coupled to the up-to-date library of
input model parameters [8] and providing reasonable overall
description of nuclear observables even if default parametriza-
tion is used. EMPIRE was used to calculate neutron cross sec-
tions and sensitivity matrices. Then, these sensitivity matrices
were used as prior by KALMAN in order to incorporate, one
by one, experimental data including their statistical and sys-
tematic uncertainties.

We emphasize that our goal is to produce covariance esti-
mates, not to re-evaluate cross sections. Therefore, our mod-
eling and parametrization aims to reproduce ENDF/B-VII.0
somewhat approximately, just giving us enough confidence in
covariance estimates.

A. Reaction Models and Parameters

Four nuclear reaction models were adopted that should suf-
ficiently well describe the physics of nuclear reactions at neu-
tron energies from 10 keV to 25 MeV for both55Mn and90Zr.
The spherical optical model, in case of90Zr, and the coupled
channels formalism, in case of55Mn, take care of the total
cross sections and neutron scattering. The Hauser-Feshbach
statistical model describes the bulk of particle emission,and
the exciton pre-equilibrium model describes major features of
fast particle emission at higher incident energies.

TABLE I: Prior optical-model parameter uncertainties (in %):r -
radius,a - diffuseness,V - real depth,W - imaginary depth. The
subscriptsv, s, andw, respectively, denote real volume, real surface,
and imaginary surface. The superscripts,tg ≡ n + A

Z andnp ≡ p +
A+1

Z−1
, identify nucleon-nucleus interaction.

∆r
tg

s ∆r
tg

v ∆r
tg

w ∆V
tg

v ∆W
tg

s

3-5 5 5 5 3-5

∆W
tg

v ∆a
tg

s ∆a
tg

v ∆V
np

v ∆W
np

s

5 5 5 5 5

The parametrization was taken from RIPL-3 [8]. For55Mn
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we used optical model parameters of Koning-Delaroche [9]
and for 90Zr the dispersive potential used by us earlier [1].
Parameter uncertainties were those used in Ref. [2]. The op-
tical model parameters, for which uncertainties (3% or 5%)
were considered, are listed in Tab. I. The list of 8 parameters
relevant for the Hauser-Feshbach and the exciton model plus
a parameter taking into account the deformation of55Mn, is
shown in Table II. The uncertainties given in Tabs. I, II repre-
sent theprior information on the model parameters required
as a starting point in the Bayesian update procedure.

TABLE II: Prior parameter uncertainties (in %) used for the Hauser-
Feshbach and exciton models:̃a - total level density,̃g - single-
particle level density,fγ - gamma-ray strength functions, and mfp -
nucleon mean-free path; Def - deformation in the DWBA. The super-
scripts refer tocn ≡ compound,tg ≡ target,n2n ≡ (n,2n) residue,
np ≡ (n,p) residue.

∆ã
cn ∆ã

tg ∆ã
n2n ∆ã

np ∆g̃
np ∆g̃

tg ∆fγ ∆mfp ∆Def

15 15 15 15 15 15 10-15 25 35

B. Sensitivities and Bayesian Update

Matrix elementssi,j of the sensitivity matrixS were calcu-
lated as

si,j =
∂σ(Ei,p)

∂pj

, (1)

whereσ is the cross section,Ei is the energy andp is the
vector of model parameters includingpj . The partial deriva-
tives were computed numerically, by varying the parameters
as defined by the uncertainties given in Tabs. I and II.

The Bayesian update procedure was used to update prior
results by taking into account new data. We used the
code KALMAN which is based on the iterative generalized
least-squares approach. Applying the Bayesian equations is
straightforward, an update being a simple algebraic operation,

pn+1 = pn + PnSTQn+1(σ
exp
n+1 − σ(pn))

(2)

Pn+1 = Pn − PnSTQn+1SPn .

Here,pn is the vector of model parameters,Pn is their co-
variance matrix andσexp

n+1 is the new experimental data set.
The updated (posterior) values are denoted by the superscript
n + 1. The matrixQn+1 is defined as an inverse of the co-
variance matrixCn and the experimental covariance matrix
C

exp
n+1

Qn+1 = (Cn + C
exp
n+1)

−1 . (3)

Then, the updated (posterior) cross section covariance matrix
is obtained by the well known “sandwich” equation

Cn+1 = SPn+1S
T . (4)

The experimental data were analyzed and both statistical
and systematic uncertainties were extracted for selected ex-
periments. The covariance matrix of thenth-experiment is

Cexp
n = Un + Wn , (5)

whereUn andWn are the covariance matrices of the statis-
tical and systematic uncertainties, respectively. In the explicit
notation and omitting the subscriptn, the matrix elements are
given by

c
exp
i,j =

{
ui,j + wi,j i = j

wi,j i 6= j ,
(6)

where the off-diagonal terms are obtained assuming that the
systematic uncertainties are fully correlated.

The quality and consistency of the evaluated cross sections
can be assessed by scalar quantity

χ2 =
∑

n

(σexp
n+1−σ(xn))T(Cexp

n+1)
−1(σexp

n+1−σ(xn)) . (7)

High value ofχ2 per one degree of freedom suggests that the
obtained uncertainties are under-estimated and it is fairly com-
mon practice to use this factor to rescale these uncertainties to
get their final values.

III. RESULTS AND DISCUSSION

We calculated neutron cross sections and their covariance
matrices for55Mn and90Zr at 63 incident energies between 1
keV and 25 MeV, considering the five reaction channels, total,
elastic, inelastic, (n,2n), and capture. We used data from 22
experiments for55Mn and 7 experiments for90Zr. First, we
discuss55Mn and focus on energies above the ORNL evalua-
tion [3], that is, above 122 keV.

Fig. 1 compares our cross sections with ENDF/B-VII.0 and
three sets of experimental data [10–12] found to be the ba-
sis of the ENDF/B-VII.0 evaluation. Due to the necessity of
retaining validated ENDF/B-VII.0 cross sections, our estima-
tion of covariances exclusively depends on these selected ex-
periments. The optical model predicts a smooth, averaged be-
havior of cross sections and cannot reproduce fluctuating val-
ues extending as high as 4 MeV and adopted by the ENDF/B-
VII.0. Accordingly, below 4 MeV we adopted the uncertain-
ties deduced from the experiments. Since related experimen-
tal information was limited, we estimated these uncertainties
conservatively as 5%. At higher energies, our uncertainties
are based on KALMAN and take into account careful mea-
surement by Cierjackset al. [10].

In Fig. 2,55Mn(n,n’) reaction is shown. Our cross sections
are in reasonable agreement with the ENDF/B-VII.0 evalua-
tion. Relative uncertainties are fairly large at the threshold
region, while in the energy range of about 0.7-10 MeV they
drop to about 15-30%. As expected, the uncertainties rise at
higher energies where cross sections become small.

Cross sections for55Mn(n,2n), obtained with EMPIRE-
KALMAN using the experimental data of Refs. [13–24], ap-
pear to agree well with ENDF/B-VII.0 as shown in Fig. 3.
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Relative uncertainties exhibit expected U-shape, starting with
large values at the threshold region of∼10 MeV, at energies
>22 MeV being essentially flat. At higher energies, in the ab-
sence of experimental data, the uncertainties again increase.

Fig. 4 displays55Mn radiative capture cross sections and
their uncertainties. Similar to (n,tot) reaction, below 1 MeV
the ENDF/B-VII.0 adopted fluctuating cross sections follow-
ing the experiment by Garget al. [25]. Consequently, we
adopted Garg’s experimental uncertainties. At higher ener-
gies EMPIRE-KALMAN method was adopted. Relative un-
certainties are lower than 10% in the energy range of 0.1-15
MeV, followed by expected sharp increase at higher energies.

We proceed with the discussion of90Zr reactions showing
first 90Zr(n,tot) and90Zr(n,el) in Figs. 5 and 6. Total as well
as elastic cross sections compare well with ENDF/B-VII.0 and
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tive uncertainties are in red.
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experimental data. Except for the low energy region, the un-
certainties are fairly flat around 2.5%. In contrast, uncertain-
ties for (n,inl) are much larger throughout the whole energy
range (Fig. 7) since no experimental data were used. Gener-
ally, uncertainties should be low whenever a wealth of exper-
imental data is used in the evaluation.

Finally, in Fig. 8 the90Zr(n,2n) cross sections obtained
with EMPIRE-KALMAN method are shown. Compared are
prior, posterior, and ENDF/B-VII.0 cross sections with ex-
perimental data [30–34] included in our evaluation showing
good agreement with both ENDF/B-VII.0 and data. Relative
cross section uncertainties exhibit expected U-shape.
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IV. CONCLUSIONS

We produced estimates of neutron cross section covariances
for 55Mn and 90Zr in the fast neutron energy region. This
work was primarily motivated by the needs of the U.S. Nu-
clear Criticality Safety Program, though the results are ofin-
terest for other applications such as GNEP and dosimetry. Our
results are based on the EMPIRE-KALMAN approach using
statistical and systematic uncertainties taken from almost 30
selected experiments.

Our covariances should be considered as being of inter-
mediate quality. For high-fidelity results one should perform
complete re-evaluation of cross sections simultaneously with

covariances, and preceded with detailed analysis of all ex-
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perimental data.55Mn represents additional challenge due to
many data available, including high resolution measurements
that exhibit strong fluctuations up to a few MeV.
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Abstract

We present a detailed analysis of the impact of resonance parameter uncertain-
ties on covariances for neutron capture and fission cross sections in the resolved
resonance region. Our analysis uses the uncertainties available in the recently
published Atlas of Neutron Resonances employing the Multi-Level Breit-Wigner
formalism. We consider uncertainties on resonance energies along with those on
neutron-, radiative-, and fission-widths and examine theirimpact on cross section
uncertainties and correlations. We also study the effect of the resonance parameter
correlations deduced from capture and fission kernels and illustrate our approach
on several practical examples. We show that uncertainties of neutron-, radiative-
and fission-widths are important, while the uncertainties of resonance energies
can be effectively neglected. We conclude that the correlations between neutron
and radiative (fission) widths should be taken into account.The multi-group cross
section uncertainties can be properly generated from both the resonance parameter
covariance format MF32 and the cross section covariance format MF33, though
the use of MF32 is more straightforward and hence preferable.

Editorial note: The ideas on which this paper is based were put forward during
numerous discussions between the scientists of the National Nuclear Data Center,
BNL in the first half of 2007. This was part of an intensive effort devoted to de-
veloping neutron cross section covariance methodology in the resolved resonance
region. The backbone of this methodology is the use of the uncertainty infor-
mation contained in the Atlas of Neutron Resonances (authorS. Mughabghab,
Elsevier 2006). The present report was drafted in summer 2007, near final version
followed in September 2007. Three months later, in December2007, a paper by
D. Rochman and A.J. Koning, NRG Petten, was submitted to Nucl. Instr. Meth-
ods A using many of our original ideas without mentioning ourwork. The NNDC
learned about it from an on-line version of NIM-A in March 2008. This prompted
publishing the present report in order to secure our priority in this matter.





Chapter 1

Introduction

The recent revival of interest in neutron cross section covariances (uncertainties
and correlations) is driven by the needs of advanced reactorsystems and fuel cy-
cles [1, 2], data adjustment for the Global Nuclear Energy Partnership (GNEP)
project as well as nuclear criticality safety. This interest is strongly enhanced by
recent advances in computer technology and progress in radiation transport codes
allowing to perform fast numerical simulations. Such simulations can substan-
tially reduce expensive and time consuming measurements onmock-up assem-
blies. For these simulations to be useful, neutron cross section evaluations have to
come with a trusted estimate of uncertainties.

It appears that the covariance information is very incomplete even in the most
recent nuclear data libraries. For example, the brand new ENDF/B-VII.0 li-
brary [3] contains neutron cross section covariances only for 13 oldand 13 newly
evaluated materials out of 393. The consequence of the lack of covariance in-
formation in the user community is a common misuse assuming that a given old
covariance file, obtained under specific conditions, for specific cross sections or
other nuclear data, can be used with a new data file, obtained under different
assumptions. To remedy this problem, it is important to create new reliable co-
variance files, consistent with mean values to which they refer to.

The new neutron cross section covariances included in the ENDF/B-VII.0 li-
brary are sample covariance evaluations that represent a prerequisite for a much
broader effort anticipated for ENDF/B-VII.1 release. In the resolved resonance
region these evaluations were obtained by three different methods. The direct
SAMMY was used for the covariance evaluation of232Th, the retroactive SAMMY
for 152,153,154,155,156,157,158,160Gd, and the Atlas-KALMAN method was used for eval-
uation of89Y, 99Tc and191,193Ir.

1
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The first method, direct SAMMY, is the most suitable for new measurements,
where the analysis of raw experimental data can be performedwith powerful R-
matrix codes. The best known is the ORNL code SAMMY [4], which automat-
ically produces full covariance information [5]. For comparison, the European
code REFIT [6] has similar capabilities in data analysis [7], but produces diago-
nal covariance terms only. The code SAMMY preforms a multilevel multichannel
R-matrix fit to neutron data using the Reich-Moore formalism. Experimental con-
ditions such as resolution function, finite size sample, non-uniform thickness of
sample, multiple scattering, self-shielding, normalization, background are taken
into account. An important distinction of the SAMMY is the usage of the Bayes’
equations, or the generalized least squares rather than theleast-squares equations
to update resonance parameters [8].

The second method is based on the idea to generate experimental data “retroac-
tively” and then proceed with the direct evaluation as described above [9]. The
motivation behind this somewhat unorthodox method, termedretroactive SAMMY [3],
is to benefit from the power of SAMMY and from huge experience accumulated
over years in experimental facilities such as ORELA. An intention is to apply this
method to those cases where suitable experimental data are not available. In do-
ing so one first generates artificial experimental cross sections using the R-matrix
theory with already-determined values of resonance parameters. Statistical and
systematical uncertainties are assigned to each data point, estimated from past
experience. Transmission, capture, fission and other data are calculated assuming
realistic experimental conditions such as Doppler broadening and resolution func-
tion. Then, the SAMMY code is used to generate resonance-parameter covariance
matrix.

The third method, pursued by the National Nuclear Data Center, is focusing
on many cases where the use of the above two methods may not be practical. It is
based on the idea to utilize another resource of informationon neutron resonances,
namely, the recently published Atlas of Neutron Resonances[10]. This monumen-
tal work by S.F. Mughabghab represents the 5th edition of what was previously
well known as the Brookhaven National Laboratory BNL-325 Reports. The point
is that Atlas contains not only the resonance parameters, frequently adopted by
many evaluations in major evaluated data libraries, but also their uncertainties.
The idea is to make use of these uncertainties and convert them into neutron cross
section covariances. Such a task has several distinct perspectives.

• One perspective is that we deal with a specific case of nuclearreaction
modeling that one would ideally encounter when using the nuclear reaction

BNL-80173-2008 Page 2 M. Hermanet al.
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model code EMPIRE originally designed for evaluations in the fast neutron
region [11]. In EMPIRE, one is far away from a situation of having perfect
model, perfect parametrization along with solid model parameter uncertain-
ties. Yet, the resolved resonance region is pretty close to this ideal situation.
One has a model, such as the Multi-Level Breit-Wigner (MLBW)formal-
ism, with a set of well determined model parameters along with their un-
certainties directly deduced from experiments. Hence, oneshould built on
experience from coupling EMPIRE with the Bayesian code KALMAN [12]
to produce covariances in the fast neutron region and expandit to the reso-
nance region. This led to the development of the Atlas-KALMAN method,
used to evaluate four materials for ENDF/B-VII.0 [3] and also to produce
preliminary set of covariances for advanced reactor systems [13].

• Another perspective is that one encounters a typical processing problem,
with converting resonance parameters (file MF2 as defined in the ENDF-
6 format [14]) and the resonance parameter uncertainties (file MF32) into
cross sections and cross section covariances. To this end, one should em-
ploy a suitable processing code such as PUFF [15] or ERRORJ [16]. This
approach, however tempting, does not provide sufficient insight into the role
of the resonance parameter uncertainties unless one is sufficiently familiar
with the processing code itself.

• Still another perspective is that one deals with the task where straightfor-
ward analytical solutions are possible. This should shed sufficient light on
the role of the resonance parameter uncertainties and this is the primary
objective of the present paper. On practical level, such an analysis would
bring us to the previous item by providing justification for conversion of
uncertainty information from the Atlas of Neutron Resonances into MF32
covariances. This procedure is straightforward and shouldbe preferred over
our earlier approach of using MF33.

This paper is organized as follows. In Chapter2 we summarize formalism
for neutron capture and fission cross sections. In Chapter3 we consider single
resonances and analyze the impact of the resonance parameter uncertainties and
resonance parameter correlations on the neutron cross section uncertainties and
correlations. Then, in Chapter4 we extend this analysis to many resonances. Our
conclusions are given in Chapter5.

BNL-80173-2008 Page 3 M. Hermanet al.
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Chapter 2

Capture and fission cross sections

We restrict ourselves to the MLBW formalism as defined in the ENDF-6 for-
mat [14]. This is justified by a wide use of MLBW in all major evaluatednuclear
data libraries and its dominant use also in the Atlas of Neutron Resonances. Fur-
thermore, MLBW is sufficiently representative for our purposes and relatively
easy to implement analytically. Although our analysis could be extended to a
more sophisticated Reich-Moore formalism, it would hardlychange any of our
findings.

For a simplicity we restrict ourselves to s-wave processes,first discuss a single
resonance, then proceed with a multi-resonance case. We will provide expressions
for capture cross sections, with the understanding that theexpressions for fission
cross sections can be obtained by a simple transformation. For the purposes of the
present paper all examples shown to illustrate our points are s-wave resonances.

For a single resonance at the energyE0 and the neutron incident energyE, the
capture cross section can be expressed by the Breit-Wigner formula as

σγ(E) = πŻ2 gΓn(E)Γγ
(Γ(E)/2)2 + (E − E0)2

, (2.1)

where we dropped all indices related to quantum numbers. Here,Ż is the neutron
wavelength,

Ż =
~
√

2mE
, (2.2)

m being the neutron reduced mass and~ the Planck constant, the spin statistical
factor is given by

g =
2J + 1

2(2I + 1)
, (2.3)
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with J being the spin of the resonance andI the spin of the target nucleus, and the
energy-dependent neutron width for s-wave neutrons is

Γn(E) = Γn

√

E
E0
, (2.4)

whereΓn denotes the neutron width atE0. The energy dependence of the total
resonance width,Γ(E), can be neglected when compared to the strong energy
term in the denominator of Eq.2.1, giving

Γ(E) = Γ = Γn(E0) + Γγ + Γ f , (2.5)

beingΓγ andΓ f the radiative and fission width respectively. Eq. (2.1) can be
rewritten to its final form

σγ(E) =
2π~2

m

(

1
EE0

)1/2 gΓnΓγ

(Γn + Γγ + Γ f )2 + 4(E − E0)2
, (2.6)

where one can explicitly see all quantities of interest to our analysis. These quanti-
ties, along with their uncertainties, can in general be found in the Atlas of Neutron
Resonances [10] and include the resonance parametersE0, Γn, Γγ, Γ f and the cap-
ture kernelgΓnΓγ/Γ.

For the case of several resonances the above expression can be generalized by
performing summation over the individual resonances, denoted by the subscriptr,

σγ(E) =
∑

r

σγr(E)

=
2π~2

m

∑

r

(

1
EE0r

)1/2 grΓnrΓγr

Γ2
r + 4(E − E0r)2

. (2.7)

This is justified by the observation that there are no interference effects in neutron
capture, generally when the number of primaryγ-ray transitions is large.

For fission cross sections the same formalism, after interchanging the sub-
scriptsγ and f in the above equations, can be applied.
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Chapter 3

Cross section covariances for a
single resonance

The energy-energy covariance between capture cross sections,σγ(E) andσγ(E′)
at the neutron energiesE andE′, is given by

〈δσγ(E) δσγ(E
′)〉 =

∑

i, j

∂σγ(E)

∂pi
〈δpi δp j〉

∂σγ(E′)

∂p j
, (3.1)

wherepi stands for the resonance parametersE0, Γn, Γγ, Γ f , and〈δpi δp j〉 is their
covariance matrix. Assuming that the resonance parametersare uncorrelated,

〈δpi δp j〉 =














(∆pi)2 i = j

0 i , j ,
(3.2)

one gets

〈δσγ(E) δσγ(E
′)〉 =

∑

i

∂σγ(E)

∂pi
(∆pi)

2∂σγ(E
′)

∂pi
(3.3)

that defines all elements of the energy-energy cross sectioncovariance matrix. The
diagonal terms,E = E′, contain cross section uncertainties, while the off-diagonal
terms,E , E′, contain cross section correlations.

3.1 Cross section uncertainties

The diagonal terms of the energy-energy covariance matrix are cross section un-
certainties. Using a more explicit notation, this diagonalterm defined by Eq. (3.3)

6
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can be written for non-fissile nuclei as

(∆σγ)
2 =

(

∂σγ

∂E0
∆E0

)2

+

(

∂σγ

∂Γn
∆Γn

)2

+

(

∂σγ

∂Γγ
∆Γγ

)2

. (3.4)

Here,∂σγ/∂E0, ∂σγ/∂Γn, and∂σγ/∂Γγ are the partial derivatives and∆E0, ∆Γn,
and∆Γγ are the standard deviations (uncertainties) of the resonance energy, neu-
tron, radiative width, respectively. We note that the aboveequation can be easily
generalized to describe actinides by adding fission term.

Considering Eq. (2.6), the first term of Eq. (3.4), after normalizing it to the
capture cross section, gives the relative capture cross section uncertainty

∂σγ

∂E0

∆E0

σγ
=

(

8E0(E − E0)
Γ2 + 4(E − E0)2

−
1
2

)

∆E0

E0
, (3.5)

which shows strongE-dependence. Thus, for the neutron energies far away from
E0 the cross section uncertainty is small, -(5/2)∆E0/E0 atE = 0 and -(1/2)∆E0/E0

at E >> E0. For the interim energies, the leading term is 2∆E0/(E − E0) and this
explains the initial rapid growth in the relative cross section uncertainty, followed
by equally rapid decrease, with a deep minimum atE = E0.

As an example, in Fig.3.1we show152Gd(n, γ) for the single s-wave resonance
with the resonance energyE0=173.8 eV known to 0.06% precision, see Table3.1,
whileΓ andΓγ are treated as exactly known quantities. Although the crosssection

Table 3.1: The resonance parameters and their uncertainties forE0 = 173.8 eV s-wave
resonance in152Gd+n [10].

E0 (eV) gΓn (meV) Γγ (meV)
173.8±0.1 86±2 30±2

uncertainties tend to be very large, in practice they can be neglected since there
is a strong anti-correlation with respect toE0 (see Sec.3.2). This anti-correlation
virtually annihilates contribution to cross section uncertainties due to∆E0 once
the cross section averaging is done even over the fairly narrow energy interval
aroundE0.

The second term in Eq. (3.4), the energy dependence of the relative capture
cross section uncertainty due to∆Γx, reads

∂σγ

∂Γx

∆Γx

σγ
=

(

1− 2ΓxΓ

Γ2 + 4(E − E0)2

)

∆Γx

Γx
. (3.6)
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Figure 3.1: The 152Gd(n, γ) cross sections for the single resonanceE0 = 173.8 eV (left
scale) and their relative uncertainties due to the resonance energy uncertainty 0.06% (right
scale).

where the indexx stands either forn or γ. This expression gives the cross section
uncertainties that are fairly constant. For the neutron energies far away fromE0

one gets∆Γx/Γx for cross section uncertainty, the interim energy region isfairly
flat, with somewhat complex shape close toE0 depending on the actual value of
the term (1− 2Γx/Γ).

An example is given for152Gd(n, γ) for the single resonanceE0=173.8 eV,
with ∆Γn/Γn=2.3% and∆Γγ/Γγ=6.6%, see Table3.1. Shown in Fig.3.2 is the
impact of∆Γn which yields complex shape aroundE0 caused byΓn/Γ being close
to unity. Fig.3.3shows the contribution caused by∆Γγ that drops atE0 sinceΓγ/Γ
is relatively small.

3.2 Cross section correlations

The correlation between capture cross sections is given by the non-diagonal terms,
E , E′, of the energy-energy covariance matrix, Eq. (3.3). Two possibilities will
be discussed. First, we will consider the uncorrelated resonance parameters. Then,
we will examine the correlation betweenΓn andΓγ using the constraint given by
the capture kernel.
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Figure 3.2: The152Gd(n, γ) cross sections for the single 173.8 eV resonance (left scale)
and their relative uncertainties due to the neutron widthΓn = 86 meV±2.3% (right scale).
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Figure 3.3: The152Gd(n, γ) cross sections for the single 173.8 eV resonance (left scale)
and their relative uncertainties due to the radiative widthΓγ = 30 meV±6.6% (right scale).
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For the uncorrelated resonance parameters, and following the usual practice to
normalize the covariance matrix so that the matrix elementsare between -1 and
+1, one gets correlation matrix

〈δσγ(E) δσγ(E′)〉
∆σγ(E)∆σγ(E′)

=
∑

i

∂σγ(E)

∂pi

(∆pi)2

∆σγ(E)∆σγ(E′)

∂σγ(E′)

∂pi
, (3.7)

where pi = E0, Γn, Γγ. For illustration we continue to analyze152Gd(n, γ) at
E0=173.8 eV. In Fig.3.4, to the right, we show the relative cross section uncer-
tainties due to both the neutron and radiative widths uncertainties,∆Γn and∆Γγ,
while the resonance energyE0 is considered to be known exactly. Then, in Fig.3.5
we show a complete case, where also the resonance energy uncertainty,∆E0, is
considered. This has striking impact, showing up as strong anti-correlation with
respect to the energyE0. As a consequence this anti-correlation annihilates the
impact of∆E0 on the averaged cross section uncertainties.

Next, we examine the correlation between the resonance widths. In capture
measurements the capture kernel,

Aγ =
gΓnΓγ

Γ
, (3.8)

shows that there is negative correlation betweenΓn andΓγ. This correlation may
or may not be strong, depending on the values of the resonancewidths involved.
Thus, if eitherΓn/Γ or Γγ/Γ is close to the unity, the correlation is weak. If,
however, these ratios are approximately equal, then the correlation betweenΓn and
Γγ will be strong. The corresponding expression for the cross section uncertainty
reads

(∆σγ)
2 =

(

∂σγ

∂Γn
∆Γn

)2

+ 2
∂σγ

∂Γn
〈δΓn δΓγ〉

∂σγ

∂Γγ
+

(

∂σγ

∂Γγ
∆Γγ

)2

, (3.9)

where〈δΓn δΓγ〉 is a covariance matrix and again we dropped the fission term for
simplicity.

The approach described here to calculate the correlation term between the res-
onance widths applies the generalized least squares methodfrom the Bayesian the-
orem [12]. The initial values ofΓn, Γγ, Aγ as well as their uncertainties,∆Γn,∆Γγ
and∆Aγ, can be taken from the Atlas of Neutron Resonances. The following re-
lations hold for the prior covariance matrix of the resonance widths,Ψ, and the
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Figure 3.4: Top: The152Gd(n, γ) cross section correlations due to uncorrelatedΓn andΓγ
for the single 173.8 eV resonance. Bottom: The same for relative cross section uncertain-
ties.
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posterior matrix,Ψ̃,

χ̃ = χ + ΨS TV[A − A(χ)]

Ψ̃ = Ψ − ΨS TVSΨ , (3.10)

whereV = (SΨS T + (∆A)2)−1. The vectorA(χ) represents the capture kernel
calculated for the set of parametersχ ≡ {Γn, Γγ}. The quantityA ≡ Aγ is the
experimental value of the capture kernel with related variance (∆Aγ)2, while S is
the sensitivity matrix andS T is its transpose given by

S T ≡
(

∂Aγ
∂Γn
,
∂Aγ
∂Γγ

)

. (3.11)

The covariance matrix for the resonance parameters is givenas

Ψ =

(

(∆Γn)2 〈δΓn δΓγ〉
〈δΓγ δΓn〉 (∆Γγ)2

)

. (3.12)

We introduce the shortened notation for the correlation term betweenΓn andΓγ

C =
〈δΓn δΓγ〉
∆Γn ∆Γγ

. (3.13)

The upper line of Eq.(3.10) represents the update of theΓn andΓγ parameters,
while the lower line defines the covariance calculation for these parameters. In
the prior matrixΨ, the correlation termC is assumed to be equal to zero. Then,
the calculation is iterated by replacingΨ with the calculated̃Ψ until convergence
is achieved.

We illustrate impact of the (Γn, Γγ) correlations on capture cross section uncer-
tainties in Fig.3.6. We choose152Gd(n, γ) reaction in the vicinity of the resonance
at 173.8 eV and show the range of uncertainties when the correlation coefficient
C varies between -0.1 and -0.9. One notes that low correlations result in higher
uncertainties at both wings of the resonance while the opposite is true for the peak
zone. The change in the cross section uncertainty can reach about 50% between
physical limits ofC (-1 to 0) but is less than 30% in the peak zone. Typical scale of
the (Γn, Γγ) correlation is shown in Table3.2, in which we reproduce experimen-
tal values ofC for several s-wave resonances in152Gd+n as reported in Ref. [18].
Generally, there is a strong negative correlation ifΓn andΓγ are comparable and it
weakens if one of the widths becomes much larger than the other.
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Table 3.2: The resonance parameters and capture kernels of selected s-wave resonances
for 152Gd+n [10]. The correlation terms,C, betweenΓn andΓγ were taken from Ref. [18].
For all resonancesg = 1.

E0 (eV) gΓn (meV) Γγ (meV) Aγ (meV) C Comment
173.8 86±2 30±2 22.3±0.3 -0.91
185.7 84±2 53±5 32.3±0.5 -0.95
203.1 97±2 59±3 36.6±0.4 -0.95
223.3 301±12 64±3 52.9±0.6 -0.75 Γn >> Γγ
231.4 46±4 62±8 26.4±0.9 -0.98
1678.4 999±116 69±7 64.6±2.3 -0.60 Γn >> Γγ
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Figure 3.6: The 152Gd(n,γ) relative cross section uncertainties for the single 173.8eV
resonance illustrating the impact of the correlation betweenΓn andΓγ.
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3.3 Averaged values

Users of neutron cross section data are primarily interested in the group-averaged
cross sections and their uncertainties. Therefore, it is ofpractical interest to ex-
amine the impact of the covariances on the cross sections that are averaged over
a broader energy interval. The capture cross section averaged over the energy
interval∆E around the energyE0 can be calculated as

σγ =
1
∆E

∑

i

σγ(Ei)∆e , (3.14)

where∆e is a sufficiently small energy step. Then, the averaged cross section
uncertainty is

∆σγ =
∆e
∆E

√

∑

i, j

〈δσγ(Ei) δσγ(E j)〉 . (3.15)

It should be pointed out that typical widths of energy bins over which the
averaging is done is much larger than the width of a single resonance. Thus, in
our sample case that we choose to illustrate our results,152Gd(n, γ), the 173.8 eV
resonance falls in the group-energy interval that is ordersof magnitude larger
than the resonance widthΓγ = 0.03 eV. Indeed, in the 44-group structure used for
nuclear criticality safety applications the relevant energy group has width orders
of magnitude larger. In the 15-group structure, used in someadvanced reactor
systems studies, the relevant energy group spans the energyrange from 22.6 eV to
454 eV, implying the bin widths more than 400 eV. The energy interval over which
the cross section uncertainty is displayed in the above example, see Figs.3.1-3.6is
less than 1 eV. This energy interval is sufficiently broad for our purposes, yet still
pretty small when compared to the energy interval of any relevant group structure
used in practice.

One important comment is in place. In calculating average quantities the role
of correlations become important as can be seen in Eq.(3.15). As a consequence,
averaged uncertainties are lower, sometimes considerablylower, than those intu-
itively expected considering purely diagonal terms.

Considering the anti-correlation caused by∆E0, it is clear that impact of∆E0

on the averaged cross section uncertainty is negligible. Onthe contrary,∆Γn and
∆Γγ are important in view of the cross section uncertainties since the related cross
section correlation matrix is positive and fairly uniform.Therefore there is no can-
cellation that eliminates the effect of∆E0. The impact of the correlation between
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Γn andΓγ may be significant and reduces the average cross section uncertainty for
negativeC.
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Chapter 4

Cross section covariances for
multiple resonances

The previous analysis can be extended to a more realistic case with many reso-
nances. We will discuss the cross section uncertainties andthen proceed with the
correlations.

4.1 Cross section uncertainties

Using Eq. (3.4), the cross section uncertainty for the multi-resonance case can be
worked out fairly easily. Two cases will be discussed, first we would assume un-
correlated resonance parameters, afterwards we will consider correlation between
Γn andΓγ. For the uncorrelated resonance parameters one has

(∆σγ)
2 =

∑

r













(

∂σγ

∂E0r
∆E0r

)2

+

(

∂σγ

∂Γnr
∆Γnr

)2

+

(

∂σγ

∂Γγr
∆Γγr

)2










, (4.1)

wherer denotes the individual resonances. Following Eqs. (3.5) and (3.6) the par-
tial contributions to (∆σ)2 can be readily obtained and, after some rearrangement
and dropping subscriptγ, written as

∂σ

∂E0r

∆E0r

σ
=
σr

σ

(

8E0(E − E0r)
Γ2

r + 4(E − E0r)2
−

1
2

)

∆E0r

E0r
(4.2)

and
∂σ

∂Γxr

∆Γxr

σ
=
σr

σ

(

1− 2ΓxrΓr

Γ2
r + 4(E − E0i)2

)

∆Γxr

Γxr
, (4.3)
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whereσr is the cross section of the resonancer andx = n, γ. The ratioσr/σmod-
ifies the behavior of the cross section uncertainty far from the resonance energy
E0r. If the neutron energyE is close toE0r, then the ratioσr/σ is almost equal to
unity and Eqs. (4.2, 4.3) become similar to Eqs. (3.5, 3.6). For the energyE far
from E0r, theσr/σ becomes small in the presence of another resonance and the
effect of therth resonance on the cross section uncertainty is also small.

We will discuss two examples, each showing three s-wave resonances. Our
first example continues with the case of152Gd(n, γ). We already discussed the
173.8 eV resonance, now we proceed by adding 185.7 eV and 203.1 eV reso-
nances. For these three resonances, the calculated capturecross sections and the
calculated relative uncertainties are shown in Fig.4.1. One can see three broad
peaks in the uncertainty curve with narrow dips at the resonance energies. Pos-
sible impact of the correlation betweenΓn andΓγ is displayed by the shadowed
band that corresponds to the range of valuesC=0.0 and -0.9.

10−1

10+0

10+1

10+2

10+3

10+4

10+5

170 175 180 185 190 195 200 205
2.0

4.0

6.0

8.0

10.0

12.0

14.0

σ
(E

)
(b

)

∆
σ

(E
)

(%
)

Incident Neutron Energy (eV)

152Gd(n, γ)
C= 0%
C=-90%

Figure 4.1: The152Gd(n, γ) cross sections and their relative uncertainties for threes-wave
resonances,E0=173.8, 185.7 and 203.1 eV. The resonance energy uncertainties, ∆E0,
were not considered. The shadowed band illustrates the impact of the (Γn, Γγ) correlation.

Our second example discusses fission. In Fig.4.3 we show241Am(n,f) cross
sections and their uncertainties considering three resonances as well as the bound
level. The resonance parameters and their uncertainties are given in Table4.1.
The contribution of the bound level to the cross sections is clearly visible. One
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Figure 4.2: Cross section correlation due to uncorrelatedΓn andΓγ for 152Gd(n, γ) for
three s-wave resonances,E0=173.8, 185.7 and 203.1 eV.

Table 4.1: The resonance parameters and their uncertainties for threes-wave resonances
in 241Am(n,f) [10], fission kernelsA f are not available. Also shown are parameters for
the bound state which are considered to be known exactly. Shown in the last column are
correlation coefficients,C, betweenΓn andΓ f .

E0(eV) 2gΓn (meV) Γγ (meV) Γ f (meV)
-0.425 0.641 40 0.215

0.307±0.002 0.0560±0.0005 46.8±0.3 0.29±0.03
0.574±0.004 0.0923±0.0020 47.2±0.3 0.14±0.02
1.268±0.004 0.3200±0.0080 48.9±0.7 0.37±0.02
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Figure 4.3: The 241Am(n,f) cross sections and their relative uncertainties for three s-
wave resonances (0.307, 0.574 and 1.268 eV) and the bound level. Γi f stands for the
fission width for thei-th resonance. The resonance energy uncertainties,∆E0, were not
considered.
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can see that there are no local mimima at the resonance energies, in line with our
earlier discussion of the single resonances as∆Γ f /Γ is close to zero. Since the
resonances are close to each other the local structures are washed out due to the
uncertainties of individual resonances.

Table 4.1 shows the resonance parameters for three s-wave resonancesin
241Am(n,f) as well as the bound level and we expect (Γn, Γγ) to be strongly anti-
correlated.

4.2 Cross section correlations

The energy-energy correlation between capture (fission) cross sections for many
resonances can be obtained readily using Eq. (3.7) and performing summation of
contributions from single resonancesr. One has

〈δσ(E) δσ(E′)〉
∆σ(E)∆σ(E′)

=
∑

r

∑

ν

∂σ(E)
∂pνr

(∆pνr)2

∆σ(E)∆σ(E′)
∂σ(E′)
∂pνr

, (4.4)

where the subscriptν denotes different resonance parameters. When discussing
correlations one can consider three options, although theymay not be fully sup-
ported by the data available in the Atlas of Neutron Resonances. These options
are:

• Uncorrelated parameters for each individual resonance,

• Correlations between parameters of a single resonance (short range correla-
tion), and

• Correlations between parameters of various resonances (long range correla-
tion).

The first option is illustrated on241Am(n,f) reactions in Fig.4.4. The resonance
parameters and their uncertainties, given in Table4.1, are treated as uncorrelated.
Strong and localized anti-correlation can be seen close to the resonance energies.
For 241Am(n,f), the cross section uncertainty in the thermal energy region is dom-
inated by the 0.307 eV resonance. Consequently, the thermalcross section and
uncertainty are almost fully dominated by the first positiveresonance at 0.307 eV.
The second option could be illustrated by continuing in the above example and
including the effect ofΓn andΓ f correlation. It appears that, when looking on the
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Figure 4.4: Fission cross section correlations for241Am(n,f) considering three resonances
(0.307, 0.574 and 1.268 eV) and the bound level. The uncertainties of all resonance
parameters were assumed to be uncorrelated.
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correlation plot similar to Fig.4.4, the effects are relatively small and hence not
shown here.

The third option takes into account also long-range correlations. Obviously
one could consider the resonance energies as they are determined by the neu-
tron flight path, but this effect in practice is very small and can be neglected. Of
more interest would be to consider another correlation, indicated by the Atlas of
Neutron Resonances, though without any strict guidance. This correlation can be
inferred from the fact that often the radiative widths are assumed to be constant.
In this case, the radiative widths of all resonances should be strongly correlated.
Such correlations can be only estimated usingad hoc assumptions as no guidance
is given in the Atlas of Neutron Resonances and we are not attempting to do so
here.

4.3 Averaged values

As already mentioned the users require multi-group cross sections. The reason is
that large simulation codes are not designed for point-wisecross sections that are
far too detailed, rather one needs suitably averaged values, the multi-group cross
sections. To this end, the processing codes such as PUFF [15] and ERRORJ [16]
and NJOY [17]should be employed.

From the above discussion it is clear that the two possible ways how to obtain
multi-group cross section uncertainties in the resonance region should be equiva-
lent. If one choses to produce MF32 covariances, then PUFF orERRORJ should
be used to obtain multi-group cross section covariances from covariances of reso-
nances parameters. If, alternatively, one chose to produceMF33 covariances, then
either of the above codes can be used to obtain multi-group cross section covari-
ances. We are not resorting to show this on any single case as such an example
might not be considered as sufficiently general and it is beyond the scope of this
report to go to extensive analysis of this point.

In practice, MF32 is more straightforward and provides moreflexibility. Hence
its use, unless prohibited by huge size of the file, such as in the case of235U, is
preferable.
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Chapter 5

Conclusions

The cross section uncertainties and correlations for neutron capture and fission in
the resolved resonance region were examined. Our goal was tomake maximum
use of the information available in the Atlas of Neutron Resonances. We used
the MLBW formalism that allowed analytical solutions, complemented with the
numerical calculations whenever necessary.

We studied the impact of the resonance parameter (E0, Γγ, Γn) uncertainties
and examined the possibility to introduce resonance parameter correlations by
utilizing the capture kernel (Aγ). We have shown that the uncertainties of the
resonance energies,∆E0, can be neglected in the averaged cross sections. The
uncertainties of the other resonance parameters should be taken into account. This
is also true for the correlations betweenΓn andΓγ in cases where these widths have
comparable values.

The use of the resonance parameter covariances, file MF32, isa logical step
forward in developing our covariance methodology in the neutron resolved reso-
nance region. So far, we have been using the cross section covariance represen-
tation, file MF33. These two ways are equivalent in the sense of providing the
same multi-group values, but the use of MF32 is more straightforward and more
flexible and it should be given the preference.

We conclude that the Atlas of Neutron Resonances contains the wealth of in-
formation that can be effectively utilized in the evaluation of neutron cross section
covariances in the resolved energy region.
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Extensive set of cross section covariance estimates in the fastneutron region
M.T. Pigni∗, M. Herman, P. Obložinský

National Nuclear Data Center, Brookhaven National Laboratory
Upton NY 11973-5000, U.S.A.

Abstract

We generated, for the first time, a very comprehensive set of estimates of cross section covariance data in the neutron energy range of 5 keV
- 20 MeV. The covariance matrices were obtained for 307 materials, from19F to 209Bi, covering structural materials, fission products, and
heavy non-fissile nuclei. These results offer model-based, consistentassessments of covariance data for nuclear criticality safety applications.
The evaluation methodology combines the nuclear reaction model code EMPIRE that calculates the sensitivity of the cross sections to nuclear
reaction model parameters, and the Bayesian code KALMAN that propagates uncertainties of the model parameters to these cross sections.
Taking into account the large number of materials studied, we refer only marginally to experimental data. The covariances were derived from
the perturbation of several key model parameters selected by the sensitivity analysis. These parameters refer to the optical model potential,
the level densities, and the strength of the pre-equilibrium emission. Our work represents the first attempt to generate neutron cross section
covariances on such a large scale.

Key words: neutron cross section covariances, nuclear criticality safety, ENDF/B-VII.0
PACS: 25.40.-h, 28.20.-v

1. Introduction

Two factors can explain the recent revival of research on neu-
tron cross section covariances. First, there is intensive renewed
interest in nuclear technology applications, such as designing a
new generation of nuclear power reactors along with enhanced
requirements on nuclear criticality safety. Second, considerable
advances in computer technology and in neutronics simulation
codes now allow refined predictions of integral quantities that
start to probe the uncertainties of basic nuclear data.

Neutron cross section covariances (uncertainties and correla-
tions) are necessary for several distinct types of applications [1].
Probably the most important is the need to assess the uncertain-
ties of integral quantities, such as the design and operational
parameters of nuclear power reactors. Estimates of the accuracy
of predictions of such applied quantities due to uncertainties
in the basic data can be viewed as the forward propagation of
uncertainties. To this end, sensitivity coefficients are computed
for the integral quantity,R, with respect to cross sections and
the integral variance is obtained as

(∆R)2 = sT
RDsR , (1)

∗ Reference author
Email address: pigni@bnl.gov (M.T. Pigni).
URL: http://www.nndc.bnl.gov/nndcpeople/pigni.html

(M.T. Pigni).

wheresT
R is the transpose of the sensitivity coefficient vector,

sR, andD is the cross section covariance matrix.
The same approach, albeit in the reverse order, can be used to

identify nuclear data requirements. In doing so, one startsfrom
the target uncertainties of integral quantities and propagates
them backwards to the desired precision of the neutron cross
sections. Salvatores et al.’s [2] recent international collaboration
applied this approach to identify the data needed for designing
advanced reactor systems.

Data adjustment represents another important use of neutron
covariance data. Here, one would start with the basic evaluated
data library, such as the recently released ENDF/B-VII.0 [3],
analyze suitable integral experiments, calculate sensitivities for
observed integral quantities, account for covariance data, and
produce an adjusted multi-group library constrained by these
integral experiments. Such an adjusted library then could be
used for neutronics simulations of the new systems. Ideally, if
the adjustments were propagated backward to the basic library,
integral quantities could be predicted for systems that go be-
yond current experience in terms of their material composition
and neutron energy spectra. Currently, the Global Nuclear En-
ergy Partnership (GNEP) is engaged in such a data adjustment
project, focusing on fast, metal-cooled actinide burner reac-
tors [4].

Although covariances were extensively studied in the 1970s,
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this research virtually disappeared in the 1990s due to limited
interest by users and scarce resources for data evaluation.Con-
sequently, the availability of covariances in the major nuclear
data libraries is very restricted. For example, the most recent
ENDF/B-VII.0 library, released in December 2006, contains
covariances for only 26 materials, i.e., for less than 7% of those
in the neutron sub-library. Moreover, only 13 of these mate-
rials can be considered complete in that they provide covari-
ances for all reaction channels important for applications. The
lack of a consistent, complete set of covariances is a barrier
that prevents using the sensitivity tools in developing innova-
tive nuclear technologies, and discourages the advancement of
the tools themselves.

The U.S. Nuclear Criticality Safety Program (NCSP) re-
cently addressed the scarcity of neutron covariance data. An
almost complete lack of these data not only prevents prediction
of uncertainties in computing criticality but it also prevents de-
velopment and testing relevant computational capabilities. To
facilitate such development, cross section covariance data are
essential. Even relatively crude approximations would be an
enormous help for these advances. The goal is to produce a
rough set of covariances covering all relevant reaction chan-
nels and materials (from thermal energy to 20 MeV), thereby
affording a solid base for testing the new tools for advancednu-
merical simulations employing nuclear data uncertaintiesand
correlations. The emphasis is on completeness rather than on
precision - the latter should be addressed after the evaluation
methodology is well established and adequate tools are avail-
able.

The large scale of our “low-fidelity” covariance project ne-
cessitated our basing the results on model calculations, with
minimal reference to experimental data. Calculations by the
code EMPIRE [5] with default set of parameters provide a com-
plete set of cross sections, while the code KALMAN [6] gen-
erates their (co)variances. We stress that EMPIRE predictions
of cross sections, many of which are very reasonable, do not
coincide with any of the official evaluated libraries. Therefore,
our covariances should not be associated with any cross sec-
tions recommended for applications. The almost complete ne-
glect of experimental data, and the global nature of our model
calculations also limits detailed comparison with the existing
covariances generated from much more thorough analyses.

The low-fidelity covariance project produced cross section
covariance matrices (MF33 in ENDF-6 format definition) for
a complete set of 393 materials in the ENDF/B-VII.0 neutron
sub-library. The data required by the project cover five major
reaction channels, (n,el), (n,inl), (n,2n), (n,γ), plus (n,f) for ac-
tinides, with the understanding that (n,tot) is redundant.We note
that (n,p) and (n,α) cross sections are in general fairly small,
particularly for heavier nuclei, and their impact on total cross
section covariances can be neglected except for a few light nu-
clei. The project involved four major U.S. national laboratories
(BNL, ORNL, LANL, and ANL) with different responsibili-
ties. Our role was to produce covariance estimates in the fast
neutron region for 307 isotopes between19F and209Bi. This
massive task was split into two parts. First, we derived covari-
ances for 219 fission products [7,8] defined as the ENDF/B-

VII.0 materials in the range of Z = 31 - 68, and second, for
the remaining 57 structural and 31 heavy materials [9]. ORNL
took care of the low neutron energy region (<5 keV) where
the covariances were estimated from the standard deviationof
the thermal cross sections and resonance integrals [10]. LANL
produced covariances in the fast energy region for light nuclei
(A< 19) and actinides (A> 209). Finally, ANL has respon-
sibility for checking and reviewing. The project, including its
justification and results, is summarized in the recent paper[11].

The paper is organized as follows. In Section 2, we describe
the methodology, while Section 3 presents and discusses the
calculations. Our conclusions are summarized in Section 4.

2. Evaluation methodology

Our methodology is based on the nuclear reaction model
code EMPIRE [5] coupled to the Bayesian filtering code
KALMAN [6]. For this extensive task, we based the results al-
most entirely on model calculations with marginal reference to
experimental data. The EMPIRE code calculates neutron cross
sections according to appropriately selected models and model
parameters, while KALMAN propagates model parameter
uncertainties into cross section (co)variances.

2.1. Evaluation method

The Bayesian update procedure is a standard tool used in
statistics to modify prior results by taking into account any new
data. In our case, the evaluation starts with the EMPIRE nuclear
reaction model code which encompasses a wide range of nu-
clear models of different degrees of sophistication to assure an
overall description of nuclear observables. The adopted models
address specific reaction mechanisms, and depend on adjustable
parameters. The most relevant ones are those related to opti-
cal potential and nuclear level densities. These parameters are
varied to calculate partial derivatives of cross sections,defining
the elements of the sensitivity matrices (see Eq. (6)). The cal-
culated reaction cross sections, sensitivity matrices along with
the model parameters and their uncertainties represent input
quantities for the KALMAN code.

The KALMAN code is used as a nuclear data evaluation tool
based on the iterative generalized least-squares approach. The
procedure emphasizes the estimation of the uncertainties in the
model parameters, and the corresponding correlations. It is ap-
plied to evaluating neutron cross sections and their covariance
matrices for various reaction channels. Applying the Bayesian
equations is straightforward, and the update is a simple alge-
braic operation,

pn+1 = pn + PnSTQn(σexp
n − σ(pn))

Pn+1 = Pn − PnSTQnSPn , (2)

wheren denotes thenth-step in the evaluation process accord-
ing to the number of sets of experimental data to be included.
The vectorpn+1 contains the improved values of the param-
eters starting from the vectorpn. Likewise, the matrixPn+1
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is the updated covariance matrix of the parameterspn+1. The
combination of the theoretical covariance matrixD and the ex-
perimental covariance matrixDexp yields the updated covari-
ance matrix,

Q = (Dexp + D)−1 , (3)

and the vectorσ(p) represents the set of cross sections for a
specific reaction channel calculated for the set of parameters,p.

In our calculations, the experimental data were virtually ig-
nored, so considerably simplifying the evaluation procedure
that then becomes driven by the theoretical cross section co-
variances. The theoretical cross section covariance matrix,

D = SPST , (4)

is associated with the model calculation by the covariance ma-
trix of the model parameters,

P ≡ 〈δpℓ δpm〉 , (5)

and the sensitivity matrix,S, with the elements,

si,j =
∂σ(Ei,p)

∂pj

, (6)

calculated as the partial derivative of the cross sectionσ at the
energyEi with respect to the parameterpj . Then, the covari-
ance matrix defined in the context of the present work can be
identified readily with the theoretical covariance matrix,D.

In the explicit notation, the elements of the cross section
covariance matrix can be written as

di,k =

q∑

ℓ,m=1

si,ℓ 〈δpℓ δpm〉 sk,m , (7)

wherein the covariance matrix of model parameters,P, is di-
agonal, if model parameters are uncorrelated, as we assumed
in the present work. Conveniently, the cross section covariance
matrix can be separated into the diagonal terms - the cross sec-
tion variances∗ , di,i ≡ 〈(δdi)

2〉 - and the cross section corre-
lation matrix defined as

ζi,k =
di,k√

di,i

√
dk,k

, (8)

where the matrix elements lie, by definition, within the range
−1 ≤ ζi,k ≤ 1.

We note that the covariance matrix, likewise its correlation
matrix, must be symmetric and positive definite. While the first
requirement is easy to satisfy, the second is less transparent and
means that

ZDZT > 0 , (9)

for all non-zero real vectorsZ. This condition is achieved by
ensuring that all matrix elements have positive values after di-
agonalizing them; otherwise, numerical rounding of errorsin
the calculation and normalization procedure can lead to incon-
sistencies, with the matricesζ not satisfying Eq. (9). We care-
fully checked all cross section covariance matrices to ensure
positive-definitiveness.

∗ The cross section uncertainty (or standard deviation) is related to the

variance via∆di =

√
di,i =

√
〈(δdi)

2〉.

2.2. Reaction models and parameters

The EMPIRE code system [5] is a modern tool for model-
ing low and intermediate energy nuclear reactions. It incorpo-
rates an extensive set of nuclear reaction models able to de-
scribing all relevant reaction mechanisms, each of them con-
veniently coupled to the up-to-date library of input model pa-
rameters [12]. Therefore, EMPIRE provides reasonable overall
description of nuclear observables, even if default parametriza-
tion is used. The code is suitable for massive calculations,is
easy to use, has readily available default input values for all
parameters, and it is applicable to a wide range of target nuclei
and incident neutron energies from about 1 keV to 150 MeV.

In the context of this project, three nuclear reaction models
were adopted:
– Spherical optical model,
– Hauser-Feshbach statistical model, and,
– Exciton pre-equilibrium model.
These three models sufficiently well describe the physics of
nuclear reactions at neutron energies from 5 keV to 20 MeV for
the entire set of nuclei. The spherical optical model takes care
of the total cross sections and neutron elastic scattering,the
Hauser-Feshbach statistical model describes the bulk of particle
emissions, and the exciton pre-equilibrium model details major
features of fast particle emission at higher incident energies.

To better describe the model parameters considered in our
calculations, we briefly and simply outline the nuclear reaction
models listed above. Then we discuss the model parameters
and their uncertainties.

2.2.1. Spherical optical model
The optical model for nucleon-nucleus interaction is the start-

ing ingredient in calculating cross sections. This model allows
us to determine neutron elastic scattering as well as absorption
cross sections and the transmission coefficients discussedlater.
The spherical optical model potential usually is defined as

U(r, E) = −Vv(r, E)− iWv(r, E) − iWs(r, E) +

Vso(r, E)ℓ · s + iWso(r, E)ℓ · s . (10)

Here, all components are separated inE-dependent well depths
and energy-independent radial parts according to

Vv = Vv(E)f(r, Rv, av) ,

Wv = Wv(E)f(r, Rv, av) ,

Ws =−4asWs(E)
d

dr
f(r, Rs, as) , (11)

Vso = Vso(E)

(
~

mπc

)2
1

r

d

dr
f(r, Rso, aso) ,

Wso = Wso(E)

(
~

mπc

)2
1

r

d

dr
f(r, Rso, aso) ,
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where the indicesv, s, andso refer, respectively, to volume-
central, surface-central, and spin-orbit potentials. Theform-
factor is given by the frequently used Woods-Saxon shape

f(r, Ri, ai) = (1 + exp[(r − Ri)/ai])
−1, (12)

where the geometric parameters are the radiusRi = riA
1/3

and the diffuseness,ai, with A being the atomic mass number.

2.2.2. Hauser-Feshbach statistical model
The decay of the compound nucleus is described in the frame-

work of the formalism of Hauser-Feshbach statistical model,
with many open channels contributing to the decay. Schemati-
cally, the cross section for a reaction (a,b) that proceeds through
the compound nucleus (CN) mechanism can be written as

σa,b = σa

Γb∑
c Γc

. (13)

Here,σa is the absorption cross section, and the ratio expresses
the chance of emitting particleb relative to all other reac-
tion channels. For simplicity, we suppress the notation showing
summation over the quantum numbers such as spin and parity,
and integration over the energy. The decay width is given by

Γc =

∫ E−Bc

0

ρc(E
′)Tc(E − Bc − E′)dE′

2πρCN(E)
, (14)

whereBc is the binding energy of particlec in the compound
nucleus,ρ is the nuclear level density, andTc(ǫ) represents the
transmission coefficient for particlec having channel energy
ǫ = E − Bc − E′. Again, we dropped explicit reference to
spin and parity. Since all evaluations extend up to 20 MeV,
sequential multi-particle particle emissions had to be included
in the Hauser-Feshbach calculations, which, in practice, implies
an energy convolution of the multiple integrals of the type of
Eq. (14).

EMPIRE offers several models describing nuclear level den-
sities. We adopted the EMPIRE-specific approach [5] that uses
the formalism of the super-fluid model below the critical exci-
tation energy, and the Fermi gas model above this energy. The
dominant term is

ρ(E) ∝ a1/4 exp (2
√

const· a) , (15)

where the level density parameter,a, can be calculated from its
asymptotic value,̃a, as

a = ã · [1 + f(U)δW/U ] . (16)

The Eq. (16) accounts for the energy dependence of the level
density parameter that results from the disappearance of the
shell-correctionδW with increasing excitation energy, as de-
scribed by thef function.

2.2.3. Exciton pre-equilibrium model
In the exciton model, the composite nucleus follows a se-

ries of more and more complicated configurations wherein the
excited states are characterized by the number of excited par-
ticles and holes (excitons) at each stage of the pre-equilibrium
cascade. Restriction to two-body interactions leads to selection
rules about the possible variation of the number of excitons

during the cascade. The initial configuration is determinedby
the nature of the projectile. Assuming that the pre-equilibrium
systems develops only in the direction of increasing exciton
number, i.e., the “never-come-back” approximation, the conve-
nient closed-form expression is obtained,

dσa,b

dǫ
= σa

∑

n
∆n=2

Dn

Wb(n, ǫ)

Wtot(n) + λ+(n)
, (17)

whereDn represents the depletion factor,Wb(n, ǫ) is the emis-
sion rate for particleb with the energyǫ, andWtot(n) is the
total emission rate. A somewhat simplified form of the internal
transition rate reads

λ+(n) =
2π

~
|M |2g3E2/(n + 1) . (18)

Here, g is the single-particle level density, and|M |2 is the
average matrix element for the residual two-body interaction
that often is parametrized through the nucleon mean-free path
(mfp), as we adopted also in our work.

2.2.4. Model parameters
For the optical model, we used the recent parametrization

based on Koning and Delaroche’s [13] extensive analysis of
spherical nuclei (or nearly spherical ones). The energy andmass
dependencies of potential parameters that were employed by
those authors are more flexible than those used in previous sim-
ilar analyses. This feature engenders a reasonable description
of total and elastic cross sections, as well as elastic angular
distributions for spherical nuclei across the periodic table. The
energy range extends well above 20 MeV that we adopted as
the upper limit for the present work. In our calculations, we
used results of Ref. [13] applying relative (multiplicative factor)
perturbations to the final values of the major parameters (po-
tential depths, radii, and diffusenesses) thereby preserving the
original functional dependencies. Table 1 lists the variedopti-
cal model parameters, along with their respective uncertainties
(3% or 5%), as determined by Koning from the Monte-Carlo
analysis. We note that we have used the spherical optical model
for all nuclei considered, including the deformed ones. Table 2

Table 1
Parameter uncertainties (in %) used in this work for the optical model:r -
radius,a - diffuseness,V - real depth,W - imaginary depth. The subscripts,
v, s, and w, respectively, denote real volume, real surface, and imaginary
surface. The superscripts,tg ≡ n + A

Z
andnp ≡ p + A+1

Z−1
, refer to nucleon-

nucleus interaction.

∆r
tg

s ∆r
tg

v ∆r
tg

w ∆V
tg

v ∆W
tg

s ∆W
tg

v ∆a
tg

s ∆a
tg

v ∆V
np

v ∆W
np

s

3 3 3 3 5 5 3 3 3 3

lists the eight parameters relevant for the Hauser-Feshbach and
the exciton model. This includes four nuclear level densitypa-
rameters for the former and two single-particle level densities
for the latter, each estimated to be known within 10%. The two
remaining parameters, theγ-ray strength function and the mfp
for the pre-equilibrium emission, are estimated to be known
within 20%.

The Hauser-Feshbach statistical model is driven by nuclear
level densities, and the estimated global uncertainties for the
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Table 2
Parameter uncertainties (in %) used in this work for the Hauser-Feshbach
and exciton models:̃a - total level density,̃g - single-particle level density,
fγ - gamma-ray strength functions, and mfp - nucleon mean-free path. The
superscripts refer tocn ≡ compound,tg ≡ target,n2n ≡ (n,2n) residue,
np ≡ (n,p) residue.

∆ãcn
∆ãtg

∆ãn2n
∆ãnp

∆g̃np
∆g̃tg

∆fγ ∆mfp

10 10 10 10 10 10 20 20

related parameters are based on a considerable experience ac-
cumulated while using EMPIRE code in neutron cross sec-
tion evaluations for the ENDF/B-VII.0 library [3]. This expe-
rience also was employed to determine uncertainties for other
model parameters. These estimates finally were validated by
randomly comparing the calculated cross section uncertainties
against the spread of experimental data; the correlations among
model parameters were disregarded. This simplification is jus-
tified within the scope of this project, despite ignoring some
well-known physical constraints (e.g., the anti-correlation be-
tween the radius (rv) and the real depth (Vv) of the optical
potential). Future work will quantify these correlations,and in-
clude them in the analysis.

2.3. Cross section sensitivities

We undertook cross section sensitivity calculations by con-
sidering the uncertainties for 18 model parameters that con-
tribute most significantly to the major reaction cross sections.
Thus, (n,el), which is composed of shape- and compound-
elastic cross sections, exhibits sensitivity primarily toreal opti-
cal model parameters. In the elastic reaction channel the sensi-
tivity is dominated by the imaginary optical model parameters
that determine creation of the compound nucleus. At the inci-
dent energies above about 10 MeV the pre-equilibrium emis-
sion starts to play a role and its strength, determined by the
nucleon-mean free path, becomes important. For (n,2n) reac-
tions the sensitivity to nuclear level density parameters is de-
cisive. In capture, in addition to most of the above parameters,
the sensitivities are driven by the gamma-ray strength function.

The uncertainties of model parameters, summarized in Ta-
bles 1 and 2, were adopted uniformly for all energies and all
nuclei covered in the present work. These parameter uncertain-
ties propagate into cross sections and define the diagonal ma-
trix P. We note that model parameter sensitivities were studied
already earlier [14] and were used to estimate uncertainties for
some activation cross sections [15].

We quantify the effect of the perturbation of the model pa-
rameterpj on the cross section via the relative quantity

S(Ei, pj) =
σ+(Ei, pj) − σ−(Ei, pj)

σ(Ei,p)
, (19)

whereσ(Ei,p) is the cross section calculated for the best (or
default) set of parametersp = (p1, . . . , pj , . . . , pq), while

σ±(Ei, pj) = σ(Ei; p1, . . . , pj ± δpj , . . . , pq)

are the cross sections calculated with the value of the param-
eter pj perturbed by its expected uncertaintyδpj . Then, the
sensitivity matrix elementsi,j is obtained as

si,j = S(Ei, pj)
σ(Ei,p)

2 δpj

(20)

that can be viewed as the measure of the cross section response
to the physically sensible variation of the model parameterpj .

The above sensitivity equations, adopted throughout the
present paper, assume that the linearity approximation is valid.
This appears to be fairly reasonable assumption. Recent com-
parison with Monte Carlo approach, which does not suffer
from the non-linearity effects, demonstrated that a linearap-
proximation holds well for majority of cases [16]. Though,
one has to be careful and consider non-linearity effects when
quality evaluations are performed for the limited amount of
important materials.

As an example, we discuss neutron reactions on89Y. Fig. 2
shows the response of the (n,tot), (n,el), (n,abs), (n,n′), (n,γ),
(n,2n), and (n,p) cross sections to the variation of the realdepth
(V tg

v ) of the optical potential for the target. There are remark-
ably different levels of sensitivity for various reactions, and
strong energy dependencies. The sensitivities plotted in Fig. 2
are cumulative, and combine effects resulting from the incident
(absorption) and outgoing (inelastic scattering) channels since
both use the same optical potential. Figs. 3 and 4 depict in-
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Incident Neutron Energy (MeV)

(n,tot)(n,el)(n,abs)

(n,γ)

(n,n′)

(n,2n)(n,p)

Figure 1. Calculated89Y+n cross sections for different reaction channels.

dividual contributions of the two channels. The salient effects
that can be ascribed to the perturbation ofV tg

v are summarized
below:
– The (n,γ) reaction channel exhibits high sensitivity; this is

partially due to the very small cross sections (see Fig. 1)
for neutron capture on89Y, which is a semi-magic nucleus
(50 neutrons). Fig. 4 shows that the behavior ofS(E, p) for
(n,γ) reflects the competition of the inelastic scattering to
the first excited states. These considerations can be extended
to the (n,p) reaction, which essentially presents very similar
behaviour.

– More detailed analysis shows that the dramatic sensitivity of
absorption at energies below 2 MeV is due to the neutron p-
wave strength function that rapidly changes with the strength
of the real central potential.

– The outgoing (inelastic scattering) channel is responsible for
the high sensitivities at the (n,n′), (n,p), and (n,2n) thresholds.
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The incoming (absorption) channel seems only to affect the
sensitivity for scattering to the first excited level in89Y.

– It is remarkable that Fig. 3 reveals the presence of nodes
(around 4 and 11 MeV) at which points the sensitivities to
theV tg

v for all reaction channels converge.
– All sensitivities change sign several times between 0 and 20

MeV. The immediate consequence of this behavior is that at
these zero-crossing points the real potential depth uncertainty
(even if arbitrarily large) will not contribute to uncertainty
in the cross section.
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Figure 2. Relative sensitivity of the89Y+n cross sections to the±5%

perturbation of real depth (V
tg

v ) optical model parameter for neutrons. Plotted
sensitivities show cumulative effects resulting from the changes in the incident
(absorption) and outgoing (inelastic scattering) channels.
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Figure 3. Relative sensitivity of the89Y+n cross sections to the±5%

perturbation of the real depth (V
tg

v ) optical model parameter for neutrons
resulting from the changes in the incident (absorption) channel.

Finally, Fig. 5 illustrates the response of neutron-radiative
capture on89Y on the variation of the most important model
parameters. Two fundamental nuclear reaction mechanisms are
clearly evident. In the energy region below about10 MeV, neu-
tron capture is well described by the formation and decay of
the compound nucleus. As expected, the nuclear level density
parameters̃acn and ãtg play an important role, along with the
depths of the real volumeV tg

v and imaginary surfaceW tg
s com-

ponents of the optical model potential. At higher energies,the
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Figure 4. Relative sensitivity of the89Y+n cross sections to the±5%

perturbation of the real depth (V
tg

v ) optical model parameter for neutrons
resulting from the changes in the outgoing (inelastic scattering) channel.

pre-equilibrium emission mechanism dominates and the mfp
parameter plays a major role. The effect of the radiative strength
function is practically constant sincefγ enters both mecha-
nisms as a multiplicative factor.
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Figure 5. Relative sensitivity of the89Y(n,γ) cross section to±3-10%

perturbation of the level density (ãtg , ãcn) and optical-model parameters
(V tg

v , W
tg

s ), and to±20% perturbations of theγ-ray strength function (fγ )
and the mfp in the pre-equilibrium model.

3. Calculations and discussion

3.1. Calculations

We calculated the neutron cross section covariances for 307
isotopes (see Table 3) at 30 incident energies between 5 keV
and 20 MeV, considering the five reaction channels, total, elas-
tic, inelastic, capture, and (n,2n). Altogether, 18 model param-
eters were varied. The results are fully based on model calcula-
tions and while experimental data were not taken into account,
we occasionally consulted them to check the quality of our re-
sults. This approach is in line with the scope of the low-fidelity
covariance project that aimed to produce consistently model-
based estimates for an extensive set of covariances.

6



We note that cross-correlations were not considered, neither
as the reaction-reaction correlations for a given materialnor as
the material-material correlations. This is widely considered to
be a reasonable assumption. In general, users are not requesting
cross-correlations except for a few important cases, wherethe
cross-correlations do play a role. Thus, for major actinides the
cross-correlation between fission and capture reaction channel
is important as well as the material-material cross-correlation
due to the235U(n,f) standard used in many measurements per-
formed relative to this cross section.

We obtained covariances for all materials included in the
new ENDF/B-VII.0 library, apart from actinides and light nu-
clei. The large set of 307 materials can be divided into three
regions: structural materials, fission products, and heavynon-
fissile nuclei (summarized in Table 3). Such distinction should
guide in selecting nuclear reaction modeling and parametriza-
tion. Although the scope of this project did not allow such a
level of complexity, it should be applied in future refinements
of our results.
Table 3
List of 307 materials covered by BNL. It includes all materialsfrom 19F to
209Bi in the neutron sub-library of ENDF/B-VII.0.

Materials Nuclei No. of isotopes

Structural 19F - natZn∗ 57

Fission products 69Ga - 170Er 219

Heavy non-fissile nuclei175Lu - 209Bi 31

3.2. Discussion

We first discuss a specific example,56Fe, for which detailed
evaluations are available in several major evaluated data li-
braries. Then, we will proceed to a broader, yet very useful,
view of the massive amount of data that we have produced.

3.2.1. Example - 56Fe
We focus on the relative cross section uncertainties for

56Fe+n, and start the discussion by showing our results. Then,
we compare these findings with evaluations in the three major
evaluated data libraries, ENDF/B-VI.8, JEFF-3.1, and JENDL-
3.3.

Fig. 6 shows the relative uncertainties of the total cross sec-
tion on 56Fe. We note that the uncertainties tend to increase
at low energies. In particular, we point to the presence of dis-
tinct minima in the uncertainties, i.e., the most striking features
in Fig. 6. The latter structure is related to the oscillations in
the cross sections that, in turn, result from the interference of
the incident neutron wave traversing the nucleus with the wave
which was scattered. This quantum-mechanical feature is nat-
urally incorporated in the optical model. The widths and the
positions of the cross section humps are directly related tothe
depth of the real potential well, and the nuclear radius.

∗ The ENDF/B-VII.0 library contains neutron cross sections for elemental Zn.
Considering future needs for isotopic evaluations, we produced covariances
for a full set of Zn isotopes,64,66,67,68,70Zn.

Fig. 6 also compares the calculated cross sections and un-
certainties with the Harvey’s [17] high-resolution experimen-
tal data. Due to the huge number of measurements in the EX-
FOR library, we avoided cluttering the plot by including only
this data. The optical model only predicts a smooth, averaged
behaviour, thus the comparison is meaningful only in the re-
gion lacking evident resonance-like structures. In the case of
56Fe, such conditions are reached at relatively high energies,
?8 MeV. With this restriction in mind, the comparison is fa-
vorable and the predicted uncertainties apparently encompass
the observed scatter of the experimental data. The calculated
uncertainties probably are conservative (over-estimated) in line
with the scope of this project. Fig. 7 graphs the relative uncer-
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Figure 6. Relative uncertainties of56Fe(n,tot) cross sections obtained with
the EMPIRE-KALMAN method. Also shown are cross sections compared
with selected experimental data [17].
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Figure 7. Relative uncertainties of56Fe(n,el) cross sections obtained with the
EMPIRE-KALMAN method. Also shown are also cross sections compared
with selected experimental data [18,19].

tainties of neutron elastic scattering cross sections, along with
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selected experimental data [18,19] above 1 MeV. Not unex-
pectedly, the uncertainties have the same oscillating structure
as does the total cross section, since the same optical model
governs both.

In Fig. 8, our results for the inelastic scattering are shown.
The optical model oscillations still are seen although theymuch
attenuated by the presence of the statistical mechanism that
tends to wash-out the effect of wave interference in the absorp-
tion cross section. The uncertainties increase at the threshold
region and at energies above 10 MeV, while at energies between
1 and 10 MeV they generally are lower than10%. The uncer-
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Figure 8. Relative uncertainties of56Fe(n,n′) cross sections obtained with
the EMPIRE-KALMAN method. Also shown for reference are also cross
sections and selected experimental data [20,21,22,23].

tainties of the (n,2n) reaction (Fig. 9) are essentially flatout-
side the threshold region. We note that the experimental cross
sections fall within the calculated error band, and the optical-
model’s oscillations are not visible.

Fig. 10 summarizes the results for the capture cross sections
by showing uncertainties as well as the calculated cross sec-
tions along with the experimental data. Certainly, the calculated
capture cross sections cannot reproduce the experimental fluc-
tuations observed in the high-resolution experiments below 0.1
MeV. Therefore, the uncertainty (?20%) should be interpreted
as an average over the broader energy range and not the point-
wise form. As expected, uncertainties rise above 1 MeV.

Nuclear applications, including criticality safety, require
neutron covariance matrices in the multi-group representa-
tion. These are just the averages of the point-wise covariance
matrices, i.e.,〈δσ(E) δσ(E′)〉, over union groups I, J,

〈δσI δσJ〉=

∫

I

∫

J

φ(E)φ(E′)〈δσ(E) δσ(E′)〉dEdE′

∫

I

∫

J

φ(E)φ(E′)dEdE′

, (21)

whereφ(E) is the flux “model” assumed for the multi-group
calculations. It is useful to compare our model-based crosssec-
tion uncertainties, e.g., for56Fe + n, with multi-group evalua-
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Figure 9. Relative uncertainties of56Fe(n,2n) cross sections obtained with
the EMPIRE-KALMAN method. Also shown for reference are crosssections
and selected experimental data [24,25,26].

10-4

10-3

10-2

10-1

10+0

0.01 0.1 1 10

σ
(E

)
(b

)

Incident Neutron Energy (MeV)

20

40

60

∆
σ

(E
)

(%
) 56Fe(n,γ)

Figure 10. Relative uncertainties of56Fe(n,γ) cross sections obtained with
the EMPIRE-KALMAN method. Also shown are cross sections and the high
resolution experimental data [27,28,29].

tions undertaken for the three major nuclear data libraries. Our
results are given in the point-wise form that includes 30 energy
points above 5 keV. We extracted the results from the evaluated
libraries with the Los Alamos code NJOY and processed them
into a 44-energy group representation. We note that only a lim-
ited number of groups in this representation overlap with our
energy range of 5 keV - 20 MeV. We also point out, that pos-
itive correlations decrease the multi-group uncertainties below
the point-wise values.

Fig. 11 compares our results on56Fe(n,tot) cross section
uncertainties with those in the ENDF/B-VI.8, JEFF-3.1, and
JENDL-3.3 evaluations (the latter in the 44-energy group repre-
sentation). As expected, our uncertainties are generally higher
than the multi-group results from other libraries, particularly
in the lower energy range. This discrepancy can easily be ex-
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plained. First, contrary to the regular evaluations, our estimates
do not explicitly use the experimental data and rely almost ex-
clusively on model calculations employing global parameters.
Sensitivity to the optical model parameters is particularly high
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Figure 11. Relative uncertainties of56Fe(n,tot) cross sections compared to
three major nuclear data libraries. The present results are in the point-wise
form, while the other data are in the 44-energy group representation.

at low energies, and this translates into high cross sectionun-
certainties. Accidentally, these higher uncertainties occur in the
region where cross sections fluctuate due to resonance struc-
ture. Therefore, a big uncertainty is not unreasonable whenas-
cribed to the smooth optical model’s cross section that replaces
fluctuating reality. On the other hand, true evaluations tend
to reproduce experimental structure, and thus are much closer
to the reality than optical model’s predictions. This accounts
for much lower uncertainties reported in the national libraries.
Generally, uncertainties should be low whenever a wealth of
experimental data are used in the evaluation.
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Figure 12. Relative uncertainties of56Fe(n,el) cross sections compared to
three major nuclear data libraries. The present results are in the point-wise
form, while the other data are in the 44-energy group representation.

Figs. 12 and 13 illustrate further comparisons between multi-
group evaluations and our results. Except for the low energy
region, our findings for elastic and inelastic scattering uncer-
tainties agree reasonably with other evaluations. In contrast,
uncertainties for the (n,2n) reaction channel are stronglyover-
estimated throughout the whole energy range (Fig. 14). This
simply reflects the fact that the extensive experimental informa-
tion on the56Fe(n,2n) reaction, which drove other evaluations,
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Figure 13. Relative uncertainties of56Fe(n,n′) cross sections compared to
three major nuclear data libraries. The present results are in the point-wise
form, while the other data are in the 44-energy group representation.

was totally ignored in our estimates. We reiterate that the basic
aim underlying out the present work was to provide a complete
set of approximate covariances derived from the global nuclear-
model calculations. Finally, in Fig. 15 we compare cross sec-
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Figure 14. Relative uncertainties of56Fe(n,2n) cross sections compared to
three major nuclear data libraries. The present results are in the point-wise
form, while the other data are in the 44-energy group representation.

tion uncertainties for the56Fe(n,γ) reaction. The results are in
acceptable agreement in view of the multi-group representa-
tion. In particular, we noted the same energy behavior as in the
JENDL-3.3 library. This confirms our previous finding of rea-
sonable agreement between our evaluations and that of others
whenever little experimental evidence is available for analysis.

3.2.2. Materials from 19F to 209Bi
To present the overall picture of our results, we plotted con-

tours in a single figure of the full set of nuclei over the entire
range of incident energies studied. These plots show relative
cross section uncertainties represented by different colors, from
0% shown in black to 100% shown in yellow. Using these plots,
we depict in Figs. 16-20 the relative cross section uncertain-
ties for the major reaction channels. The x- and y-axes refer,
respectively, to the mass numbers of the complete list of 307
materials, and to all incident neutron energies.

Figs. 16 and 17 show total and neutron elastic scattering
channels. For both, exceptionally high uncertainties are found
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Figure 15. Relative uncertainties of56Fe(n,γ) cross sections compared to
three major nuclear data libraries. The present results are in the point-wise
form, while the other data are in the 44-energy group representation.

for nuclei between Xe and Eu at incident energies below 100
keV. This effect might be traced to the structure observed in
the s- and/or d-wave neutron strength functions. For these two
reaction channels, we also note very similar patterns character-
ized by regions where the uncertainties are particularly small.
These intriguing structures are derived from the position of the
minima discussed in the case of56Fe (see Figs. 6 and 7).

In Fig. 18, we summarize the neutron inelastic scattering
by providing a contour plot for the complete list of materials.
Inelastic scattering is the threshold reaction; hence, black color
at below thresholds reflects perfect knowledge of the zero cross
section. Some deviations from this pattern can be explainedby
metastable targets wherein the threshold for inelastic scattering
is zero. At intermediate energies some structure is observed,
while, at the highest energies, as the cross sections decline, the
model’s predictions become poor (shown as yellow areas).

Fig. 19 exhibits the cross section uncertainties for the (n,2n)
reactions. The relative uncertainties basically are flat, but we
note an isotopic effect represented on the plot by vertical lines
of different intensities.

Fig. 20 summarizes the uncertainties for the neutron capture
cross sections. Relatively good precision is achieved at lower
energies, but the uncertainties increase with the incidentneu-
tron energy. Above 10 MeV, capture cross sections represent
such tiny fraction of the absorption that the model-predicted
uncertainties exceed 50%. We stress that this result is due only
to the propagation of uncertainties in the model parametersand
does not include numerical (rounding) errors. The latter sup-
posedly are not a major issue for capture reactions below 20
MeV, but are known to create problems in the (n,α) reactions
close to thresholds.

3.2.3. Limitations of the covariance estimates
The global approach adopted in the present work, which

turned out to be so important for mass production of covari-
ance estimates, has its natural limitations. First, we usedthe
uniform definition of the fast neutron region and performed es-
timates for energies above 5 keV assuming that this suitably
represents both the unresolved resonance region and the fast
neutron region for each nucleus. Second, we used a simplified

set of nuclear reaction models to describe cross sections above
5 keV. Third, we adopted uniform model parameter uncertain-
ties for all energies and all nuclei. Fourth, we almost entirely
ignored experimental cross section data, assuming that thede-
fault set of EMPIRE parameters already describes most of the
cross sections well. These assumptions represent an obvious
simplification and hence an obvious limitation in our covariance
estimates. Clearly, in future, one should make a step forward
and consider several regional sets of models, several regional
sets of parameterization and perform at least basic compari-
son with experimental data. In view of these simplifications,
our covariances should not be associated with the official U.S.
evaluated library ENDF/B-VII.0, which strives to keep its high
reputation of including quality data only.

An obvious request for comparison with other covariance li-
braries cannot be satisfied in vast majority of cases. The reason
is that such libraries do not exist. Major evaluated nuclearre-
action data libraries contain very limited amount of covariance
data. For example, the new US library ENDF/B-VII.0, released
in 2006, has complete covariance data for only 13 out of 393
materials. However, these data were obtained by more sophis-
ticated methods, the most important difference being in due
consideration of nuclear properties of each material and indue
inclusion of experimental data.

Despite the above limitations, it should be noted that our re-
sults are already finding use in practical applications thatgo be-
yond the original scope of the low-fidelity project (development
and testing of computational tools for nuclear criticalitysafety).
The most striking example is the well-known ORNL reactor
licensing code SCALE-6 [30]. Its latest release [31] adopted
the covariance estimates for more than 200 nuclei reported in
the present work, supplemented with ORNL low-fidelity esti-
mates for energies below 5 keV. These combined low-fidelity
data serve as welcome addition to covariance data adopted by
SCALE-6 from major evaluated data libraries for a small num-
ber of the most important materials. Even though our covari-
ance results represent simple estimates, SCALE-6 validation
indicates that they are useful provided the related materials do
not play dominant role in the system under consideration.

4. Conclusions and outlook

We applied the EMPIRE-KALMAN method to produce a
simple, yet consistent set of estimates of fast neutron covariance
for 307 materials, from19F to 209Bi, included in the ENDF/B-
VII.0 library. Our results are based on model calculations and
depend on the assumed uncertainties of the model parameters.

Experimental data were used only globally and approxi-
mately to ensure that our calculated cross section uncertainties
were reasonable in comparison to the spread of the measure-
ments. We used the same global set of model parameters and
their related uncertainties for all 307 nuclides. The calculated
cross sections and their uncertainties often deviate from the
evaluated ones derived from experimental data. This is the lim-
itation of our global approach. Hence, our covariances should
not be associated with the ENDF/B-VII.0 library.
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Figure 16. Relative uncertainties for the total cross sections on 307 materials obtained with the EMPIRE-KALMAN method inthe fast neutron energy region.
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Figure 17. Relative uncertainties for the elastic cross sections on 307 materials obtained with the EMPIRE-KALMAN methodin the fast neutron energy region.

The present results confirm previous notions about the struc-
ture of the uncertainties plotted as a function of incident energy
and mass number (atomic number dependence also might be
possible). In particular, we note very similar patterns observed
in the total and elastic channels. A reflection of these patterns
also is found in the inelastic channel. The (n,2n) and capture
channels do not seem to be affected by the structure seen in
the total and elastic channels. Instead, they display short-range
fluctuations as a function of mass number. High and low un-
certainties alternately produce vertical lines on the plots. Since
all nuclei were treated on the same footing using the same set
of models and default set of parameters, it should be possible
to explain the patterns in terms of the physics underlying our
calculations. For example, the structure showing up in the to-
tal and elastic channels arises from the optical model, and we
understand the origin of deep minima in the cross section un-

certainties at certain energies. Mass dependence of the energies
at which these minima occur is most likely responsible for cre-
ating the characteristic patterns in Figs. 16 and 17.

In the future, we intend to address the intriguing structure
observed in cross section uncertainties and determine its phys-
ical background. Initial results already are available [32].

We consider that our results can be used as a useful starting
point for any future work in producing neutron cross section
covariances. Such an effort would be a step forward in using
more refined modeling, e.g., local parametrization rather than
that of a global model, and more explicit use of experimental
data.
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Figure 18. Relative uncertainties for the inelastic cross sections on 307 materials obtained with the EMPIRE-KALMAN method in the fast neutron energy region.
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Figure 19. Relative uncertainties for the (n,2n) cross sections on 307 materials obtained with the EMPIRE-KALMAN method in the fast neutron energy region.
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Mughabghab 2006
(thermal energy, 0.0253 eV)

LANL ’ 07 Report to WPEC-SG26
ORNL Full File32 Eval., 1/E flux
ORNL Converted File32 Eval., 1/E flux
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Covariance Retrieval and

Visualization
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ENDF/B-VII.0 Angular Distribution of Neutrons: 92-U-233(n,elastic)
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ENDF/B-VII.0 Neutron Spectra: 92-U-233(n,2n)
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Incident Neutron Energy (eV)

44-Ru-100(n,gamma)
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Incident Neutron Energy (eV)

93-Np-237(n,fission)
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Incident Neutron Energy (eV)

 Low fidelity
 Standards

79-Au-197(n,gamma)
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